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PCA in Action
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Distance Preservation (CMDS)

I distances δij = ‖xi − xj‖2, dij = ‖yi − yj‖2

I objective δij ≈ dij

I distances dij and similarities sij can be transformed into each
other

I S = UΛU> matrix of pairwise similarities
I best low rank approximation of S in Frobenius norm is S = UΛ̃U>

with the largest eigenvalue
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PCA

three ways to obtain PCA

I maximize variance of a linear projection
I preserve distances
I find a linear manifold such that errors are minimal in an L2 sense



Kernel PCA3

Idea

I Apply a fixed nonlinear preprocessing φ(x)
I Perform standard PCA in feature space

I How to apply the kernel trick here?

3[Schölkopf et al., 1998]



Kernel PCA3

Idea

I Apply a fixed nonlinear preprocessing φ(x)
I Perform standard PCA in feature space
I How to apply the kernel trick here?

3[Schölkopf et al., 1998]



Kernel PCA in Action
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Stochastic Neighbor Embedding (SNE)5

I introduce a probabilistic neighborhood in the input space

pj|i =
exp(−0.5‖xi − xj‖2/σ2
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i )
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I optimize the sum of Kullback-Leibler divergences
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Neighbor Retrieval Visualizer (NeRV)6

I precision(i) = NTP,i
ki
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6[Venna et al., 2010]
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t-Distributed SNE (t-SNE)7

I symmetrized probabilities p and q
I uses a Student-t distribution in the output space
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Neighbor Embedding in Action
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Maximum Variance Unfolding (MVU)9

I goal: ’unfold’ a given manifold
while keeping all the local
distances and angles fixed

I maximize
∑

ij ‖yi − yj‖2 s.t.∑
i yi = 0

‖yi − yj‖2 = ‖xi − xj‖2, for all
neighbors

9[Weinberger and Saul, 2006]
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Manifold Learner in Action
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Barnes Hut Approach11

Complexity of NE

I Neighbor Embeddings have the complexity O(N2)

I matrices P and Q are squared
I squared summation for the gradient

∂C
∂yi

=
∑
j 6=i

gij(yi − yj)

11[Yang et al., 2013, van der Maaten, 2013]
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Barnes Hut Approach

Barnes Hut

I approximate the gradient ∂C
∂yi
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t)

I approximate P as sparse matrix
I results in a O(N log N) algorithm
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Kernel t-SNE14

I O(N) algorithm: apply NE to a fixed subset, map remainder with
out of sample projection

I how to obtain an out of sample extension?
I use kernel mapping

x 7→ y(x) =
∑

j

αj ·
k(x,xj)∑
l k(x,xl)

= Ak

I minimization of∑
i

‖yi − y(xi)‖2 yields A = Y · K−1

14[Gisbrecht et al., 2015]
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Quality Assessment of DR16

I most popular measure

Qk (X ,Y ) =
∑

i

(
Nk (~x i) ∩ Nk (~y i)

)
/(Nk)

I rescaling added recently
I recently used to compare many DR techniques

16[Lee et al., 2013]



Quality Assessment of DR16

I most popular measure

Qk (X ,Y ) =
∑

i

(
Nk (~x i) ∩ Nk (~y i)

)
/(Nk)

I rescaling added recently

I recently used to compare many DR techniques

16[Lee et al., 2013]



Quality Assessment of DR16

I most popular measure

Qk (X ,Y ) =
∑

i

(
Nk (~x i) ∩ Nk (~y i)

)
/(Nk)

I rescaling added recently
I recently used to compare many DR techniques

16[Lee et al., 2013]



Quality Assessment of DR

17

17[Peluffo-Ordóñez et al., 2014]



Feature Relevance for DR

I Which features are important for a given projection?



data set: ESANN participants

Partic. University ESANN paper #publications . . . likes beer . . .
1 A 1 15 1 . . .
2 A 0 8 -1 . . .
3 B 1 22 . . . -1 . . .
4 C 1 9 . . . 0 . . .
5 C 0 15 -1 . . .
6 D . . .
...

...
...



Visualization of ESANN participants
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Aim

I estimate the relevance of single features for non linear dimen-
sionality reductions

Idea

I change the influence of a single feature and observe the change
in the quality
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Evaluation of Feature Relevance for DR19

NeRV cost function18 QNeRV
k

I interpretation from an information retrieval perspective

I d(~x i , ~x j)2 =
∑

l(x
i
l − x j

l )
2 becomes

∑
l λ

2
l (x

i
l − x j

l )
2

I λk
NeRV(l) := λ2

l where λ optimizes QNeRV
k (Xλ,Y ) + δ

∑
l λ

2
l

18[Venna et al., 2010]
19[Schulz et al., 2014a]
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Why visualize Classifiers?
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Where is the Difficulty?

Class borders are

I often non linear
I often not given in an explicit functional form (e.g. SVM)
I high dimensional which makes it non feasible to sample them for

a projection



An illustration the approach
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An illustration: dimensionality reduction
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An illustration: border visualization

I color intensity codes the cer-
tainty of the classifier



Classifier visualization20

I project data to 2D
I sample the 2D data space
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Toy Data Set 2 with NE
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DR: intrinsically 3D data
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DR: NE projection



Supervised dimensionality reduction

I Use the Fisher metric21 d(x,x + dx) = x>J(x)x

I J(x) = Ep(c|x)

{(
∂
∂x log p(c|x)

)(
∂
∂x log p(c|x)

)>}

21[Peltonen et al., 2004, Gisbrecht et al., 2015]
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I new approach to get insight into trained classification models
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