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Parallelism and communication pc2.2-1

“real” parallel system
P = P1 ‖ . . . ‖ PnP = P1 ‖ . . . ‖ PnP = P1 ‖ . . . ‖ Pn��� ���
transition system
T = T1 ‖ . . . ‖ TnT = T1 ‖ . . . ‖ TnT = T1 ‖ . . . ‖ Tn
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“real” parallel system
P = P1 ‖ . . . ‖ PnP = P1 ‖ . . . ‖ PnP = P1 ‖ . . . ‖ Pn

compositional
design

��� ��� analysis
semantics

transition system
T = T1 ‖ . . . ‖ TnT = T1 ‖ . . . ‖ TnT = T1 ‖ . . . ‖ Tn
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Parallelism and communication pc2.2-1

“real” parallel system
P = P1 ‖ . . . ‖ PnP = P1 ‖ . . . ‖ PnP = P1 ‖ . . . ‖ Pn

compositional
design

��� ��� analysis
semantics

transition system
T = T1 ‖ . . . ‖ TnT = T1 ‖ . . . ‖ TnT = T1 ‖ . . . ‖ Tn

goal: define semantic parallel operators
on transition systems or program graphs that
model “real” parallel operators
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Interleaving operator ||||||||| for TS pc2.2-2

• interleaving of concurrent, independent actions
of parallel processes (modelled by TS)

• representation by nondeterministic choice:
“which subprocess performs the next step?”
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Interleaving operator ||||||||| for TS pc2.2-2

• interleaving of concurrent, independent actions
of parallel processes (modelled by TS)

• representation by nondeterministic choice:
“which subprocess performs the next step?”

effect(α|||β) = effect(α;β+β;α)effect(α|||β) = effect(α;β+β;α)effect(α|||β) = effect(α;β+β;α)

ααα βββ|||||||||
ααα

ααα

βββ

βββ

6 / 145



Interleaving operator ||||||||| for TS pc2.2-2

• interleaving of concurrent, independent actions
of parallel processes (modelled by TS)

• representation by nondeterministic choice:
“which subprocess performs the next step?”

effect(α|||β) = effect(α;β+β;α)effect(α|||β) = effect(α;β+β;α)effect(α|||β) = effect(α;β+β;α)

ααα βββ|||||||||
ααα

ααα

βββ

βββ

parallel execution
of ααα and βββ on
two processors
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Interleaving operator ||||||||| for TS pc2.2-2

• interleaving of concurrent, independent actions
of parallel processes (modelled by TS)

• representation by nondeterministic choice:
“which subprocess performs the next step?”

effect(α|||β) = effect(α;β+β;α)effect(α|||β) = effect(α;β+β;α)effect(α|||β) = effect(α;β+β;α)

ααα βββ|||||||||
ααα

ααα

βββ

βββ

parallel execution
of ααα and βββ on
two processors

=̂̂=̂=
serial execution on
a single processor
in arbitrary order
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Interleaving operator ||||||||| for TS pc2.2-def-interleaving-TS

T1T1T1 === (S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)

T2T2T2 === (S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)
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Interleaving operator ||||||||| for TS pc2.2-def-interleaving-TS

T1T1T1 === (S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)

T2T2T2 === (S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)

The transition system T1 ||| T2T1 ||| T2T1 ||| T2 is defined by:

T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP, L)T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP , L)T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP, L)

where the transition relation −→−→−→ is given by:
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Interleaving operator ||||||||| for TS pc2.2-def-interleaving-TS

T1T1T1 === (S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)

T2T2T2 === (S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)

The transition system T1 ||| T2T1 ||| T2T1 ||| T2 is defined by:

T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP, L)T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP , L)T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP, L)

where the transition relation −→−→−→ is given by:

s1
α−→1 s ′1s1
α−→1 s ′1s1
α−→1 s ′1

〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉
s2

α−→2 s ′2s2
α−→2 s ′2s2
α−→2 s ′2

〈s1, s2〉 α−→ 〈s1, s
′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉
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Interleaving operator ||||||||| for TS pc2.2-def-interleaving-TS

T1T1T1 === (S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)(S1, Act1,−→1, S0,1, AP1, L1)

T2T2T2 === (S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)(S2, Act2,−→2, S0,2, AP2, L2)

The transition system T1 ||| T2T1 ||| T2T1 ||| T2 is defined by:

T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP, L)T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP , L)T1 ||| T2 = (S1×S2, Act1 ∪ Act2,−→, S0,1×S0,2, AP, L)

where the transition relation −→−→−→ is given by:

s1
α−→1 s ′1s1
α−→1 s ′1s1
α−→1 s ′1

〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉
s2

α−→2 s ′2s2
α−→2 s ′2s2
α−→2 s ′2

〈s1, s2〉 α−→ 〈s1, s
′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉

atomic propositions: AP = AP1 � AP2AP = AP1 � AP2AP = AP1 � AP2

labeling function: L(〈s1,s2〉) = L1(s1) ∪ L2(s2)L(〈s1,s2〉) = L1(s1) ∪ L2(s2)L(〈s1,s2〉) = L1(s1) ∪ L2(s2)
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SOS-notation (structured operational semantics) pc2.2-3

just a simple notation for operational semantics

premise
conclusion
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SOS-notation (structured operational semantics) pc2.2-3

just a simple notation for operational semantics

premise
conclusion

E.g., “the relation −→−→−→ is given by ...”

s1
α−→1 s ′1s1
α−→1 s ′1s1
α−→1 s ′1

〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉
s2

α−→2 s ′2s2
α−→2 s ′2s2
α−→2 s ′2

〈s1, s2〉 α−→ 〈s1, s
′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉

means that −→−→−→ is the smallest relation such that:

(1) If s1
α−→1 s ′1s1
α−→1 s ′1s1
α−→1 s ′1, then 〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉〈s1, s2〉 α−→ 〈s ′1, s2〉

(2) If s2
α−→2 s ′2s2
α−→2 s ′2s2
α−→2 s ′2, then 〈s1, s2〉 α−→ 〈s1, s

′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉〈s1, s2〉 α−→ 〈s1, s
′
2〉
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Useless lights for non-crossing streets pc2.2-4

light 1

red

green

α1α1α1 β1β1β1

light 2

red

green

α2α2α2 β2β2β2
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Useless lights for non-crossing streets pc2.2-4

light 1

red

green

α1α1α1 β1β1β1

light 2

red

green

α2α2α2 β2β2β2

light 1 ||||||||| light 2

red red

green green

green red red green

α2α2α2

β2β2β2

α2α2α2

β2β2β2

α1α1α1

β1β1β1

β1β1β1

α1α1α1
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Dependent actions pc2.2-5

dependent actions ααα =̂̂=̂= x :=2xx :=2xx :=2x and βββ =̂̂=̂= x :=x+1x :=x+1x :=x+1

representations in
transition systems

x=3x=3x=3

x=6x=6x=6

ααα

x=3x=3x=3

x=4x=4x=4

βββ
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Dependent actions pc2.2-5

dependent actions ααα =̂̂=̂= x :=2xx :=2xx :=2x and βββ =̂̂=̂= x :=x+1x :=x+1x :=x+1

representations in
transition systems

x=3x=3x=3

x=6x=6x=6

ααα

x=3x=3x=3

x=4x=4x=4

βββ

interleaving operator |||||||||

x=3 x=3x=3 x=3x=3 x=3

x=6 x=3x=6 x=3x=6 x=3 x=3 x=4x=3 x=4x=3 x=4

x=6 x=4x=6 x=4x=6 x=4

ααα βββ

βββ ααα
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Interleaving fails for dependent actions pc2.2-5

dependent actions ααα =̂̂=̂= x :=2xx :=2xx :=2x and βββ =̂̂=̂= x :=x+1x :=x+1x :=x+1

representations in
transition systems

x=3x=3x=3

x=6x=6x=6

ααα

x=3x=3x=3

x=4x=4x=4

βββ

interleaving operator ||||||||| for transition systems “fails”

inconsistent
states

x=3 x=3x=3 x=3x=3 x=3

x=6 x=3x=6 x=3x=6 x=3 x=3 x=4x=3 x=4x=3 x=4

x=6 x=4x=6 x=4x=6 x=4

ααα βββ

βββ ααα
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Interleaving for program graphs pc2.2-6a
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Interleaving for program graphs pc2.2-6a

. . . for modeling parallel systems with
subprocesses communicating via shared variables
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Interleaving for program graphs pc2.2-6

program graph P1P1P1

(Loc1, . . . , ↪→1, . . . )(Loc1, . . . , ↪→1, . . . )(Loc1, . . . , ↪→1, . . . )
program graph P2P2P2

(Loc2, . . . , ↪→2, . . . )(Loc2, . . . , ↪→2, . . . )(Loc2, . . . , ↪→2, . . . )

interleaving operator

P1 ||| P2 = (Loc1 × Loc2, . . . , ↪→, . . . )P1 ||| P2 = (Loc1 × Loc2, . . . , ↪→, . . . )P1 ||| P2 = (Loc1 × Loc2, . . . , ↪→, . . . )
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Interleaving for program graphs pc2.2-6

program graph P1P1P1

(Loc1, . . . , ↪→1, . . . )(Loc1, . . . , ↪→1, . . . )(Loc1, . . . , ↪→1, . . . )
program graph P2P2P2

(Loc2, . . . , ↪→2, . . . )(Loc2, . . . , ↪→2, . . . )(Loc2, . . . , ↪→2, . . . )

interleaving operator

P1 ||| P2 = (Loc1 × Loc2, . . . , ↪→, . . . )P1 ||| P2 = (Loc1 × Loc2, . . . , ↪→, . . . )P1 ||| P2 = (Loc1 × Loc2, . . . , ↪→, . . . )

�1

g : α
↪→1 �′1�1

g : α
↪→1 �′1�1

g : α
↪→1 �′1

〈�1, �2〉
g : α
↪→〈�′1, �2〉〈�1, �2〉
g : α
↪→〈�′1, �2〉〈�1, �2〉
g : α
↪→〈�′1, �2〉

�2

g : α
↪→2 �′2�2

g : α
↪→2 �′2�2

g : α
↪→2 �′2

〈�1, �2〉
g : α
↪→〈�1, �

′
2〉〈�1, �2〉

g : α
↪→〈�1, �

′
2〉〈�1, �2〉

g : α
↪→〈�1, �

′
2〉
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Example: interleaving for PG pc2.2-7

P1P1P1 �1�1�1

�′1�
′
1�
′
1

x := 2xx := 2xx := 2x

P2P2P2 �2�2�2

�′2�
′
2�
′
2

x :=x+1x :=x+1x :=x+1
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Example: interleaving for PG pc2.2-7

P1P1P1 �1�1�1

�′1�
′
1�
′
1

x := 2xx := 2xx := 2x

P2P2P2 �2�2�2

�′2�
′
2�
′
2

x :=x+1x :=x+1x :=x+1

P1 ||| P2P1 ||| P2P1 ||| P2

�1 �2�1 �2�1 �2

�′1 �2�′1 �2�′1 �2 �1 �′2�1 �′2�1 �′2

�′1 �′2�′1 �′2�′1 �′2

x :=2xx :=2xx :=2x x :=x+1x :=x+1x :=x+1

x :=x+1x :=x+1x :=x+1 x :=2xx :=2xx :=2x
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Example: interleaving for PG pc2.2-7

P1P1P1 �1�1�1

�′1�
′
1�
′
1

x := 2xx := 2xx := 2x

P2P2P2 �2�2�2

�′2�
′
2�
′
2

x :=x+1x :=x+1x :=x+1

P1 ||| P2P1 ||| P2P1 ||| P2

�1 �2�1 �2�1 �2

�′1 �2�′1 �2�′1 �2 �1 �′2�1 �′2�1 �′2

�′1 �′2�′1 �′2�′1 �′2

x :=2xx :=2xx :=2x x :=x+1x :=x+1x :=x+1

x :=x+1x :=x+1x :=x+1 x :=2xx :=2xx :=2x

transition system TP1 ||| P2
TP1 ||| P2
TP1 ||| P2

�1 �2 x=3�1 �2 x=3�1 �2 x=3

�′1 �2 x=6�′1 �2 x=6�′1 �2 x=6 �1 �′2 x=4�1 �′2 x=4�1 �′2 x=4

�′1 �′2 x=7�′1 �′2 x=7�′1 �′2 x=7 �′1 �′2 x=8�′1 �′2 x=8�′1 �′2 x=8
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Example: interleaving for PG pc2.2-7

P1P1P1 �1�1�1

�′1�
′
1�
′
1

x := 2xx := 2xx := 2x

P2P2P2 �2�2�2

�′2�
′
2�
′
2

x :=x+1x :=x+1x :=x+1

P1 ||| P2P1 ||| P2P1 ||| P2

�1 �2�1 �2�1 �2

�′1 �2�′1 �2�′1 �2 �1 �′2�1 �′2�1 �′2

�′1 �′2�′1 �′2�′1 �′2

x :=2xx :=2xx :=2x x :=x+1x :=x+1x :=x+1

x :=x+1x :=x+1x :=x+1 x :=2xx :=2xx :=2x

transition system TP1 ||| P2
TP1 ||| P2
TP1 ||| P2

�1 �2 x=3�1 �2 x=3�1 �2 x=3

�′1 �2 x=6�′1 �2 x=6�′1 �2 x=6 �1 �′2 x=4�1 �′2 x=4�1 �′2 x=4

�′1 �′2 x=7�′1 �′2 x=7�′1 �′2 x=7 �′1 �′2 x=8�′1 �′2 x=8�′1 �′2 x=8

note: TP1 ||| P2
	= TP1

||| TP2
TP1 ||| P2

	= TP1 ||| TP2TP1 ||| P2
	= TP1

||| TP2
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Mutual exclusion with semaphore pc2.2-9

process P1P1P1 process P2P2P2��� ���
shared variables +++ semaphor yyy
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Mutual exclusion with semaphore pc2.2-9

process P1P1P1 process P2P2P2��� ���
shared variables +++ semaphor yyy

protocol for process PiPiPi

LOOP FOREVER

noncritical actions;
AWAIT y > 0y > 0y > 0 DO

y :=y−1y :=y−1y :=y−1
OD

critical actions;
y :=y+1y :=y+1y :=y+1

END LOOP
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Mutual exclusion with semaphore pc2.2-9

process P1P1P1 process P2P2P2��� ���
shared variables +++ semaphor yyy

protocol for process PiPiPi

LOOP FOREVER

noncritical actions;
AWAIT y > 0y > 0y > 0 DO

y :=y−1y :=y−1y :=y−1
OD

critical actions;
y :=y+1y :=y+1y :=y+1

END LOOP

program graph PiPiPi

noncritiii

waitiii

critiii

y>0 :y>0 :y>0 :
y :=y−1y :=y−1y :=y−1

y :=y+1y :=y+1y :=y+1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2crit1 crit2crit1 crit2crit1 crit2 reachable ?

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2

←←← y=0y=0y=0

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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Mutual exclusion with semaphore pc2.2-10

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2

wait1 noncrit2wait1 noncrit2wait1 noncrit2 noncrit1 wait2noncrit1 wait2noncrit1 wait2

crit1 noncrit2crit1 noncrit2crit1 noncrit2 wait1 wait2wait1 wait2wait1 wait2 noncrit1 crit2noncrit1 crit2noncrit1 crit2

crit1 wait2crit1 wait2crit1 wait2 wait1 crit2wait1 crit2wait1 crit2

crit1 crit2crit1 crit2crit1 crit2

←←← y=0y=0y=0

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y−1y :=y−1y :=y−1
y > 0 :y > 0 :y > 0 :

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1y :=y+1y :=y+1 y :=y+1y :=y+1y :=y+1

y :=y+1 y :=y+1

y > 0 :y > 0 :y > 0 :
y :=y−1y :=y−1y :=y−1
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TS for mutual exclusion with semaphore pc2.2-11

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

reachable fragment of the transition system TP1 ||| P2
TP1 ||| P2
TP1 ||| P2

noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1

wait1 noncrit2 y=1wait1 noncrit2 y=1wait1 noncrit2 y=1 noncrit1 wait2 y=1noncrit1 wait2 y=1noncrit1 wait2 y=1

crit1 noncrit2 y=0crit1 noncrit2 y=0crit1 noncrit2 y=0 wait1 wait2 y=1wait1 wait2 y=1wait1 wait2 y=1 noncrit1 crit2 y=0noncrit1 crit2 y=0noncrit1 crit2 y=0

crit1 wait2 y=0crit1 wait2 y=0crit1 wait2 y=0 wait1 crit2 y=0wait1 crit2 y=0wait1 crit2 y=0
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Concurrency of the request actions pc2.2-11

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

reachable fragment of the transition system TP1 ||| P2
TP1 ||| P2
TP1 ||| P2

noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1

wait1 noncrit2 y=1wait1 noncrit2 y=1wait1 noncrit2 y=1 noncrit1 wait2 y=1noncrit1 wait2 y=1noncrit1 wait2 y=1

crit1 noncrit2 y=0crit1 noncrit2 y=0crit1 noncrit2 y=0 wait1 wait2 y=1wait1 wait2 y=1wait1 wait2 y=1 noncrit1 crit2 y=0noncrit1 crit2 y=0noncrit1 crit2 y=0

crit1 wait2 y=0crit1 wait2 y=0crit1 wait2 y=0 wait1 crit2 y=0wait1 crit2 y=0wait1 crit2 y=0
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Concurrency of the request actions pc2.2-11

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

interleaving of the independent request actions

noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1

wait1 noncrit2 y=1wait1 noncrit2 y=1wait1 noncrit2 y=1 noncrit1 wait2 y=1noncrit1 wait2 y=1noncrit1 wait2 y=1

crit1 noncrit2 y=0crit1 noncrit2 y=0crit1 noncrit2 y=0 wait1 wait2 y=1wait1 wait2 y=1wait1 wait2 y=1 noncrit1 crit2 y=0noncrit1 crit2 y=0noncrit1 crit2 y=0

crit1 wait2 y=0crit1 wait2 y=0crit1 wait2 y=0 wait1 crit2 y=0wait1 crit2 y=0wait1 crit2 y=0
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Competition pc2.2-11a

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

reachable fragment of the transition system TP1 ||| P2
TP1 ||| P2
TP1 ||| P2

noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1

wait1 noncrit2 y=1wait1 noncrit2 y=1wait1 noncrit2 y=1 noncrit1 wait2 y=1noncrit1 wait2 y=1noncrit1 wait2 y=1

crit1 noncrit2 y=1crit1 noncrit2 y=1crit1 noncrit2 y=1 noncrit1 crit2 y=0noncrit1 crit2 y=0noncrit1 crit2 y=0wait1 wait2 y=1wait1 wait2 y=1wait1 wait2 y=1

crit1 wait2 y=0crit1 wait2 y=0crit1 wait2 y=0 wait1 crit2 y=0wait1 crit2 y=0wait1 crit2 y=0
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Competition pc2.2-11a

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

reachable fragment of the transition system TP1 ||| P2
TP1 ||| P2
TP1 ||| P2

noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1

wait1 noncrit2 y=1wait1 noncrit2 y=1wait1 noncrit2 y=1 noncrit1 wait2 y=1noncrit1 wait2 y=1noncrit1 wait2 y=1

crit1 noncrit2 y=1crit1 noncrit2 y=1crit1 noncrit2 y=1 noncrit1 crit2 y=0noncrit1 crit2 y=0noncrit1 crit2 y=0wait1 wait2 y=1wait1 wait2 y=1wait1 wait2 y=1

crit1 wait2 y=0crit1 wait2 y=0crit1 wait2 y=0 wait1 crit2 y=0wait1 crit2 y=0wait1 crit2 y=0
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Competition pc2.2-11a

P1P1P1 P2P2P2
noncrit1noncrit1noncrit1

wait1wait1wait1

crit1crit1crit1

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

noncrit2noncrit2noncrit2

wait2wait2wait2

crit2crit2crit2

y > 0: y :=y−1y > 0: y :=y−1y > 0: y :=y−1

y :=y+1y :=y+1y :=y+1

. . . competition between the waiting processes . . .

noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1noncrit1 noncrit2 y=1

wait1 noncrit2 y=1wait1 noncrit2 y=1wait1 noncrit2 y=1 noncrit1 wait2 y=1noncrit1 wait2 y=1noncrit1 wait2 y=1

crit1 noncrit2 y=1crit1 noncrit2 y=1crit1 noncrit2 y=1 noncrit1 crit2 y=0noncrit1 crit2 y=0noncrit1 crit2 y=0wait1 wait2 y=1wait1 wait2 y=1wait1 wait2 y=1

crit1 wait2 y=0crit1 wait2 y=0crit1 wait2 y=0 wait1 crit2 y=0wait1 crit2 y=0wait1 crit2 y=0
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Peterson algorithm for mutual exclusion pc2.2-12
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Peterson algorithm for mutual exclusion pc2.2-12

process P1P1P1 process P2P2P2

↘↘↘ ↙↙↙
shared variables
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Peterson algorithm for mutual exclusion pc2.2-12

process P1P1P1 process P2P2P2

↘↘↘ ↙↙↙
shared variables
+++ b1, b2, xb1, b2, xb1, b2, x
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Peterson algorithm for mutual exclusion pc2.2-12

process P1P1P1 process P2P2P2

↘↘↘ ↙↙↙
shared variables
+++ b1, b2, xb1, b2, xb1, b2, x

b1, b2b1, b2b1, b2 Boolean variables, x ∈ {1, 2}x ∈ {1, 2}x ∈ {1, 2}
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Peterson algorithm for mutual exclusion pc2.2-12

process P1P1P1 process P2P2P2

↘↘↘ ↙↙↙
shared variables
+++ b1, b2, xb1, b2, xb1, b2, x

b1, b2b1, b2b1, b2 Boolean variables, x ∈ {1, 2}x ∈ {1, 2}x ∈ {1, 2}

LOOP FOREVER (* protocol for P1P1P1 *)
noncritical actions;
b1:=1b1:=1b1:=1 ; x :=2; x :=2; x :=2;
AWAIT x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2 DO critical section OD
b1:=0b1:=0b1:=0

END LOOP
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Peterson algorithm for mutual exclusion pc2.2-12

process P1P1P1 process P2P2P2

↘↘↘ ↙↙↙
shared variables
+++ b1, b2, xb1, b2, xb1, b2, x

noncrit1

wait1

crit1

b1:=1b1:=1b1:=1 ; x :=2; x :=2; x :=2

x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2

b1:=0b1:=0b1:=0

b1, b2b1, b2b1, b2 Boolean variables, x ∈ {1, 2}x ∈ {1, 2}x ∈ {1, 2}

LOOP FOREVER (* protocol for P1P1P1 *)
noncritical actions;
b1:=1b1:=1b1:=1 ; x :=2; x :=2; x :=2;
AWAIT x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2 DO critical section OD
b1:=0b1:=0b1:=0

END LOOP
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Peterson algorithm for mutual exclusion pc2.2-12

process P1P1P1 process P2P2P2

↘↘↘ ↙↙↙
shared variables
+++ b1, b2, xb1, b2, xb1, b2, x

noncrit1

wait1

crit1

b1:=1b1:=1b1:=1 ; x :=2; x :=2; x :=2

x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2

b1:=0b1:=0b1:=0

b1, b2b1, b2b1, b2 Boolean variables, x ∈ {1, 2}x ∈ {1, 2}x ∈ {1, 2}

LOOP FOREVER (* protocol for P1P1P1 *)
noncritical actions;
atomic{b1:=1b1:=1b1:=1 ; x :=2; x :=2; x :=2};
AWAIT x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2 DO critical section OD
b1:=0b1:=0b1:=0

END LOOP
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Program graphs for Peterson algorithm pc2.2-13

P1P1P1 P2P2P2noncrit1

wait1

b1:=1; x:=2b1:=1; x :=2b1:=1; x :=2

crit1

x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2

b1:=0b1:=0b1:=0

noncrit2

wait2

b2:=1; x :=1b2:=1; x :=1b2:=1; x:=1

crit2

x=2 ∨ ¬b1x=2 ∨ ¬b1x=2 ∨ ¬b1

b2:=0b2:=0b2:=0
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Program graphs for Peterson algorithm pc2.2-13

P1P1P1 P2P2P2noncrit1

wait1

b1:=1; x:=2b1:=1; x :=2b1:=1; x :=2

crit1

x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2

b1:=0b1:=0b1:=0

noncrit2

wait2

b2:=1; x :=1b2:=1; x :=1b2:=1; x:=1

crit2

x=2 ∨ ¬b1x=2 ∨ ¬b1x=2 ∨ ¬b1

b2:=0b2:=0b2:=0

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit111 noncrit222

wait111 noncrit222 noncrit111 wait222

crit111 noncrit222 wait111 wait222 noncrit111 crit222

crit111 wait222 wait111 crit222

crit111 crit222
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Program graphs for Peterson algorithm pc2.2-13

P1P1P1 P2P2P2noncrit1

wait1

b1:=1; x:=2b1:=1; x :=2b1:=1; x :=2

crit1

x=1 ∨ ¬b2x=1 ∨ ¬b2x=1 ∨ ¬b2

b1:=0b1:=0b1:=0

noncrit2

wait2

b2:=1; x :=1b2:=1; x :=1b2:=1; x:=1

crit2

x=2 ∨ ¬b1x=2 ∨ ¬b1x=2 ∨ ¬b1

b2:=0b2:=0b2:=0

program graph
P1 ||| P2P1 ||| P2P1 ||| P2

noncrit111 noncrit222

wait111 noncrit222 noncrit111 wait222

crit111 noncrit222 wait111 wait222 noncrit111 crit222

crit111 wait222 wait111 crit222

crit1 crit2crit1 crit2crit1 crit2
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TS for the Peterson algorithm pc2.2-14

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2
x=2x=2x=2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2
x=1x=1x=1

wait1 noncrit2wait1 noncrit2wait1 noncrit2
x=2x=2x=2

noncrit1 wait2noncrit1 wait2noncrit1 wait2
x=1x=1x=1

crit1 noncrit2crit1 noncrit2crit1 noncrit2
x=2x=2x=2

noncrit1 crit2noncrit1 crit2noncrit1 crit2
x=1x=1x=1

wait1 wait2wait1 wait2wait1 wait2
x=1x=1x=1

wait1 wait2wait1 wait2wait1 wait2
x=2x=2x=2

crit1 wait2crit1 wait2crit1 wait2
x=1x=1x=1

wait1 crit2wait1 crit2wait1 crit2
x=2x=2x=2
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TS for the Peterson algorithm pc2.2-14

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2
x=2x=2x=2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2
x=1x=1x=1

wait1 noncrit2wait1 noncrit2wait1 noncrit2
x=2x=2x=2

noncrit1 wait2noncrit1 wait2noncrit1 wait2
x=1x=1x=1

crit1 noncrit2crit1 noncrit2crit1 noncrit2
x=2x=2x=2

noncrit1 crit2noncrit1 crit2noncrit1 crit2
x=1x=1x=1

wait1 wait2wait1 wait2wait1 wait2
x=1x=1x=1

wait1 wait2wait1 wait2wait1 wait2
x=2x=2x=2

crit1 wait2crit1 wait2crit1 wait2
x=1x=1x=1

wait1 crit2wait1 crit2wait1 crit2
x=2x=2x=2

value of b1b1b1 is given by wait1 ∨ crit1wait1 ∨ crit1wait1 ∨ crit1
value of b2b2b2 is given by wait2 ∨ crit2wait2 ∨ crit2wait2 ∨ crit2
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TS for the Peterson algorithm pc2.2-14

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2
x=2x=2x=2

noncrit1 noncrit2noncrit1 noncrit2noncrit1 noncrit2
x=1x=1x=1

wait1 noncrit2wait1 noncrit2wait1 noncrit2
x=2x=2x=2

noncrit1 wait2noncrit1 wait2noncrit1 wait2
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Variant of Peterson algorithm pc2.2-15

P ′
1P ′
1P ′
1 P ′

2P ′
2P ′
2noncrit1noncrit1noncrit1

request1request1request1

wait1wait1wait1

crit1crit1crit1

x:=2

b111:=1

x=1 ∨∨∨ ¬¬¬b222

b111:=0

noncrit2noncrit2noncrit2

request2request2request2

wait2wait2wait2

crit2crit2crit2

x:=1

b222:=1

x=2 ∨∨∨ ¬¬¬b111

b222:=0
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Variant of Peterson algorithm pc2.2-15

P ′
1P ′
1P ′
1 P ′

2P ′
2P ′
2noncrit1noncrit1noncrit1

request1request1request1

wait1wait1wait1
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b222:=1

x=2 ∨∨∨ ¬¬¬b111

b222:=0

possible executions

noncrit1noncrit1noncrit1 noncrit2noncrit2noncrit2 x=1 ¬¬¬b111 ¬¬¬b222
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Variant of Peterson algorithm pc2.2-15
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2P ′
2noncrit1noncrit1noncrit1

request1request1request1

wait1wait1wait1

crit1crit1crit1

x:=2

b111:=1

x=1 ∨∨∨ ¬¬¬b222

b111:=0

noncrit2noncrit2noncrit2

request2request2request2

wait2wait2wait2

crit2crit2crit2

x:=1

b222:=1

x=2 ∨∨∨ ¬¬¬b111

b222:=0

possible executions

noncrit1noncrit1noncrit1 noncrit2noncrit2noncrit2 x=1 ¬¬¬b111 ¬¬¬b222
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Variant of Peterson algorithm pc2.2-15
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Variant of Peterson algorithm pc2.2-15
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Variant of Peterson algorithm incorrect! pc2.2-15

P ′
1P ′
1P ′
1 P ′

2P ′
2P ′
2noncrit1noncrit1noncrit1

request1request1request1

wait1wait1wait1

crit1crit1crit1

x:=2

b111:=1

x=1 ∨∨∨ ¬¬¬b222

b111:=0

noncrit2noncrit2noncrit2

request2request2request2

wait2wait2wait2

crit2crit2crit2

x:=1

b222:=1

x=2 ∨∨∨ ¬¬¬b111

b222:=0
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request1request1request1 request2request2request2 x=2 ¬¬¬b111 ¬¬¬b222

wait1wait1wait1 request2request2request2 x=2 b111 ¬¬¬b222

crit1crit1crit1 request2request2request2 x=2 b111 ¬¬¬b222

crit1crit1crit1 wait2wait2wait2 x=2 b111 b222

crit1crit1crit1 crit2crit2crit2 x=2 b111 b222
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How many states ...? pc2.2-8

Given nnn processes by program graphs P1, . . . ,PnP1, . . . ,PnP1, . . . ,Pn
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How many states ...? pc2.2-8

Given nnn processes by program graphs P1, . . . ,PnP1, . . . ,PnP1, . . . ,Pn

• with 222 locations each
• over the set of variables Var = {x1, . . . , xm}Var = {x1, . . . , xm}Var = {x1, . . . , xm}

with Dom(xi) = {0, 1}Dom(xi) = {0, 1}Dom(xi) = {0, 1}

How many states has the transition system TP1 |||... ||| Pn
TP1 |||... ||| Pn
TP1 |||... ||| Pn

?
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How many states ...? pc2.2-8

Given nnn processes by program graphs P1, . . . ,PnP1, . . . ,PnP1, . . . ,Pn

• with 222 locations each
• over the set of variables Var = {x1, . . . , xm}Var = {x1, . . . , xm}Var = {x1, . . . , xm}

with Dom(xi) = {0, 1}Dom(xi) = {0, 1}Dom(xi) = {0, 1}

How many states has the transition system TP1 |||... ||| Pn
TP1 |||... ||| Pn
TP1 |||... ||| Pn

?

answer: 2n · 2m2n · 2m2n · 2m
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State explosion problem pc2.2-8

Given nnn processes by program graphs P1, . . . ,PnP1, . . . ,PnP1, . . . ,Pn

• with 222 locations each
• over the set of variables Var = {x1, . . . , xm}Var = {x1, . . . , xm}Var = {x1, . . . , xm}

with Dom(xi) = {0, 1}Dom(xi) = {0, 1}Dom(xi) = {0, 1}

How many states has the transition system TP1 |||... ||| Pn
TP1 |||... ||| Pn
TP1 |||... ||| Pn

?

answer: 2n · 2m2n · 2m2n · 2m

↑↑↑
state explosion: size of transition systems grows

• exponentially in the number of parallel processes
• exponentially in the number of variables
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Operators for parallelism and communication pc2.2-16
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Operators for parallelism and communication pc2.2-16

• true concurrency: interleaving operator ||||||||| for TS
(no communication, no dependencies)
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Operators for parallelism and communication pc2.2-16

• true concurrency: interleaving operator ||||||||| for TS
(no communication, no dependencies)

• communication via shared variables
∗∗∗ description of subsystems by program graphs
∗∗∗ interleaving ||| for program graphs
∗∗∗ TS is obtained by “unfolding”
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• true concurrency: interleaving operator ||||||||| for TS
(no communication, no dependencies)

• communication via shared variables
∗∗∗ description of subsystems by program graphs
∗∗∗ interleaving ||| for program graphs
∗∗∗ TS is obtained by “unfolding”

• synchronous message passing
∗∗∗ operator ‖Syn‖Syn‖Syn for TS
∗∗∗ interleaving for independent actions
∗∗∗ synchronization over actions in SynSynSyn
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• true concurrency: interleaving operator ||||||||| for TS
(no communication, no dependencies)

• communication via shared variables
∗∗∗ description of subsystems by program graphs
∗∗∗ interleaving ||| for program graphs
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• synchronous message passing←−←−←− data abstract
∗∗∗ operator ‖Syn‖Syn‖Syn for TS
∗∗∗ interleaving for independent actions
∗∗∗ synchronization over actions in SynSynSyn
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Operators for parallelism and communication pc2.2-16

• true concurrency: interleaving operator ||||||||| for TS
(no communication, no dependencies)

• communication via shared variables
∗∗∗ description of subsystems by program graphs
∗∗∗ interleaving ||| for program graphs
∗∗∗ TS is obtained by “unfolding”

• synchronous message passing←−←−←− data abstract
∗∗∗ operator ‖Syn‖Syn‖Syn for TS
∗∗∗ interleaving for independent actions
∗∗∗ synchronization over actions in SynSynSyn

• channel systems
communication via shared variables +++ via channels

• synchronous product
f h d t ith h d l k
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Synchronous message passing pc2.2-17
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Synchronous message passing pc2.2-17

T1 = (S1, Act1,→1, . . .)T1 = (S1, Act1,→1, . . .)T1 = (S1, Act1,→1, . . .), T2 = (S2, Act2,→2, . . .)T2 = (S2, Act2,→2, . . .)T2 = (S2, Act2,→2, . . .) TS

Syn ⊆ Act1 ∩ Act2Syn ⊆ Act1 ∩ Act2Syn ⊆ Act1 ∩ Act2 set of synchronization actions

85 / 145



Synchronous message passing pc2.2-17

T1 = (S1, Act1,→1, . . .)T1 = (S1, Act1,→1, . . .)T1 = (S1, Act1,→1, . . .), T2 = (S2, Act2,→2, . . .)T2 = (S2, Act2,→2, . . .)T2 = (S2, Act2,→2, . . .) TS

Syn ⊆ Act1 ∩ Act2Syn ⊆ Act1 ∩ Act2Syn ⊆ Act1 ∩ Act2 set of synchronization actions

composite transition system:

T1 ‖Syn T2T1 ‖Syn T2T1 ‖Syn T2 = (S1×S2, Act1 ∪ Act2,→, . . . )= (S1×S2, Act1 ∪ Act2,→, . . . )= (S1×S2, Act1 ∪ Act2,→, . . . )

for modeling the concurrent execution of T1T1T1 and T2T2T2

with synchronization over all actions in SynSynSyn
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Synchronous message passing pc2.2-17

T1 = (S1, Act1,→1, . . .)T1 = (S1, Act1,→1, . . .)T1 = (S1, Act1,→1, . . .), T2 = (S2, Act2,→2, . . .)T2 = (S2, Act2,→2, . . .)T2 = (S2, Act2,→2, . . .) TS

Syn ⊆ Act1 ∩ Act2Syn ⊆ Act1 ∩ Act2Syn ⊆ Act1 ∩ Act2 set of synchronization actions

composite transition system:

T1 ‖Syn T2T1 ‖Syn T2T1 ‖Syn T2 = (S1×S2, Act1 ∪ Act2,→, . . . )= (S1×S2, Act1 ∪ Act2,→, . . . )= (S1×S2, Act1 ∪ Act2,→, . . . )

interleaving for all actions α ∈ Act i \ Synα ∈ Act i \ Synα ∈ Act i \ Syn:

s1
α→1 s ′1s1
α→1 s ′1s1
α→1 s ′1

〈s1, s2〉 α→ 〈s ′1, s2〉〈s1, s2〉 α→ 〈s ′1, s2〉〈s1, s2〉 α→ 〈s ′1, s2〉
s2

α→2 s ′2s2
α→2 s ′2s2
α→2 s ′2

〈s1, s2〉 α→ 〈s1, s
′
2〉〈s1, s2〉 α→ 〈s1, s
′
2〉〈s1, s2〉 α→ 〈s1, s
′
2〉
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〈s1, s2〉 α→ 〈s ′1, s2〉〈s1, s2〉 α→ 〈s ′1, s2〉〈s1, s2〉 α→ 〈s ′1, s2〉
s2

α→2 s ′2s2
α→2 s ′2s2
α→2 s ′2

〈s1, s2〉 α→ 〈s1, s
′
2〉〈s1, s2〉 α→ 〈s1, s
′
2〉〈s1, s2〉 α→ 〈s1, s
′
2〉

handshaking (rendezvous) for all α ∈ Synα ∈ Synα ∈ Syn:
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2〉〈s1, s2〉 α→ 〈s1, s
′
2〉〈s1, s2〉 α→ 〈s1, s
′
2〉

handshaking (rendezvous) for all α ∈ Synα ∈ Synα ∈ Syn:

s1
α→1 s ′1 ∧ s2

α→2 s ′2s1
α→1 s ′1 ∧ s2

α→2 s ′2s1
α→1 s ′1 ∧ s2

α→2 s ′2
〈s1, s2〉 α→ 〈s ′1, s ′2〉〈s1, s2〉 α→ 〈s ′1, s ′2〉〈s1, s2〉 α→ 〈s ′1, s ′2〉
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Mutual exclusion pc2.2-18

by synchronous message passing
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Mutual exclusion pc2.2-18

by synchronous message passing using an arbiter
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Mutual exclusion with an arbiter pc2.2-18

protocol for process PiPiPi

LOOP FOREVER DO

noncritical actions
request
critical section
release
noncritical actions

OD
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Mutual exclusion with an arbiter pc2.2-18

protocol for process PiPiPi

LOOP FOREVER DO

noncritical actions
request
critical section
release
noncritical actions

OD

transition system TiTiTi

noncritiii

waitiii

critiii

request
release
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Mutual exclusion with an arbiter pc2.2-18

protocol for process PiPiPi

LOOP FOREVER DO

noncritical actions
request
critical section
release
noncritical actions

OD

transition system TiTiTi

noncritiii

waitiii

critiii

request
release

ArbiterArbiterArbiter :
selects nondeterministically
a synchronization partner
T1T1T1 or T2T2T2

unlock

lock

releaserequest
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Mutual exclusion with an arbiter pc2.2-19

(T1(T1(T1 ||||||||| T2)T2)T2) ‖Syn‖Syn‖Syn ArbiterArbiterArbiter where Syn = {Syn = {Syn = {request, release}}}

95 / 145



Mutual exclusion with an arbiter pc2.2-19

(T1(T1(T1 ||||||||| T2)T2)T2) ‖Syn‖Syn‖Syn ArbiterArbiterArbiter where Syn = {Syn = {Syn = {request, release}}}

↑↑↑ ↖↖↖
“pure”

interleaving
for TS

handshaking
for actions
request and release
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Mutual exclusion with an arbiter pc2.2-19

(T1 ||| T2) ‖Syn Arbiter(T1 ||| T2) ‖Syn Arbiter(T1 ||| T2) ‖Syn Arbiter where Syn = {Syn = {Syn = {request, release}}}

noncrit1 noncrit2
unlock

wait1 noncrit2
unlock

noncrit1 wait2
unlock

crit1 noncrit2
lock

wait1 wait2
unlock

noncrit1 crit2
lock

crit1 wait2
lock

wait1 crit2
lock

request

request request

release release

release release
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Mutual exclusion with an arbiter pc2.2-19

(T1 ||| T2) ‖Syn Arbiter(T1 ||| T2) ‖Syn Arbiter(T1 ||| T2) ‖Syn Arbiter where Syn = {Syn = {Syn = {request, release}}}

noncrit1 noncrit2
unlock

wait1 noncrit2
unlock

noncrit1 wait2
unlock

crit1 noncrit2
lock

wait1 wait2
unlock

noncrit1 crit2
lock

crit1 wait2
lock

wait1 crit2
lock

request

request request

release release

release release

nondeterministic choice: who enters the critical section?
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Synchronous message passing pc2.2-handshaking-generalization

synchronization operator ‖Syn‖Syn‖Syn for
three or more processes
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Synchronous message passing pc2.2-handshaking-generalization

T1T1T1 === (S1, Act1,→1, . . .)(S1, Act1,→1, . . .)(S1, Act1,→1, . . .)
T2T2T2 === (S2, Act2,→2, . . .)(S2, Act2,→2, . . .)(S2, Act2,→2, . . .)
T3T3T3 === (S3, Act3,→3, . . .)(S3, Act3,→3, . . .)(S3, Act3,→3, . . .)
T4T4T4 === (S4, Act4,→4, . . .)(S4, Act4,→4, . . .)(S4, Act4,→4, . . .)

...

...

...
...
...
...

}
transition systems
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Synchronous message passing pc2.2-handshaking-generalization

T1T1T1 === (S1, Act1,→1, . . .)(S1, Act1,→1, . . .)(S1, Act1,→1, . . .)
T2T2T2 === (S2, Act2,→2, . . .)(S2, Act2,→2, . . .)(S2, Act2,→2, . . .)
T3T3T3 === (S3, Act3,→3, . . .)(S3, Act3,→3, . . .)(S3, Act3,→3, . . .)
T4T4T4 === (S4, Act4,→4, . . .)(S4, Act4,→4, . . .)(S4, Act4,→4, . . .)

...

...

...
...
...
...

}
transition systems

for Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .

T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=((

(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

((
(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

((
(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .
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Synchronous message passing pc2.2-handshaking-generalization

T1T1T1 === (S1, Act1,→1, . . .)(S1, Act1,→1, . . .)(S1, Act1,→1, . . .)
T2T2T2 === (S2, Act2,→2, . . .)(S2, Act2,→2, . . .)(S2, Act2,→2, . . .)
T3T3T3 === (S3, Act3,→3, . . .)(S3, Act3,→3, . . .)(S3, Act3,→3, . . .)
T4T4T4 === (S4, Act4,→4, . . .)(S4, Act4,→4, . . .)(S4, Act4,→4, . . .)

...

...

...
...
...
...

}
transition systems

for Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .

T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=((

(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

((
(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

((
(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

or any other order of paranthesis
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Synchronous message passing pc2.2-handshaking-generalization

T1T1T1 === (S1, Act1,→1, . . .)(S1, Act1,→1, . . .)(S1, Act1,→1, . . .)
T2T2T2 === (S2, Act2,→2, . . .)(S2, Act2,→2, . . .)(S2, Act2,→2, . . .)
T3T3T3 === (S3, Act3,→3, . . .)(S3, Act3,→3, . . .)(S3, Act3,→3, . . .)
T4T4T4 === (S4, Act4,→4, . . .)(S4, Act4,→4, . . .)(S4, Act4,→4, . . .)

...

...

...
...
...
...

}
transition systems

for Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .Syn ⊆ Act1 ∪ Act2 ∪ Act3 ∪ Act4 ∪ . . .

T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=T1 ‖Syn T2 ‖Syn T3 ‖Syn T4 ‖Syn . . .
def
=((

(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

((
(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

((
(T1 ‖Syn T2) ‖SynT3

)
‖Syn T4

)
‖Syn . . .

where, e.g., T1 ‖Syn T2
def
= T1 ‖H T2T1 ‖Syn T2
def
= T1 ‖H T2T1 ‖Syn T2
def
= T1 ‖H T2

with H = Syn ∩ Act1 ∩ Act2H = Syn ∩ Act1 ∩ Act2H = Syn ∩ Act1 ∩ Act2
103 / 145



Parallel operator ‖‖‖ pc2.2-op-par

T1T1T1 === (S1, Act1,→1, . . .)(S1, Act1,→1, . . .)(S1, Act1,→1, . . .)
T2T2T2 === (S2, Act2,→2, . . .)(S2, Act2,→2, . . .)(S2, Act2,→2, . . .)
T3T3T3 === (S3, Act3,→3, . . .)(S3, Act3,→3, . . .)(S3, Act3,→3, . . .)
T4T4T4 === (S4, Act4,→4, . . .)(S4, Act4,→4, . . .)(S4, Act4,→4, . . .)

...

...

...
...
...
...

transition systems s.t.
Acti ∩ Actj ∩ Actk = ∅Acti ∩ Actj ∩ Actk = ∅Acti ∩ Actj ∩ Actk = ∅
if i , j , ki , j , ki , j , k are pairwise

distinct

T1 ‖ T2 ‖ T3 ‖ T4 ‖ . . .
def
=T1 ‖ T2 ‖ T3 ‖ T4 ‖ . . .
def
=T1 ‖ T2 ‖ T3 ‖ T4 ‖ . . .
def
=((

(T1 ‖Syn1,2
T2) ‖Syn1,2,3

T3

)
‖Syn1,2,3,4

T4

)
. . .

((
(T1 ‖Syn1,2

T2) ‖Syn1,2,3
T3

)
‖Syn1,2,3,4

T4

)
. . .

((
(T1 ‖Syn1,2

T2) ‖Syn1,2,3
T3

)
‖Syn1,2,3,4

T4

)
. . .

where Syn1,2Syn1,2Syn1,2 === Act1 ∩ Act2Act1 ∩ Act2Act1 ∩ Act2
Syn1,2,3Syn1,2,3Syn1,2,3 === (Act1 ∪ Act2) ∩ Act3(Act1 ∪ Act2) ∩ Act3(Act1 ∪ Act2) ∩ Act3
Syn1,2,3,4Syn1,2,3,4Syn1,2,3,4 === (Act1 ∪ Act2 ∪ Act3) ∩ Act4(Act1 ∪ Act2 ∪ Act3) ∩ Act4(Act1 ∪ Act2 ∪ Act3) ∩ Act4

...

...

...
...
...
...
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Booking system in supermarket pc2.2-21a
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Booking ProgramBooking ProgramBooking Program
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printprice

Scanner ‖ BP ‖ PrinterScanner ‖ BP ‖ PrinterScanner ‖ BP ‖ Printer
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Booking system in supermarket pc2.2-21a
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Booking system in supermarket pc2.2-21a
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Booking system in supermarket pc2.2-21a
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Booking system in supermarket pc2.2-21a
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Interleaving pc2.2-21a
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Booking system in supermarket pc2.2-21
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Booking system in supermarket pc2.2-21
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Booking system in supermarket pc2.2-21
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Booking system in supermarket pc2.2-21
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Booking system in supermarket pc2.2-21
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Booking system in supermarket pc2.2-21
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Interleaving pc2.2-21
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Railroad crossing pc2.2-22

118 / 145



Railroad crossing pc2.2-22

modeling by a transition system with 333 processes:

Train ‖ Controller ‖ GateTrain ‖ Controller ‖ GateTrain ‖ Controller ‖ Gate
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Modeling the behavior of trains pc2.2-22

far near in far
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TS for the trains pc2.2-22

far near

in

approach

enterexit

TrainTrainTrain
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TS for the trains and gate pc2.2-22

far near

in

approach

enterexit

TrainTrainTrain

up

down

lowerraise

GateGateGate
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TS for the trains, controller and gate pc2.2-22

far near

in

approach

enterexit

TrainTrainTrain

0

3

2

1

approach

lowerexit

raise

ControllerControllerController

up

down

lowerraise

GateGateGate
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TS for the trains, controller and gate pc2.2-22

far near

in

approach

enterexit

TrainTrainTrain

0

3

2

1

approach

lowerexit

raise

ControllerControllerController

up

down

lowerraise

GateGateGate

transition system Train ‖ Controller ‖ GateTrain ‖ Controller ‖ GateTrain ‖ Controller ‖ Gate
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TS for railroad crossing pc2.2-23

far near

in

approach

enterexit

0

3

2

1

approach

lowerexit

raise up

down

lowerraise

reachable fragment
of the transition system
Train ‖ Controller ‖ GateTrain ‖ Controller ‖ GateTrain ‖ Controller ‖ Gate

.
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TS for railroad crossing pc2.2-23

far near

in

approach

enterexit
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down

lowerraise

far 0 up

near 1 up

near 2 down in 1 up

. . .. . .. . .

approach

lower enter

enter lower

reachable fragment
of the transition system
Train ‖ Controller ‖ GateTrain ‖ Controller ‖ GateTrain ‖ Controller ‖ Gate

.
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TS for railroad crossing pc2.2-23

far near

in

approach

enterexit
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down

lowerraise

far 0 up

near 1 up

near 2 down in 1 up

. . .. . .. . .

approach

lower enter

enter lower

reachable fragment
of the transition system
Train ‖ Controller ‖ GateTrain ‖ Controller ‖ GateTrain ‖ Controller ‖ Gate

.
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TS for railroad crossing pc2.2-23

far near
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reachable fragment
of the transition system
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TS for railroad crossing pc2.2-23

far near

in
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enterexit
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far 0 up

near 1 up

near 2 down in 1 up

. . .. . .. . .
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lower enter

enter lower

←−←−←− race between
train and gate

.
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TS for railroad crossing pc2.2-23

far near

in

approach

enterexit
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down

lowerraise

far 0 up

near 1 up

near 2 down in 1 up

. . .. . .. . .

approach

lower enter

enter lower

←−←−←−
gate is open,
while train is

crossing the road
.
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TS for railroad crossing pc2.2-23

far near

in

approach

enterexit

0

3
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1

approach

lowerexit

raise up

down

lowerraise

far 0 up

near 1 up

near 2 down in 1 up

. . .. . .. . .

approach

lower enter

enter lower

←−←−←− interleaving is
time-abstract

.

131 / 145


