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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

<latexit sha1_base64="378Xwh2JPkHth7h7qbXKr6UATv0="></latexit>

b ::= v | a cmp a | ¬b | b bop b

<latexit sha1_base64="MZL6GhF3qBoWEkaztJW0O1Nriiw="></latexit>

P (b) , 8�. 9u. hb,�i �! u
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Ex. 1, Termination Bexp
by structural induction

<latexit sha1_base64="MZL6GhF3qBoWEkaztJW0O1Nriiw="></latexit>

P (b) , 8�. 9u. hb,�i �! u

<latexit sha1_base64="CQLylgMEN4graW1JsjN1pWwlZgg=">AAACEXicbVDLSgNBEJz1GeMr6lGEwSDES9gVUY8hXjxGMImQDaF30tHB2dllpjcQlnjxE/wKr3ryJl79Ag/+i7sxB191Kqq66eoKYiUtue67MzM7N7+wWFgqLq+srq2XNjZbNkqMwKaIVGQuA7CopMYmSVJ4GRuEMFDYDm5Oc789RGNlpC9oFGM3hCstB1IAZVKvtOMPIgNK8aEvtR8CXQdBWh9Xb3mjMtzvlcpu1Z2A/yXelJ TZFI1e6cPvRyIJUZNQYG3Hc2PqpmBICoXjop9YjEHcwBV2MqohRNtNJ2+M+V5igSIeo+FS8YmI3zdSCK0dhUE2mQe1v71c/M/rJDQ46aZSxwmhFvkhkgonh6wwMusHeV8aJII8OXKpuQADRGgkByEyMckKK2Z9eL+//0taB1XvqOqeH5Zr9WkzBbbNdlmFeeyY1dgZa7AmE+yOPbBH9uTcO8/Oi/P6NTrjTHe22A84b59i4Zzj</latexit>

8v 2 B. P (v)

<latexit sha1_base64="TqvrG9a7cmQ2bfm6JAkYGh7rE00=">AAACWXicbVDLbhMxFPUMj4bhldIlQrIISOkmmkGosEGq2g3LgEhbKY6ia8/N1Kofg+1pVY2GD+jXsKV/gvgZPCELaDmro3Pu9fE9vFbShzz/maR37t67vzV4kD189PjJ0+H2syNvGydwJqyy7oSDRyUNzoIMCk9qh6C5wmN+dtj7x+fovLTmS7iscaGhMnIlBYQoLYev2Mo6UIryybfpmO+yz7I6DeCcvaDTMTNYUb67HI7ySb 4GvU2KDRmRDabL7eQFK61oNJogFHg/L/I6LFpwQQqFXcYajzWIM6hwHqkBjX7Rrs/p6OvGQ7C0RkelomsR/95oQXt/qXmc1BBO/U2vF//nzZuwer9opambgEb0QUEqXAd54WTsCWkpHYYA/c+RSkMFOAgBnaQgRBSbWFwWe7kQVmswZctKXOHXrmV9nkPVMt5IVUZG2Xk82EkwVUxhNr5P2w9d12Wx0OJmfbfJ0ZtJsTfJP70d7R9sqh2Q5+QlGZOCvCP75COZkhkR5Ip8Jz/IdfIrTdJBmv0ZTZPNzg75B+nOb1d0tQs=</latexit>

8b. P (b) ) P (¬b)
<latexit sha1_base64="kD0x2QhxDKly8FVLIHPAk5KdaTY=">AAACh3icbZBNb9QwEIa94aPt8tEtHBGSxQppV0JLglDpBanAheNSsW2l9SoaO5PUqmOnttNVFYXfxV/hwhV+Bk5YCWiZ0+N3ZjwzL6+UdD6Ovw2iW7fv3N3a3hneu//g4e5o79GxM7UVuBBGGXvKwaGSGhdeeoWnlUUoucITfv6hy59conXS6M/+qsJVCYWWuRTgg5SOjlhuLChFeRq/4Gky+zKZTwJP2RqzAmn3SKZTyo5kce bBWrPutZiV4M8sqqYHlzfcVG3bFaejcTyL+6A3IdnAmGxinu4NnrLMiLpE7YUC55ZJXPlVA9ZLobAdstphBeIcClwG1FCiWzX98S19XjvwhlZoqVS0F/HvjgZK565KHir7Ta/nOvF/uWXt84NVI3VVe9SiG+Slwn6QE1YGV5Fm0qL30G2OVGoqwIL3aCUFIYJYB5uHTONamLIEnTUswxwv2uaPfbyWKgtE2WU42ErQRZjCTPifNm/bth0GQ5Pr9t2E41ezZH8Wf3o9Pny/sXabPCHPyIQk5A05JB/JnCyIIF/Jd/KD/Ix2opfRfnTwuzQabHoek38ievcLPvLFxA==</latexit>

8b0, b1. (P (b0) ^ P (b1)) ) P (b0 bop b1)

<latexit sha1_base64="fL2gtB+jIbnDby+2YTpq4QFc7FU=">AAACdXicbVDLbtRAEJw1j4TltYEjQhqxgAKKNnZAwAUpIheOi8QmkXZWVnvcXkaZhzMzDlqNzDfwNVzhN/gSroydPZCEOpWqulXdVdRSOJ+mvwfJtes3bm5s3hrevnP33v3R1oNDZxrLccaNNPa4AIdSaJx54SUe1xZBFRKPipODzj86Q+uE0Z/9qsaFgqUWleDgo5SPXrLKWJCSQp7uQJ5Nvk23I2U7TIH/4qrAVd2yznmRj8 bpJO1Br5JsTcZkjWm+NXjFSsMbhdpzCc7Ns7T2iwDWCy6xHbLGYQ38BJY4j1SDQrcI/VMtfdY48IbWaKmQtBfx340AyrmVKuJkf+plrxP/580bX71bBKHrxqPmXZAXEvsgx62IbSEthUXvobscqdCUgwXv0QoKnEexifVdCHRegV3ZMj6l8Ss3SoEuAyuxwtM29GValIEVjZBlZJSdxRqsAL2M2czEVBret207jDVnl0u9Sg73JtmbSfrp9Xj/w7rwTfKIPCHbJCNvyT75SKZkRjj5Tn6Qn+TX4E/yOHmaPD8fTQbrnYfkApLdv3M+wKs=</latexit>

8a0, a1. P (a0 cmp a1)
see Lecture 05b

to be done
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Ex. 1, Termination Bexp
by structural induction

<latexit sha1_base64="MZL6GhF3qBoWEkaztJW0O1Nriiw="></latexit>

P (b) , 8�. 9u. hb,�i �! u

<latexit sha1_base64="TqvrG9a7cmQ2bfm6JAkYGh7rE00=">AAACWXicbVDLbhMxFPUMj4bhldIlQrIISOkmmkGosEGq2g3LgEhbKY6ia8/N1Kofg+1pVY2GD+jXsKV/gvgZPCELaDmro3Pu9fE9vFbShzz/maR37t67vzV4kD189PjJ0+H2syNvGydwJqyy7oSDRyUNzoIMCk9qh6C5wmN+dtj7x+fovLTmS7iscaGhMnIlBYQoLYev2Mo6UIryybfpmO+yz7I6DeCcvaDTMTNYUb67HI7ySb 4GvU2KDRmRDabL7eQFK61oNJogFHg/L/I6LFpwQQqFXcYajzWIM6hwHqkBjX7Rrs/p6OvGQ7C0RkelomsR/95oQXt/qXmc1BBO/U2vF//nzZuwer9opambgEb0QUEqXAd54WTsCWkpHYYA/c+RSkMFOAgBnaQgRBSbWFwWe7kQVmswZctKXOHXrmV9nkPVMt5IVUZG2Xk82EkwVUxhNr5P2w9d12Wx0OJmfbfJ0ZtJsTfJP70d7R9sqh2Q5+QlGZOCvCP75COZkhkR5Ip8Jz/IdfIrTdJBmv0ZTZPNzg75B+nOb1d0tQs=</latexit>

8b. P (b) ) P (¬b) <latexit sha1_base64="cCW+6PLr2wYhzecfY2wh/HUbDlo="></latexit>

take a generic b 2 Bexp
<latexit sha1_base64="rUSG7ox109nwtoV0zsLorkEs31E=">AAACXHicbVCxbhNBEF1fAgSHECdINDQjHKQgIesuBaSMoKE0Ek4ieS1rbjM+r7K3e+zOYaKTf5GeAr6CFsSe7QISpnrz3ozmzcsrowOn6bdOsrV97/6DnYfd3Ud7j/d7B4fnwdVe0Ug54/xljoGMtjRizYYuK09Y5oYu8ut3rX7xmXzQzn7km4omJRZWz7RCjtS0N29kmMGCAEOoS4Kj4XH+EiR7jbYw9AnkzHk0BmTQRYkDCZ K+RFsBFi02qynIX61l6de9NM4WXhdzRu/dAhZHy2mvnw7SVcFdkG1AX2xqOO19l1dORU+WlYnuxlla8aRBz1oZWnZlHahCdY0FjSO0WFKYNKtElvCiDsgOKvKgDaxI+nujwTKEmzKPkyXyPNzWWvJ/2rjm2emk0baqmaxqD7GOD7eHgvI6Rk1wpT0xY+ucQFtQ6JGZvAZUKpJ1zL4b88huf38XnJ8MsteD9MNJ/+ztJpkd8Uw8F8ciE2/EmXgvhmIklPgqfopf4nfnR7Kd7CZ769Gks9l5Iv6p5OkfNRe3Bw==</latexit>

we assume P (b) , 8�. 9w. hb,�i �! w
<latexit sha1_base64="AFyAftLPaOtCIhqtOvEenqutnvM=">AAACbnicbVFNb9NAEF0bKCV81AWJC0KMSJGCVEV2D4VjBReOQSJtpWwUjbcTd9X1rtkdNxQrP5QDEj+Bn4Cd+gAtc3p6741m5k1eGR04TX9E8Z2797bubz8YPHz0+MlOsvv0OLjaK5oqZ5w/zTGQ0ZamrNnQaeUJy9zQSX7xsdNPLskH7ewXvqpoXmJh9VIr5JZaJN8bGZawIlihZWAHlXeXBHuTEUhLBeRvQbLXaAtDX0EunU djQAZdlDiWIOlbu2OAusNm4+r79q890vekcbbwujhn9N6toN5bL5JhOk43BbdB1oOh6GuySH7KM6fqkiwrgyHMsrTieYOetTK0Hsg6UIXqAguatdBiSWHebDJaw5s6YHceedAGNiT93dFgGcJVmbfOEvk83NQ68n/arObl+3mjbVUzWdUNYt0e3A0Kyus2fIIz7YkZu80JtAWFHpnJa0ClWrJuvzFo88huXn8bHB+Ms8Nx+vlgePShT2ZbvBCvxUhk4p04Ep/EREyFEr+irWgnSqLf8fP4Zfzq2hpHfc8z8U/Foz9tQLrB</latexit>

we want to prove P (¬b) , 8�. 9u. h¬b,�i �! u
<latexit sha1_base64="ouK/uHNp5tSXZKMJebCpbHhvdoE=">AAACEXicbVA9TwJBEN3DL8SvU0tjshFMrMgdhVoSbSwxESQBQuaWATfs7V1250zIhcqf4K+w1crO2PoLLPwvHkih4Kte3pvJzHtBrKQlz/t0ckvLK6tr+fXCxubW9o67u9ewUWIE1kWkItMMwKKSGuskSWEzNghhoPA2GF5O/Nt7NFZG+oZGMXZCGGjZlwIok7ruYdq2fU4wRA58gBqNFLzUtnIQQmncdYte2ZuCLxJ/Ropshl rX/Wr3IpGEqEkosLblezF1UjAkhcJxoZ1YjEEMYYCtjGoI0XbSaYwxP04sUMRjNFwqPhXx90YKobWjMMgmQ6A7O+9NxP+8VkL9804qdZwQajE5RFLh9JAVRmb9IO9Jg0Qw+Ry51FyAAaKsDg5CZGKSFVbI+vDn0y+SRqXsn5a960qxejFrJs8O2BE7YT47Y1V2xWqszgR7YE/smb04j86r8+a8/4zmnNnOPvsD5+Mb6CKcmg==</latexit>

take a generic �
<latexit sha1_base64="DhKOqngtjGloT5CNl4T1lKN7o+I=">AAACPHicbVA9TxtBEN0DQohJiAMlzSoGiSKy7ihCShQaSpAwIPksa249Po/Y2z3tzhGhk/9SfkJ+RRoKqOiitKmz51zBR1719N6MZt7LSk2e4/g2WlpeebX6eu1NZ/3tu4333Q+b595WTuFAWW3dZQYeNRkcMLHGy9IhFJnGi+zqqPEvrtF5suaMb0ocFZAbmpICDtK4e1ynfiqVNZ4m6CTPUOYWtNxJNZhco0wN5jL7lHrKC0 hdK2prckf5jME5+01WO/Nxtxf34wXkS5K0pCdanIy7d+nEqqpAw0qD98MkLnlUg2NSGuedtPJYgrqCHIeBGijQj+pF4rncrTywlWV4mbRciPh4o4bC+5siC5MF8Mw/9xrxf96w4umXUU2mrBiNag4xhcDNIa8chSpRTsghMzSfoyQjFThgRkcSlApiFbrthD6S5+lfkvP9fvK5H5/u9w6/ts2siW3xUeyJRByIQ3EsTsRAKPFd/BR34j76ET1Ev6Lf/0aXonZnSzxB9Ocv4Cmusg==</latexit>

consider the goal h¬b,�i �! u
<latexit sha1_base64="HDIwEM2iGdnOiaHziuuP5gT9lLw="></latexit>

-u=¬w hb,�i �! w
<latexit sha1_base64="evDT2sXlOEKKyaeTG/h4xhBr/w8=">AAACO3icbVDLSgNBEJz1bXxFPXoZTAQFCbse1KPoQY8RjApJCLOTjhmcfTDdo4ZlP8lP8Cs8CXryJl69O1lz8FWnoqqb6q4w1QrJ95+8sfGJyanpmdnS3PzC4lJ5eeUcE2skNGSiE3MZCgStYmiQIg2XqQERhRouwuujoX9xAwZVEp/RIIV2JK5i1VNSkJM65eOshT0eDriKu1aSugHeH6QJ9QEV8mp9M9yqbnO0ss+rLYI7Ki KzUFvIs9u8yuHOHYl5p1zxa34B/pcEI1JhI9Q75ZdWN5E2gpikFojNwE+pnQlDSmrISy2LkAp5La6g6WgsIsB2VqTnfMOioISnYLjSvBDh+0YmIsRBFLrJSFAff3tD8T+vaam3385UnFqCWA6DSGkoglAa144B3lUGiMTwcnC1cSmMIAKjuJDSidZVW3J9BL+//0vOd2rBbs0/3akcHI6amWFrbJ1tsoDtsQN2wuqswSS7Z4/smb14D96r9+a9f42OeaOdVfYD3scnJV2uXQ==</latexit>

by inductive hypothesis P (b), such w exists
<latexit sha1_base64="kWLv+0mtRpBPO/04CmcBUFN0PCY=">AAACLHicbVC7TsNAEDzzJrwClDQnAhJVZFNAGiQEDSVIBJDiKFpfNuGU89m62wMiy7/CJ/AVtFDRIETLd+CYFLymGs3sanYnSpW05Puv3sTk1PTM7Nx8ZWFxaXmlurp2YRNnBDZFohJzFYFFJTU2SZLCq9QgxJHCy2hwPPIvb9BYmehzGqbYjqGvZU8KoELqVBtZaHv8FrlItFCuizwacoKB1H2+5Q5CwjsqU7JIOcyzUGOf3+ Zbeada8+t+Cf6XBGNSY2OcdqrvYTcRLkZNQoG1rcBPqZ2BISkU5pXQWUxBDKCPrYJqiNG2szI759vOAiU8RcOl4qWI3zcyiK0dxlExGQNd29/eSPzPaznqNdqZ1Kkj1GIURFJhGWSFkUV1yLvSIBGMLkcuNRdggAiN5CBEIbqiy0rRR/D7+7/kYrce7NX9s93a4dG4mTm2wTbZDgvYPjtkJ+yUNZlg9+yRPbFn78F78d6896/RCW+8s85+wPv4BLs5qLE=</latexit>

we conclude by taking u = ¬w
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Ex. 1, Termination Bexp
by structural induction

<latexit sha1_base64="MZL6GhF3qBoWEkaztJW0O1Nriiw="></latexit>

P (b) , 8�. 9u. hb,�i �! u

<latexit sha1_base64="ouK/uHNp5tSXZKMJebCpbHhvdoE=">AAACEXicbVA9TwJBEN3DL8SvU0tjshFMrMgdhVoSbSwxESQBQuaWATfs7V1250zIhcqf4K+w1crO2PoLLPwvHkih4Kte3pvJzHtBrKQlz/t0ckvLK6tr+fXCxubW9o67u9ewUWIE1kWkItMMwKKSGuskSWEzNghhoPA2GF5O/Nt7NFZG+oZGMXZCGGjZlwIok7ruYdq2fU4wRA58gBqNFLzUtnIQQmncdYte2ZuCLxJ/Ropshl rX/Wr3IpGEqEkosLblezF1UjAkhcJxoZ1YjEEMYYCtjGoI0XbSaYwxP04sUMRjNFwqPhXx90YKobWjMMgmQ6A7O+9NxP+8VkL9804qdZwQajE5RFLh9JAVRmb9IO9Jg0Qw+Ry51FyAAaKsDg5CZGKSFVbI+vDn0y+SRqXsn5a960qxejFrJs8O2BE7YT47Y1V2xWqszgR7YE/smb04j86r8+a8/4zmnNnOPvsD5+Mb6CKcmg==</latexit>

take a generic �

<latexit sha1_base64="kD0x2QhxDKly8FVLIHPAk5KdaTY=">AAACh3icbZBNb9QwEIa94aPt8tEtHBGSxQppV0JLglDpBanAheNSsW2l9SoaO5PUqmOnttNVFYXfxV/hwhV+Bk5YCWiZ0+N3ZjwzL6+UdD6Ovw2iW7fv3N3a3hneu//g4e5o79GxM7UVuBBGGXvKwaGSGhdeeoWnlUUoucITfv6hy59conXS6M/+qsJVCYWWuRTgg5SOjlhuLChFeRq/4Gky+zKZTwJP2RqzAmn3SKZTyo5kce bBWrPutZiV4M8sqqYHlzfcVG3bFaejcTyL+6A3IdnAmGxinu4NnrLMiLpE7YUC55ZJXPlVA9ZLobAdstphBeIcClwG1FCiWzX98S19XjvwhlZoqVS0F/HvjgZK565KHir7Ta/nOvF/uWXt84NVI3VVe9SiG+Slwn6QE1YGV5Fm0qL30G2OVGoqwIL3aCUFIYJYB5uHTONamLIEnTUswxwv2uaPfbyWKgtE2WU42ErQRZjCTPifNm/bth0GQ5Pr9t2E41ezZH8Wf3o9Pny/sXabPCHPyIQk5A05JB/JnCyIIF/Jd/KD/Ix2opfRfnTwuzQabHoek38ievcLPvLFxA==</latexit>

8b0, b1. (P (b0) ^ P (b1)) ) P (b0 bop b1)
<latexit sha1_base64="BTEQ3CgRBT31Qombn2nwwMeVuUo="></latexit>

take b0, b1 2 Bexp
<latexit sha1_base64="44GEcnfo6sgBK5TuikCujoFcKhk=">AAACZHicbVHBbhMxEPUutJRQaKDihIQsUqQioWi3B+BYwYVjkEhbKY5Ws+5kO6rXXuxZSrXKbyJx4MpXcMCb5AAtc3p+80bz5rlsDAXOsh9Jeufu1va9nfuDB7sPH+0NHz85Ca71GqfaGefPSghoyOKUiQ2eNR6hLg2elpcf+v7pV/SBnP3M1w3Oa6gsLUgDR6oYNp0KC3mFEkJoa5QHk8OyoFdSsSewlcEvUi2cB2OkClTVMF ZS4bdoLMi2oP5lVjoZx16vJcqvGWWcrTxVFwzeu6tef7AshqNsnK1K3gb5BozEpibF8Kc6dzp6s6xNdDnLs4bnHXgmbXA5UG3ABvQlVDiL0EKNYd6tklnKl20AdrJBL8nIFYl/T3RQh3Bdl1FZA1+Em72e/F9v1vLi3bwj27SMVveLmOLJ/aKgPcXIUZ6TR2bonaMkKzV4YEZPErSOZBv/YBDzyG9efxucHI3zN+Ps09Ho+P0mmR3xTLwQhyIXb8Wx+CgmYiq0+C5+J1vJdvIr3U3306draZpsZvbFP5U+/wMoQrh1</latexit>

we assume P (bi) , 8�. 9ui. hbi,�i �! ui
<latexit sha1_base64="yk3VF2FRhKCA4C7Lkhd0RtqXIeE=">AAACkXicdVFNb9NAEF27QEv4CvTIZUSK1EpRZAeJwi2CCxKXIJG2UjaKxtuJu+p61+yOGyorP4UfxoH/gu3mAC3M6enNm683WWl04CT5GcU79+4/2N172Hv0+MnTZ/3nL06Cq7yimXLG+bMMAxltacaaDZ2VnrDIDJ1mlx/b/OkV+aCd/crXJS0KzK1eaYXcUMv+j1qGFawJ1mgZ2EHp3RXBwfQwWyYgh7JAvgirOnPlRg4hW6 ZHINlrtLmhbyBXzqMxIIPOCxxJkPS9WTpA1WLTqeB/nYY3VdLfyKRxNvc6v2D03q2hOtgs+4NklHQBd0G6BQOxjemy/0ueO1UVZFkZDGGeJiUvavSslaFNT1aBSlSXmNO8gRYLCou6s3EDr6uArQPkQRvoSPqzosYihOsia5TdLbdzLfmv3Lzi1btFrW1ZMVnVDmLdHNwOCsrr5j8E59oTM7abE2gLCj0yk9eASjVk1Tys1/iR3r7+LjgZj9K3o+TLeDD5sHVmT7wUr8ShSMWxmIhPYipmQkU70VE0jt7E+/H7eBJvtXG0rdkXf0X8+TcZ6sZn</latexit>

we want to prove P (b0 bop b1) , 8�. 9u. hb0 bop b1,�i �! u

<latexit sha1_base64="OEVkOleL6WiSYgoz6Z/4uYfuR6w=">AAACTnicbVA9bxNBEN0zHzEOHwZKmhVOJArLunMRUkbQUAYJJxFey5pbj8+j7O2educSRSf/N34CLQUtLVR0CPYcF5Aw1dN7bzTzXl4ZCpymX5LOnbv37u90H/R2Hz56/KT/9NlJcLXXONHOOH+WQ0BDFidMbPCs8ghlbvA0P3/b6qcX6AM5+4GvKpyVUFhakgaO1Lz/sVFhKbWzgRboJa9QFg6M3FMGbGFQ5vNUqqEqgVdh2e SuWqthJLOhClSUoPy1TRlnC0/FisF7dynrvfW8P0hH6WbkbZBtwUBs53je/6oWTtclWtYGQphmacWzBjyTNrjuqTpgBfocCpxGaKHEMGs2Hazlfh2AnaxiCDJyQ+LfGw2UIVyVeXRustzUWvJ/2rTm5eGsIVvVjFa3h5hi4PZQ0J5iuSgX5JEZ2s9RkpUaPDCjJwlaR7KObfdiH9nN9LfByXiUHYzS9+PB0ZttM13xQrwUr0QmXosj8U4ci4nQ4pP4Jr6LH8nn5GfyK/l9be0k253n4p/pdP8AKr60mg==</latexit>

consider the goal hb0 bop b1,�i �! u
<latexit sha1_base64="m7y0bElfOTIUcCTWcpYpSQAry5o="></latexit>

-u=u0 bop u1 hb0,�i �! u0, hb1,�i �! u1
<latexit sha1_base64="p2/Cch02hKsqlkzduZ6BzDwoFXk=">AAACYXicbVE9b9swEKWUfiTuR9R0zELUKpAAgSFlaDsG7dLRBeokgG0IJ/ocE6EogXcMYgj6lZ06dOqv6FZa8dAmuenxvTu8u8eyMZo4y35G8c6Tp8+e7+4NXrx89Xo/eXNwTrV3CieqNrW7LIHQaIsT1mzwsnEIVWnworz+stEvbtCRru13Xjc4r+DK6qVWwIEqkqqd0VKWa6ntwivWNyhX66bmFRKSTMdHZZEdpxLs4u6RH6 cnkrxayXTGeMv9Bm1pPHatL7Lu5BE271KJt+GWrkiG2SjrSz4E+RYMxbbGRfJrtqiVr9CyMkA0zbOG5y041spgN5h5wgbUNVzhNEALFdK87e07+d4TcC0bdFIb2ZP470QLFdG6KkNnBbyi+9qGfEybel5+mrfaNp7Rqo0Ra4O9ESkXMnQoF9ohM2w2xxCuVOCAGZ2WoFQgffiAQcgjv3/9Q3B+Oso/jLJvp8Ozz9tkdsWheCeORC4+ijPxVYzFRCjxQ/yJ4mgn+h3vxUl8cNcaR9uZt+K/ig//Ar/Vtts=</latexit>

by inductive hypotheses P (b0) and P (b1), such u0, u1 exist
<latexit sha1_base64="uh75IlzXLje/quBsA8oSTWmyVJI=">AAACPHicbVA9TxtBEN0zCRAngJOUNKvYSBSWdUcBNJEQaShBwmDJZ53m1mOz8t7eaXeWxDrdX+In8CtoKKCii2ipubu44COvenpvRvPmxZmSlnz/1mssffi4vLL6qfn5y9r6RuvrtzObOiOwL1KVmkEMFpXU2CdJCgeZQUhihefx7Ffln1+isTLVpzTPcJTAVMuJFEClFLWO8tBO+G/kItVCuTHyeM4JZlJPecf9DAn/UH0lj5 XDIneRH3bDBOhCUh6nWRF2XRQUnSJqtf2eX4O/J8GCtNkCx1HrLhynwiWoSSiwdhj4GY1yMCSFwqIZOosZiBlMcVhSDQnaUV5nKfiWs0Apz9BwqXgt4suNHBJr50lcTlZZ7VuvEv/nDR1N9ke51Jkj1KI6RFJhfcgKI8sqkY+lQSKokiOXmgswQIRGchCiFF3ZbbPsI3j7/XtyttMLdnv+yU774HDRzCrbZD/YNgvYHjtgR+yY9ZlgV+yG3bF779p78P56j/9GG95i5zt7Be/pGf2+r1k=</latexit>

we conclude by taking u = u0 bop u1
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false
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Ex. 2, termination

Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

<latexit sha1_base64="QCA0bxH8xBoElPDfAYRWHObUdnc="></latexit>

h1 u 2,�i 6�!



99

<latexit sha1_base64="hdqXw6Wi0VefjUNjvtuVNqq0pUQ="></latexit>

Take generic �,m,m0 such that
<latexit sha1_base64="c6KgqKEZMCTErHpWlxv1Enc+xx4=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UCF45FIk2lOIreOi/Bqu1d7LcpleXfw6/hCuKfcMS75AANcxrNvOd5nrLWylOe/+xlN27eun1n527/3v0HD3cHe4/OfNU4iWNZ6cqdl+BRK4tjUqTxvHYIptQ4KS/etf5kjc6ryn6kqxpnBlZWLZUEStJ88CYIv+QT5JdgiVPFa1etke8Lwi/UPR9K3WAMJh5va4dxP8 4Hw3yUd+DbpNiQIdvgdL7XeyoWlWwMWpIavJ8WeU2zAI6U1Bj7ovFYg7yAFU4TtWDQz0IXHPlB46E9Ex1Xmnci/r0RwHh/Zco0aYA++eteK/7Pmza0fD0LytYNoZVtECmNXZCXTqUSkS+UQyJoL0euLJfggAid4iBlEpvUal9YvJSVMWAXQSxwiZ9jEG2eQx1E2Si9SIyLdfqwU2BXKUWk0h0PxzHGfiq0uF7fNjk7GhUvR/mHo+HJ2021O+wJe85esIK9YifsPTtlYybZV/aNfWc/er+yZ9lBdvhnNOttdh6zf5DlvwGaA8NI</latexit>

We want to prove m = m0

<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="6zUC9GiLefXeuBK8CxS1dxVo2Nk=">AAADVHicpVJNb9NAEF0nlIYApYUjlxURokhVZEMFXCpVcOEYEGkrZaNovJ64q+6H2V03RJb5F1zhXyHxXziwTnygbSQOzOnpzcebfTtpIYXzcfwr6nRvbd3e7t3p3713f+fB7t7DE2dKy3HMjTT2LAWHUmgce+ElnhUWQaUST9OLd03+9BKtE0Z/8ssCpwpyLeaCgw/UbC/qjfZhJp6zDOf4mbK5sSAlZU7kCg6Yxy9+JVKlss S6UjNRb2CfBXr4lUnQuUQa5h2sBzC7Zpg0OrciP/dgrVnQjXPZArMc/2dIswZlH/+hc7S5cbY7iIfxKuhNkLRgQNoYBe9esszwUqH2XIJzkyQu/LQC6wWXWPdZ6bAAfgE5TgLUoNBNq5VwTZ+WDryhBVoqJF2R+HdHBcq5pUpDpQJ/7q7nGnJTblL6+ZtpJXRRetS8EfIiuNcIOW5FOAakmbDoPTSbIxWacrDgPVpBgfNAluE6rgg6r8AubRYepXHBjVKgs2p9NHXFmi0syoqlpZBZQJRdBhusaH/OBFVaHdV13Q82J9dNvQlOXgyTV8P4w+Hg+G1reI88Jk/IPknIa3JM3pMRGRMemehb9D360fnZ+d3tdrfWpZ2o7XlErkR35w9wmBs2</latexit>

P (ai)
M
= 8�,mi,m

0
i. hai,�i �! mi ^ hai,�i �! m0

i ) mi = m0
i

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypotheses)

Ex. 2, determinacy
<latexit sha1_base64="3zDH6rqMjo/j0JOndVzsOgykT4E="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 u a1)

<latexit sha1_base64="0zjKyN4dMj7TpuLH0D4pyAK0Y6o="></latexit>

P (a0 u a1)
M
= 8�,m,m0. ha0 u a1,�i �! m ^ ha0 u a1,�i �! m0 ) m = m0

<latexit sha1_base64="qd1m3fYLTFdL0BXljfbvOREq/LU="></latexit>

ha0 u a1,�i �! m and ha0 u a1,�i �! m0

by structural induction
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<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable

<latexit sha1_base64="k/JTuPOZzv1xXv2Js85nT4qyxb8=">AAACS3icbVBNbxMxEPUGCiV8pSBxQUgWERIHFO32AFyQKrhwLIK0leIomvVOwqi2d7FniyKzf4Yr/BV+AL+DG+KAN+QALe/09N6Mn+eVjaHAef49G1y6vHPl6u614fUbN2/dHu3dOQp16zVOdW1qf1JCQEMOp0xs8KTxCLY0eFyevur94zP0gWr3jtcNzi2sHC1JAydpMboXVVjKt2TJgDfrJzKQ09gtRuN8km8gL5JiS8Zii8 PFXvZAVbVuLTrWBkKYFXnD8wieSRvshqoN2IA+hRXOEnVgMczj5oBOPmoDcC0b9JKM3Ij490YEG8LalmnSAr8P571e/J83a3n5fB7JNS2j030Qk8FNUNCeUjMoK/LIDP3PUZKTGjwwoycJWiexTVUNlcOPurYWXBVVhUv80EXV53k0UZUtmSoxqc7SwZ7ArVKKqtP7Mr7oum6YCi3O13eRHO1PiqeT/M3++ODlttpdcV88FI9FIZ6JA/FaHIqp0OKT+Cy+iK/Zt+xH9jP79Wd0kG137op/MNj5DdaRs3A=</latexit>

Similarly, since

<latexit sha1_base64="Ea3lK+5fV1tpPh8r/3RSukNTRn4="></latexit>

ha0 u a1,�i �! m

<latexit sha1_base64="a+CBJ0K+1TBf5OnJT5ty08N6Ehc="></latexit>

ha0,�i �! n ha1,�i �! n

ha0 u a1,�i �! n

<latexit sha1_base64="fx5CZJxSgqjiq4Unvtn/ZH9GnNo=">AAAC2nicnZE9bxQxEIa9y1c4vi5QprG4i0SBTrtBAhqkCBrKIHFJpPPpNOud21ixvYs9m3CytqFDFDT8OX4IPd7LFfmgYqpX74z9jh8XjVaesux3kt66fefuva37gwcPHz1+Mtx+eujr1kmcylrX7rgAj1pZnJIijceNQzCFxqPi9EPfPzpD51VtP9OqwbmByqqlkkDRWgx/BuGX/AStRD4WGmylkcMieym8qgwId+EIXdvKqe qEwLn6nAvCr7ROD4VusQumG3Ow5eU78v+4o1sMR9kkWxe/KfKNGLFNHSy2k1eirGVr0JLU4P0szxqaB3CkpMZuIFqPDchTqHAWpQWDfh7WuR3fbT1QzRt0XGm+NvHyiQDG+5Up4qQBOvHXe735r96speXbeVC2aSmy7YNIRQZ9kJdOxS9BXiqHRNBvjlxZLsEBETrFQcpotvGPrgR6MuBWroyPsngua2Mi8iBKXOKXLoh+C4c6iKJVuoyKi7OIwakN/zqm8vCu67pBxJxfh3pTHO5N8teT7NPeaP/9BvgW22HP2QuWszdsn31kB2zKJPuT7CTjZDcV6bf0e/rjYjRNNmeesSuV/voLOojpAw==</latexit>

hence ha0,�i �! m and ha1,�i �! m

<latexit sha1_base64="7F5IA9xVyWDazZMZK769pJv/wrQ="></latexit>

ha0 u a1,�i �! m0

<latexit sha1_base64="1i5rISl/ZZQJ8g65iXx3poGr0G0=">AAAC4XicnVE7bxNBEN47XsG8HChpVnEQSETWXZCABimChjJIOInktay5vfFlld29Y3cuwVrdD6BDFDT8Mv4LBXuOizyomOrTN49v5pui0cpTlv1O0hs3b92+s3F3cO/+g4ePhpuPD3zdOokTWevaHRXgUSuLE1Kk8ahxCKbQeFicfOjzh6fovKrtZ1o2ODNQWbVQEihS8+HPIPyCK+Km9cQL5NtCg600cphnO8KryoBw54zQta 2cqo4JnKvPuCD8SqsVQqFb7IJ53m1zsOXFIfn/DOnmw1E2zlbBr4N8DUZsHfvzzeSVKGvZGrQkNXg/zbOGZgEcKamxG4jWYwPyBCqcRmjBoJ+FlXDHn7UeqOYNOq40X5F4sSOA8X5pilhpgI791VxP/is3bWnxdhaUbVpCK3shUtGEXshLp+JnkJfKIRH0myNXlktwQIROcZAykm181SVBTwbc0pXxKItnsjYmeh5EiQv80gXRb+FQB1G0SpcRcXEabXBq/YA6qvLwruu6QbQ5v2rqdXCwO85fj7NPu6O992vDN9hTtsVesJy9YXvsI9tnEybZn2QreZnspDL9ln5Pf5yXpsm65wm7FOmvv1iv60E=</latexit>

it must be ha0,�i �! m0 and ha1,�i �! m0

<latexit sha1_base64="ltbK4ydf9OewEcNKWbp5S6nVi5k=">AAAClHicbVBNbxMxEHWWrxK+UpC4ICSLFMEBRbs9AAcqVa2QOKEikbZSHEVe7ySx6rUXe5wSWf55/Ah+A1e4411ygIY5Pb83M2/8ykZJh3n+vZddu37j5q2d2/07d+/dfzDYfXjqjLcCxsIoY89L7kBJDWOUqOC8scDrUsFZeXHc6mcrsE4a/RnXDUxrvtByLgXHRM0GM6aN1BVo7Afm5vRoTdPTC5QroMt1Y3AJDtwreglUGC 2Ur4DuMYSv2JmHUnmIoY4H29yLuBdng2E+yrui26DYgCHZ1Mlst/eUVUb4Op0kFHduUuQNTgO3KIWC2GfeQcPFBV/AJEHNa3DT0BlH+tw7joY2YKlUtCPh74nAa+fWdZk6a45Ld1Vryf9pE4/zt9MgdeMRtGiNUCrojJywKSwLtJIWEHl7OaQUqeCWI4KVlAuRSJ8y7zMNl8LUNddVYBXM4UsMrPWzoAIrvVRVQpSt0oet5HqRXJhJ+2k4iDH2U6DF1fi2wen+qHg9yj/tDw+PNtHukCfkGXlJCvKGHJIP5ISMiSDfyA/yk/zKHmfvsuPs/Z/WrLeZeUT+qezjb1suzvw=</latexit>

By inductive hypotheses, we conclude m = m0

Ex. 2, determinacy (ctd)
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypotheses)

Ex. 2, determinacy
by rule induction

<latexit sha1_base64="a+CBJ0K+1TBf5OnJT5ty08N6Ehc="></latexit>

ha0,�i �! n ha1,�i �! n

ha0 u a1,�i �! n

<latexit sha1_base64="sjuNtwLisX8BHSY8CmeuBb1tza4=">AAADI3icpVFNb9NAEF2bj5bwlcKRy4oItUgosksFXIoquHAMiLSVslE0Xk/cVffD7K5bIsv8G34NN8QBDvwX1okPtI24MKenNzN6M+9lpRTOJ8mvKL52/cbNjc1bvdt37t673996cOhMZTmOuZHGHmfgUAqNYy+8xOPSIqhM4lF2+rbtH52hdcLoj35R4lRBocVccPCBmvV/jnaYBF1IpDATz5gThQJmVwyTRhdWFCcerDXnlH n87JeadSYrbGrdPGU5zvETZXNjQco1I9vN8Av9H43thn345w3763Zm/UEyTJZFr4K0AwPS1Wi2FT1nueGVQu25BOcmaVL6aQ3WCy6x6bHKYQn8FAqcBKhBoZvWS9mGPqkceENLtFRIuiTx740alHMLlYVJBf7EXe615LrepPLzV9Na6LLyqHkr5EWwrRVy3IqQLdJcWPQe2suRCk05WPAeraDAeSCrEPYFQecV2IXNw1Maz7lRCnRer6JsatZeYVHWLKuEzAOi7CzYYEUXmQmqtN5vmqYXbE4vm3oVHO4O0xfD5P3e4OBNZ/gmeUQekx2SkpfkgLwjIzImPHod5ZGKdPw1/hZ/j3+sRuOo23lILlT8+w+m6AoC</latexit>

P (hai,�i �! n)
M
= 8n0. hai,�i �! n0 ) n = n0

<latexit sha1_base64="/EaXX2aG8bTDSGt4V33guLlNaOo=">AAADN3icrVJNbxMxEPUuX234SuHIxSJCLRKKdgsCLpUquHAMFWkrxVE0651srfpja3vbRqtFgn/FT+HEreLAhX+AN8mBthEn5vT03oze+I2zUgrnk+R7FN+4eev2nbX1zt179x887G482nemshyH3EhjDzNwKIXGoRde4mFpEVQm8SA7ft/qB6donTD6k5+VOFZQaDEVHHygJt1fgy0mQRcSKUwS5k44lAGlL5gThQJmFxqTRh dWFEcerDVnlHk893P3OpMVNrVunrMcp3hC2dRYkHJFy2bT/0z/j9tmw/b+uc3OqplJt5f0k3nR6yBdgh5Z1mCyEb1kueGVQu25BOdGaVL6cQ3WCy6x6bDKYQn8GAocBahBoRvXc9uGPqsceENLtFRIOifx74kalHMzlYVOBf7IXdVacpU2qvz07bgWuqw8at4aeRFia40ctyLcG2kuLHoP7eZIhaYcLHiPVlDgPJBV+ACXDJ1XYGc2D4/SeMaNUqDzenHUpmbtFhZlzbJKyDwgyk5DDFYsT2aCK613mqbphJjTq6FeB/vb/fR1P/n4qrf7bhn4GnlCnpItkpI3ZJd8IAMyJDzai86jL9HX+Fv8I76Ify5a42g585hcqvj3H0+cEWI=</latexit>

P (ha0 u a1,�i �! n)
M
= 8n0. ha0 u a1,�i �! n0 ) n = n0

<latexit sha1_base64="s/YG+RF+H0zDGRzCUbpZax9Pv+k=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UWLhyLRJpKcRS99b4Eq17vYr9NqSz/nv4arlT9JxzxLjlAw5xGM+95nievtXKUpje95M7de/cfbD3sP3r85On2YOfZqasaK3EsK13ZsxwcamVwTIo0ntUWocw1TvLzj60/WaF1qjJf6LLGWQlLoxZKAkVpPjj2wi34BPkFGOJU8dpWK+S7gvA7dc/7XDcYvAmHm9p+2A 3zwTAdpR34JsnWZMjWOJnv9F6KopJNiYakBuemWVrTzIMlJTWGvmgc1iDPYYnTSA2U6Ga+Cw58r3HQnomWK807Ef/e8FA6d1nmcbIE+upue634P2/a0OL9zCtTN4RGtkGkNHZBTloVS0ReKItE0F6OXBkuwQIRWsVByig2sdW+MHghq7IEU3hR4AK/BS/aPIvai7xRuoiMi1X8sFVgljFFxNIt94chhH4sNLtd3yY5PRhlb0fp54Ph0Yd1tVvsBXvN3rCMvWNH7BM7YWMm2RX7wX6y696v5FWyl+z/GU16653n7B8k6W+dv8NK</latexit>

We want to prove n = n0

<latexit sha1_base64="mxXYKxbtbcHkmJPSG3ehRvG9Bl4=">AAACwXicbVFNbxMxEPUuXyUtkMKRi0WK4ICi3SIBF6SKXjgWqWkrxVE0651srNrerT2bEln7Q5H4MXjTHOjHnJ7em5k3fi4arTxl2Z8kffT4ydNnO88Hu3svXr4a7r8+83XrJE5krWt3UYBHrSxOSJHGi8YhmELjeXF53OvnK3Re1faU1g3ODFRWLZQEitR8uArCL/gpXCI/EIS/abMyFLrFLtgP3QH3rVxyWgLFBg220shhng l/JaGJKP8kvKoMCHejCV3byqlqSeBcfc0fXNrNh6NsnG2K3wf5FozYtk7m+8lnUdayNWhJavB+mmcNzQI4UlJjNxCtxwbkJVQ4jdCCQT8LG+OOv289UM0bdFxpviHx/4kAxvu1KWKnAVr6u1pPPqRNW1p8mwVlm5bQyt6IVAyhN/LSqZg88lI5JIL+cuTKcgkOiNApDlJGso1fccvQkwG3dmV8lMVrWRsDtgyixAVedUH0VzjUQRSt0mVEXKxiDE5tP6COrjx877puEGPO74Z6H5wdjvMv4+zX4ejoxzbwHfaWvWMfWc6+siP2k52wCZPsb5Imu8leepyqtEndTWuabGfesFuVhn8rTN3O</latexit>

Take n0 such that ha0 u a1,�i �! n0
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<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable

Ex. 2, determinacy (ctd)
<latexit sha1_base64="+LfIfdqZJziJB0I2Yj+BnDe8Rak="></latexit>

P (ha0,�i �! n)
M
= 8n0. ha0,�i �! n0 ) n = n0

<latexit sha1_base64="G6+dcpXZydX99wsJ+qDROvv13BM="></latexit>

P (ha1,�i �! n)
M
= 8n0. ha1,�i �! n0 ) n = n0

<latexit sha1_base64="wto+SaRwY0n/SyoDxqH/M7e9u34="></latexit>

ha0 u a1,�i �! n0

<latexit sha1_base64="a+CBJ0K+1TBf5OnJT5ty08N6Ehc="></latexit>

ha0,�i �! n ha1,�i �! n

ha0 u a1,�i �! n
<latexit sha1_base64="lBNOaHmsHqJ8C3d6k5pmfVsHs9U="></latexit>

hence ha0,�i �! n0 and ha1,�i �! n0

<latexit sha1_base64="8JPAM2FJkebVmg7VAb7Cb2aZNH4=">AAAClHicbVBNbxMxEHWWrxK+UpC4ICSLFMEBRbs9AAcqVa2QOKEikbZSHEVe7ySx6rUXe5wSWf55/Ah+A1e4411ygIY5Pb83M2/8ykZJh3n+vZddu37j5q2d2/07d+/dfzDYfXjqjLcCxsIoY89L7kBJDWOUqOC8scDrUsFZeXHc6mcrsE4a/RnXDUxrvtByLgXHRM0GM6aN1BVo7Afm5vRoTdPTC5QroMt1Y3AJDtwreglUGC 2Ur4DuMYSv2JmHUnmIQceDbe5F3IuzwTAf5V3RbVBswJBs6mS223vKKiN8nU4Sijs3KfIGp4FblEJB7DPvoOHigi9gkqDmNbhp6Iwjfe4dR0MbsFQq2pHw90TgtXPrukydNcelu6q15P+0icf522mQuvEIWrRGKBV0Rk7YFJYFWkkLiLy9HFKKVHDLEcFKyoVIpE+Z95mGS2HqmusqsArm8CUG1vpZUIGVXqoqIcpW6cNWcr1ILsyk/TQcxBj7KdDianzb4HR/VLwe5Z/2h4dHm2h3yBPyjLwkBXlDDskHckLGRJBv5Af5SX5lj7N32XH2/k9r1tvMPCL/VPbxN17qzv4=</latexit>

By inductive hypotheses, we conclude n = n0
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="c0YK0LxS6xS5iN91P+sldrFc5Ic="></latexit>

P (a1)
M
= 8�. 9m1. ha1,�i �! m1

Ex. 3, termination
<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1

by structural induction

<latexit sha1_base64="n15D0P+3FGW0Nsr7jmQLcJC4dlk="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 t a1)

<latexit sha1_base64="tE/uYZ++bd/7QoLGTRVJdx/DMP0=">AAAC73icbVHLbhNBEJxdXsE84sCRywgHKUjI2g0SLwkpggtHI+E4kseyemfbm1HmsZ6ZtWOtlt/ghjhw4ZP4G2ZtH3CSPpWquqd7qrJSCueT5G8U37p95+69vfudBw8fPd7vHjw5daayHIfcSGPPMnAohcahF17iWWkRVCZxlF18bvXRAq0TRn/zqxInCgotZoKDD9S0+7tmbkZHSJegPfWGltYskB4OjmCaMDfnVUlhmr5kOc 5wTtnMWJCSMicKBf3vDC/DjY4yj5d+fU2dyQqbWjVBlKALiXTnpVebUWY3GpNGF1YU5x6sNcubHjpspt1e0k/WRa+DdAt6ZFuD6UH0muWGVwq15xKcG6dJ6Sc1WC+4xKbDKocl8AsocBygBoVuUq/3NvRF5aB1Ai0Vkq5J/H+iBuXcSmWhU4E/d1e1lrxJG1d+9m5SC11WHjVvF3kRPGgXOW5FyAlpLix6D+3lSIWmHCx4j1ZQ4DyQVQhuZ6HzCuzK5uFTGpfcKAU6rzd5NTVrr7Aoa5ZVQuYBUbYINlix9T+kbWn9sWmaTrA5vWrqdXB63E/f9JOvx72TT1vD98gz8pwckZS8JSfkCxmQIeFRJ0qi99GHeB7/iH/GvzatcbSdeUp2Kv7zD42v8Ds=</latexit>

We want to prove P (a0 t a1)
M
= 8�. 9m. ha0 t a1,�i �! m
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Inductive case (ctd)

<latexit sha1_base64="lqS4Hk0rzNN7SvDY3rYe2ZLLzas="></latexit>

are applicable
<latexit sha1_base64="Hmnvmn8xH2mStAOAKFUmPkikRXw=">AAACR3icbVDLThsxFPWkD2j6CnSJkCyiSl1FMyxoN0ioVSWWVCKAFEfRHc9NsLA9U/uaFlnzK922v9JP4Cu6q7qsJ82CAmd1dM69PtenbLTylOfXWe/Bw0eP19af9J8+e/7i5WBj88TXwUkcy1rX7qwEj1pZHJMijWeNQzClxtPy4kPnn16i86q2x3TV4NTAwqq5kkBJmg02o/Bz/lHROTrugkbfzgbDfJQvwe+SYkWGbIWj2U a2LapaBoOWpAbvJ0Xe0DSCIyU1tn0RPDYgL2CBk0QtGPTTuDy+5a+DB6p5k/KV5ksRb25EMN5fmTJNGqBzf9vrxPu8SaD5u2lUtgmEVnZBpDQug7x0KrWCvFIOiaC7HLmyXIIDInSKg5RJDKmmvrD4RdbGgK2iqHCOn9soujyHOooyKF0lxsVl+rBTYBcpRdTpfR7327btp0KL2/XdJSe7o2JvlH/aHR68X1W7zrbYDnvDCvaWHbBDdsTGTLKv7Bv7zn5kP7Nf2e/sz7/RXrbaecX+Qy/7C5YnseA=</latexit>

Either rules

<latexit sha1_base64="qwlYNlQn0KCucE2f9Tr6CTgi30k="></latexit>

And we are done (taking m = m0)

<latexit sha1_base64="8TZDcFGu4SNs3Mrj6LW6go5aAcs=">AAACzXicbVHLbhMxFPUMrxIeTWGJkCwSpCKV0aQLYINUlQ07gkTaSnEUeTw3E6t+DPZ1SjQMW36BX+NnEJ40C2h7V8fnPs69x0WtpMc8/52kt27fuXtv537vwcNHj3f7e09OvA1OwERYZd1ZwT0oaWCCEhWc1Q64LhScFucfuvzpCpyX1nzBdQ0zzSsjF1JwjNS8/4sZK00JBnsN8wt6vKbxGQTKFdDlura4BC89HY73+Tx/NT ygkXBAO4ohfMPNCk2hArSNnuftkPoMs5hU3FQKaOw6YF5WmjO3YZiypnKyWiJ3zl7Qm6e08/4gz/JN0OtgtAUDso3xfC95zkorgo63CMW9n47yGmcNdyiFgrbHgoeai3NewTRCwzX4WbNRbunL4DlaWoOjUtENCf92NFx7v9ZFrNQcl/5qriNvyk0DLt7NGmnqgGBEJ4Qy2tIJeeGiy9HMUjpA5N3m0VlDBXccEZykXIhIhvhZPWbgQlituSkbVsICvrYN6/QcqIYVQaoyIspW8WAnL81nNs6nzfu2bXvR0NFV+66Dk8Ns9CbLPx8Ojo631u6QZ+QF2Scj8pYckY9kTCZEkD/JMHmdZOmnNKTf0x+XpWmy7XlK/ov0519tJuFI</latexit>

By inductive hypothesis P (a0), there is m0 s.t. ha0,�i �! m0

<latexit sha1_base64="pNpnv7l8A6+kYG8bKIGuPhgsgvA=">AAACSXicbVDLbhMxFPWkBdrwaEq7Q5UsIiRW0UwXhQ1SVTYsi0TaSnEU3fHcSa3Ynql9p6hY8y/dwq/wBXwGu4oVnpBFH5zV0Tn3+lyfvNbKU5r+Snpr648eP9nY7D999vzF1mD75YmvGidxLCtdubMcPGplcUyKNJ7VDsHkGk/zxcfOP71E51Vlv9BVjVMDc6tKJYGiNBvsBuFLTrBATufIS+U8tbPBMB2lS/CHJFuRIVvheL ad7Imiko1BS1KD95MsrWkawJGSGtu+aDzWIBcwx0mkFgz6aVie3/I3jQeqeI2OK82XIt7eCGC8vzJ5nDRA5/6+14n/8yYNle+nQdm6IbSyCyKlcRnkpVOxF+SFckgE3eXIleUSHBChUxykjGITi+oLi19lZQzYIogCS7xog+jyHOog8kbpIjIuLuOHnQI7jymiiu/z8KFt234sNLtf30Nysj/KDkbp5/3h4dGq2g32ir1mb1nG3rFD9okdszGT7Bu7Zt/Zj+Rn8ju5Sf78G+0lq50ddge9tb8T7rKW</latexit>

take the first

<latexit sha1_base64="7VWYmuqm7PzgY2Yq3Rigf420wxo=">AAACsnicbVFNb9NAEF2brzZ8NG2PCGlFgsQBRXaFgAtSBReORWraimwUjdcTd5X9cHfHLZXlH8qZP8I6yQFa5vQ0b9++mTdFrVWgLPuVpA8ePnr8ZGd38PTZ8xd7w/2Ds+AaL3EqnXb+ooCAWlmckiKNF7VHMIXG82L1tefPr9EH5ewp3dY4N1BZtVQSKLYWw64VYclPYYUceIUWvZJ8LIKqDIw52JJLZ4Mq0XO6RF450JHWYC sdFYtMhCvZ1BHl7zYi4Tec0M5WXlWXBN67Gy4If9J63rbQDXat6cbdYjjKJtm6+H2Qb8GIbetksZ+8EqWTjUFLUkMIszyrad6CJyU1dgPRBKxBrqDCWYQWDIZ5u/bt+JsmADlex2WU5usm/q1owYRwa4r40gBdhrtc3/wfN2to+WneKls3hFb2RqRiBr1RkF7FAyAvlUci6CdHriyX4IEo5s1Byths4kUGwuKNdMbE4FtR4hKv4oF6P4+6FUWjdBkRF9dxYa+2Sbv4P28/d103iIHmd+O7D86OJvmHSfb9aHT8ZRvtDnvJXrO3LGcf2TH7xk7YlEn2O9lNDpLD9H36I4VUbp6myVZzyP6pVP8BCl3WVw==</latexit>

Take a generic � and consider the goal ha0 t a1,�i �! m

<latexit sha1_base64="U9P7Bgq1q95nGchMcco0Rh7sJrs="></latexit>

ha0,�i �! n0

ha0 t a1,�i �! n0

<latexit sha1_base64="G15ZFI2lQ5Wla8+6kJC+9amN0zw="></latexit>

ha1,�i �! n1

ha0 t a1,�i �! n1

<latexit sha1_base64="5vstVTnEtIY+V/htf33WswtFJ/w=">AAACwniclVHLbhNBEJxdXsG8HDghhDSKhcQBWbsIARekCDhwDBJOInksq3fc3kwyj/U8YqJhP4EP5Dv4AWbXPoSEC30qVfV09VRXjRTOF8WvLL9x89btOzt3B/fuP3j4aLj7+NCZYDlOuJHGHlfgUAqNEy+8xOPGIqhK4lF19qnTj87ROmH0N3/R4ExBrcVScPCJmg9/Mgm6lkhhXjC34qFJqHzFnKgVMNtrTBpdW1GfeLDWrC nz+N331rGSAduo2gHT6404uDTwv8fMh6NiXPRFr4NyC0ZkWwfz3ew5WxgeFGrPJTg3LYvGzyJYL7jEtFdw2AA/gxqnCWpQ6Gaxd23pi+DAG9qgpULSnsTLLyIo5y5UlToV+BN3VevIf2nT4JfvZ1HoJnjUvDPyIkXSGTluRToI0oWw6D10myMVmnKw4D1aQYHzRIZ0oRQrrrlRCvQisgUucdVG1vlZlJFVQchFQpSdpw9bsQmemTSfxg9t2w5SoOXV+K6Dw9fj8u24+PpmtP9xG+0OeUb2yEtSkndkn3whB2RCOPmdPc32slH+OT/NV7nbtObZ9s0T8lflP/4A593gBQ==</latexit>

ha0 t a1,�i �! m - ha0,�i �! m
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Ex. 3, determinacy

1 6= 2

<latexit sha1_base64="NZk+pa+dLp2p7KWDTsCtD1rAveo=">AAAB+XicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUBGUEDWWQyENKrOh82YRTzmdzt0aKrHwELVR0iJavoeBfsEMKSJhqNLOrnZ0gVtKS6346K6tr6xubha3i9s7u3n7p4LBlo8QIbIpIRaYTcItKamySJIWd2CAPA4XtYHyd++1HNFZG+o4mMfohH2k5lIJTJrW9nsYHVu2Xym7FnYEtE29OyjBHo1/66g0ikYSoSShubddzY/JTbkgKhdNiL7EYczHmI+xmVPMQrZ/O4k7ZaWI5RSxGw6RiMxF/b6Q8tHYSBtlkyOneLnq5+J/XTWh46adSxwmhFvkhkgpnh6wwMusB2UAaJOJ5cmRSM8ENJ0IjGRciE5OsmGLWh7f4/TJpVSterXJ+WyvXr+bNFOAYTuAMPLiAOtxAA5ogYAxP8AwvTuq8Om/O+8/oijPfOYI/cD6+AQd1k3A=</latexit>

Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

<latexit sha1_base64="XyQJEFtshNsDOWvsg3Vwvd/Cd84=">AAACJ3icbVC7TsNAEDzzJrwMlDQnIiQKFNkBAWUEDWWQSECKo2h9Wcwp57O5W4OiiA/hE/gKWqjoEBQU/Al2SAGBqUYzu9qdCVMlLXneuzMxOTU9Mzs3X1pYXFpecVfXmjbJjMCGSFRiLkKwqKTGBklSeJEahDhUeB72jgv//AaNlYk+o36K7RgiLS+lAMqljrsbKNCRQu7zwF6LLOXVncDKKIbAfBuBSnRkZHRFYExyy/1Sxy17FW8I/pf4I1JmI9Q77kfQTUQWoyahwNqW76XUHoAhKRTelYLMYgqiBxG2cqohRtseDMPd8a3MAiU8RcOl4kMRf24MILa2H4f5ZAx0Zce9QvzPa2V0edgeSJ1mhFoUh0jmeYtDVhiZt4a8Kw0SQfE5cqm5AANEaCQHIXIxy2ss+vDH0/8lzWrF3694p3vl2tGomTm2wTbZNvPZAauxE1ZnDSbYPXtkT+zZeXBenFfn7Xt0whntrLNfcD6/AO33pYs=</latexit>

h1 t 2,�i �! 1
<latexit sha1_base64="cOOymiIvWxa44/kW0LKnpn99p3A=">AAACJ3icbVC7TsNAEDzzJrwClDQnIiQKFNkBAWUEDSVIhESKo2h9LM4p57O5W4OiKB/CJ/AVtFDRISgo+BPskAISphrN7Gp3JkiUtOS6H87U9Mzs3PzCYmFpeWV1rbi+cWXj1AisiVjFphGARSU11kiSwkZiEKJAYT3onuZ+/Q6NlbG+pF6CrQhCLW+kAMqkdnHfV6BDhdzjvr0VacIre76VYQS++TF8FevQyLBDYEx8zyuFdrHklt0h+CTxRqTERjhvFz/961ikEWoSCqxtem5CrT4YkkLhoOCnFhMQXQixmVENEdpWfxhuwHdSCxTzBA2Xig9F/L3Rh8jaXhRkkxFQx457ufif10zp5rjVlzpJCbXID5HM8uaHrDAyaw35tTRIBPnnyKXmAgwQoZEchMjENKsx78MbTz9Jripl77DsXhyUqiejZhbYFttmu8xjR6zKztg5qzHBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfP1De+HpYw=</latexit>

h1 t 2,�i �! 2
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false
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<latexit sha1_base64="qStW+YsiWLKzJnU1quMM10/EeJw="></latexit>

take a generic �
<latexit sha1_base64="df03x9mWvaTck04E/OJO+4hH1kM="></latexit>

hence hw,�i �! �

<latexit sha1_base64="drl/XsrxnSePWvfEh4l9ePRa+mE="></latexit>

in fact

<latexit sha1_base64="zxeOm02V40jTkiolx6rViZnpz6I="></latexit>

take w
M
= while x > y do (x := x+ 1; y := y � 1)

<latexit sha1_base64="1TIz7PSZmK6lVzzcekTjyMSpX6g="></latexit>

if �(x)  �(y):
<latexit sha1_base64="9Ri+vFbpW2Agv12L5X5nokrBF20="></latexit>

let S
M
= {� | �(x) > �(y)}

<latexit sha1_base64="6ZJls1P0KAZH9VAH1iSGQUeEWQ8="></latexit>

• 8� 2 S. hx > y,�i �! tt

• 8� 2 S. 8�0. hx := x+ 1; y := y � 1,�i �! �0 ) �0 2 S

<latexit sha1_base64="zm+KtdjvAFrgjCqNd/3nihxyWPA="></latexit>c

<latexit sha1_base64="j8XXKMQTclwvKr8JW/ibWfSXilM="></latexit>

hc,�i �! �0 = �[�(x) + 1/x,�(y)� 1/y]

�0(x) = �(x) + 1 > �(y) + 1 > �(y)� 1 = �0(y)

<latexit sha1_base64="tVGo0iqDZ9gTDEGF57NN9reKPEI=">AAACNXicbVDLSgNBEJz17fqKevQyGERFDLui6EWJevEYwUQhCaF3bOOQ2QczvWII+R4/wa/wqnjITbz6C04eikbrVFXdTXdXkChpyPNenZHRsfGJyalpd2Z2bn4hs7hUMnGqBRZFrGJ9FYBBJSMskiSFV4lGCAOFl0HjtFu/vENtZBxdUDPBagj1SN5IAWStWua4YmQ9hPWN+033kPeF5Vu+e/SlmkNq2//uXLeylsl6Oa8H/pf4A5JlAxRqmU7lOhZpiBEJBcaUfS+hags0SaGw7VZSgwmIBtSxbGkEIZpqq/dqm6+lBijmCWouFe+Z+HOiBaExzTCwnSHQrRmudc3/auWUbg6qLRklKWEkuotIKuwtMkJLmyHya6mRCLqXI5cRF6CBCLXkIIQ1Uxuqa/Pwh7//S0o7OX83t3e+m82fDJKZYitslW0wn+2zPDtjBVZkgj2wJ/bMXpxHp+O8Oe/91hFnMLPMfsH5+ATDr6bV</latexit>

<latexit sha1_base64="w+PUqbkJt1tPMFk1pl1ab21/x/Y="></latexit>

thus �0 2 S

<latexit sha1_base64="UI2tYRe5Opy3MDmpw0nF61Cd0H0=">AAACsnicbVBNb9NAEN2YrxK+UjhyWUiQWimK7FIVLqAKLhyLRNqKbBSN12Nn1f0wu+uGyPJP5AfwO7iCxDrxgbbMXt6+N6M389JSCufj+GcvunX7zt17O/f7Dx4+evxksPv01JnKcpxyI409T8GhFBqnXniJ56VFUKnEs/TiY6ufXaJ1wugvfl3iXEGhRS44+EAtBkXNXE79Ei3mxuKYipyOmBOFgr3v++87tN4fjdsmHTQJup BIV+Otxuz2z7TxNXvRPWl0YUWx9GCtWTWjZjEYxpN4U/QmSDowJF2dLHZ7r1lmeKVQey7BuVkSl35eg/WCS2z6rHJYAr+AAmcBalDo5vUmkYa+qhx4Q0u0VEi6IfHfiRqUc2uVhk4Ffumuay35P21W+fztvBa6rDxq3hp5Ea5vjRy3IkSNNBMWvYd2c6RCUw4WvEcrKHAeyCpkf8XQeQV2bbNwlMYVN0qBzmqWYY7fmpq1W1iUNUsrIbOAKLsMMVjRJW+CK63fNU3TDzEn10O9CU4PJsnRJP58MDz+0AW+Q56Tl2SPJOQNOSafyAmZEk5+kF/kN/kTHUZfI4j4tjXqdTPPyJWK5F9ibdgy</latexit>

therefore, if �(x) > �(y), then hw,�i 6�!
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

<latexit sha1_base64="6xPuamap9BJlnBOjg5CmamXt+Eo="></latexit>

P (hb,�i �! u)
M
= 8u0. hb,�i �! u0 ) u = u0
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Ex. 5, determinacy Bexp
by rule induction

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="6xPuamap9BJlnBOjg5CmamXt+Eo="></latexit>

P (hb,�i �! u)
M
= 8u0. hb,�i �! u0 ) u = u0

<latexit sha1_base64="vibbrtQkCNK/lYlSBvawEDpNuRI="></latexit>

we need to prove v = u0

<latexit sha1_base64="v/SkUNkluAgy0dOxwjgDKoGNm7A="></latexit>

it must be -u0=v ⇤

<latexit sha1_base64="DXHj8ooTj7pv3EG01qTR4O6GNc4=">AAADOnicnVLLbhMxFPUMrzI8msKSjUWKKBKKJkUCNpUq2LAMiLSV4ii647mZWrU9g+1JiKxhBX/Fj7Blh1iw4QPwJBGiTVfc1fF96Byfe7NKCuvS9FsUX7l67fqNrZvJrdt37m53du4d2bI2HIe8lKU5ycCiFBqHTjiJJ5VBUJnE4+zsdVs/nqGxotTv3aLCsYJCi6ng4EJq0vnlmZ3SOVKNmFNX0sqUM6S7gz0mQRcS6ewps6 JQwMzqzWSpCyOKUwfGlHPKHH50SyE+kzU2ftY8SViOU/yQsGlpQMrNnvpx0/uU/DdFGE/Yu78NySUaDi4b2m0mnW7aS5dBN0F/DbpkHYPJTvSM5SWvFWrHJVg76qeVG3swTnCJQUdtsQJ+BgWOAtSg0I79krihj2oLraloqJB0mcR/JzwoaxcqC50K3Km9WGuTl9VGtZu+HHuhq9qh5i2RE8G5lshyI8LKkebCoHPQKkcqNOVgwDk0ggLnIVmHGzhHaJ0CszB5+JTGOS+VAp371S4bz1oVBqVnWS1kHhBls2CDEeuthcMx1B80TZMEm/sXTd0ER/u9/vNe+na/e/hqbfgWeUAekj3SJy/IIXlDBmRIeDSMfPQ5+hJ/jb/HP+Kfq9Y4Ws/cJ+ci/v0HqS8SEw==</latexit>

we need to prove P (hv,�i �! v)
M
= 8u0. hv,�i �! u0 ) v = u0

<latexit sha1_base64="fkH3p6U4p45OHOEG73NZ+VW3Hcc=">AAACtnicbVFLbxMxEPYuj5bwSuHIxSJBcEDRpki0F6QKLhyLRNpKcYhmvZONFdu72LMpkbU/kiO/hCveNAf6mNPnbx7fzOe81spTlv1J0nv3Hzzc23/Ue/zk6bPn/YMXZ75qnMSJrHTlLnLwqJXFCSnSeFE7BJNrPM9XX7r8+RqdV5X9TpsaZwZKqxZKAkVq3l8F4RecYIV8KAh/0XZkyHWDbWjetkPuG7nktATivaHQYEuNfP 1eeFUaEO7qLXRlS6fKJYFz1SW/c1I77w+yUbYNfhuMd2DAdnE6P0g+iKKSjUFLUoP303FW0yyAIyU1tj3ReKxBrqDEaYQWDPpZ2Aq3/E3jgSpeo+NK8y2J/3cEMN5vTB4rDdDS38x15F25aUOL41lQtm4IreyESEUTOiEvnYp2Iy+UQyLoNkeuLJfggAid4iBlJJvo/zVBTwbcxhXxKIuXsjIGbBFEgQv82QbRbeFQB5E3ShcRcbGONji1+4AqqvLwqW3bXrR5fNPU2+DscDT+OMq+HQ5OPu8M32ev2Gv2jo3ZETthX9kpmzDJfrO/CUuS9Dj9kWJaXpWmya7nJbsWaf0P1FXamA==</latexit>

take u0 such that hv,�i �! u0

<latexit sha1_base64="9VNbf4ktmYv+5/14x1DUIk+WvRg="></latexit>

consider the goal hv,�i �! u0
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Ex. 5, determinacy Bexp
by rule induction

<latexit sha1_base64="6xPuamap9BJlnBOjg5CmamXt+Eo="></latexit>

P (hb,�i �! u)
M
= 8u0. hb,�i �! u0 ) u = u0

<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="JX9NhAo7mlbIRUFdhTmMmG8zktc="></latexit>

we assume hai,�i �! ni

<latexit sha1_base64="sTh1E4jL/4XOIr5rN1O4xUUF0xs="></latexit>

we need to prove

P (ha0 cmp a1,�i �! n0 cmp n1)
M
= 8u0. ha0 cmp a1,�i �! u0 ) n0 cmp n1 = u0

<latexit sha1_base64="UAeBL/RClOfOc8UtEKXWB7ClGxw=">AAAC1XicbVFNbxMxEHWWrxK+UpC4cMAiRXCoot0iARekCi4ci0SaSnEUzXonGyu2d7FnWyJrb4gDF34f/4KfgLPNgX7M6WnmzbyZN3mtlac0/dNLbty8dfvOzt3+vfsPHj4a7D4+9lXjJI5lpSt3koNHrSyOSZHGk9ohmFzjJF992tQnp+i8quxXWtc4M1BatVASKKbmg1/CVsoWaKkfhF9wghXyPUH4nbrhIdcNtqF51e5x38 glpyVQJGiwpUYO81TsCwO09IsgTd2KfZhn+8Kr0oBw5yShK1s6VS4JnKvO+LXT2/58MExHaRf8Ksi2YMi2cTTf7b0RRSUbE7eXGryfZmlNswCOlNTY9kXjsQa5ghKnEVow6GehU275y8YDVbxGx5XmXRL/7whgvF+bPDK7+y7XNsnratOGFu9nQdm6IbRyI0QqurAR8tKp+A3khXJIBJvNkSvLJTggQqc4SBmTTXzPBUFPBtzaFfEoi2eyMgZsEUSBC/zWhu4DDnUQeaN0EREXp9EGp7YfqKIqDx/atrM5u2zqVXB8MMrejtIvB8PDj1vDd9gz9oK9Zhl7xw7ZZ3bExkyyv72nvec9nkySNvmR/DynJr1tzxN2IZLf/wBfOOYm</latexit>

take u0 such that ha0 cmp a1,�i �! u0
<latexit sha1_base64="+KbRXpKVsitRqufAf/MEL66nnwY=">AAACrHicbZFNb9QwEIa94aNl+drCkYvFFsGhWiVFolwqVXDhWKRuW2kdRY4zWazaTrAnW1aWfx+/gR/BFa44YQ+0y5xevTPWO/O4bJV0mKY/Rsmdu/fu7+w+GD989PjJ08nes3PXdFbAXDSqsZcld6CkgTlKVHDZWuC6VHBRXn3s+xcrsE425gzXLeSaL42speAYrWLCmWmkqcDg2DNX02ugBqCi2NDWNiug+wzhGw5BvlQdBG +KlB0wzfGLRC90G9iBKbJwvDXYvQ77YVxMpuksHYpui2wjpmRTp8Xe6C2rGtHpuJRQ3LlFlraYe25RCgVhzDoHLRdXfAmLKA3X4HI/JAf6qnO8Xx4slYoOJvz7wnPt3FqXcbI/wd3u9eb/eosO6/e5l6btEIzog1AqGIKcsDJCBlpJC4i83xyoNFRwyxHBSsqFiGYXqd8IdKi5XdsqHmXgWjRac1N5VkENX4MfIFtQnpWdVFVUlK0iBiu5WcZsFj/IUn8cwoA5uw11W5wfzrJ3s/Tz4fTkwwb4LnlBXpI3JCNH5IR8IqdkTgT5Tn6SX+R3MkvOkkWS/x1NRps3z8mNSuo/XJzYjA==</latexit>

we need to prove n0 cmp n1 = u0
<latexit sha1_base64="67aBcXI9C0lPO0q7koqCwnraHbo=">AAACwXicbVFNb9NAEF2br5IWSOHIZUWK4BBFdpGAC1JFLxyLRNpK2SgaryfOqvthdtcp0co/FIkfw9r1gbbM6enNjN6bN0UthfNZ9jtJHzx89PjJ3tPR/sGz5y/Ghy/PnWksxzk30tjLAhxKoXHuhZd4WVsEVUi8KK5Ou/7FFq0TRv/wuxqXCiot1oKDj9RqvGXaCF2i9qPA3Jpyo50o0VK/QVoZkPSISdCVRAqrjE2ZAr9x68 BV3bIprPIpc6JSwOzNEJNGV1ZUGw/WmmvKPP7yvc1QyAbb0Lxrj9rRajzJZllf9D7IBzAhQ52tDpMPrDS8UdEpl+DcIs9qvwxgveAS2xFrHNbAr6DCRYQaFLpl6JVb+rZx4A2t411C0p7EfzcCKOd2qoiT/X13ex35v96i8evPyyB03XjUvBPyIqbQCTluRUweaSkseg+dc6RCUw4WvEcrKHAeySa+4pag8wrszpbxKI3X3CgFugysxDX+bEP/AYsysKIRsoyIsm2MwYrhAyaq0vClbfuY87uh3gfnx7P84yz7fjw5+ToEvkdekzfkPcnJJ3JCvpEzMiec/EnSZD85SE9TkdapvRlNk2HnFblVafgLBGPdtA==</latexit>

consider the goal ha0 cmp a1,�i �! u0
<latexit sha1_base64="TfuRc2sBziBfAgp1ee6mdb6qv04="></latexit>

it must be -u0=m0 cmp m1 ha0,�i �! m0, ha1,�i �! m1
<latexit sha1_base64="xgah14JBa9cbjmLG5vTIK5C+V3g=">AAAC03icbVFNbxMxFPQuXyV8pcANgSwSJE7RbpGAS6UCF45FIm2lbBS99b4NVm3vYr8tjSxfEAcu/ED+BL8BZ8mBNn2n0cwbjT2vbJV0lGW/k/Ta9Rs3b+3cHty5e+/+g+HuwyPXdFbgVDSqsSclOFTS4JQkKTxpLYIuFR6Xpx/W+vEZWicb85lWLc41LI2spQCK1GL40xeu5uWKV0hotTQgVryp+bjQQF9c7d/heRvGfDAuCM +pD/Sl6jB4s8jC/harIzvmYCp+lSO/0pGHcVgMR9kk64dvg3wDRmwzh4vd5FVRNaLTaEgocG6WZy3NPViSQmEYFJ3DFsQpLHEWoQGNbu775MBfdA6o4S1aLhXvSfzf4UE7t9Jl3OyLuKytyau0WUf127mXpu0IjVgHkVTYBzlhZbwF8kpaJIL1y5FLwwVYoFi/5CBEJLt4nAuBjjTYla3ipwx+E43WsWBfVFjj1+D7U1lUvig7qaqIeHEWa7ASzDJmF01M5X4/hDCINeeXS90GR3uT/PUk+7Q3Oni/KXyHPWHP2UuWszfsgH1kh2zKBPuTPE6eJs/SaerT7+mPf6tpsvE8Yhcm/fUX1P/mlQ==</latexit>

by determinacy of Aexp n0 = m0 and n1 = m1
<latexit sha1_base64="1S2/PIazI4bkDfGqQig6xRelYpQ=">AAACwXicbVFNbxMxEPUuHy3bAikcuVikCA5VtFskyqVSRS8ci0TaSnEUeb2T1KrtXexxILL8Q5H4MThLDrTpnJ7evPGbea47JR2W5e8sf/T4ydOd3WfF3v7zFy8HB68uXeutgLFoVWuva+5ASQNjlKjgurPAda3gqr49X/evlmCdbM13XHUw1Xxh5FwKjomaDZaBuTnFG+9occgQfmH/ZqiVhxjMrGRHTHO8kRiE7iI7MrMqFq dbSr2t1A8r/ft4GGeDYTkq+6LboNqAIdnUxewg+8iaVngNBoXizk2qssNp4BalUBAL5h10XNzyBUwSNFyDm4beONJ33nFsaQeWSkV7Ev6fCFw7t9J1Uq5PcPd7a/Kh3sTj/PM0SNN5BCPWRigV9EZOWJmSB9pIC4h8vTlQaajgliOClZQLkUifvuKOoUPN7co26SgDP0WrNTdNYA3M4UcMfcgWVGC1l6pJiLJlisFKbhbJm7XJlYbTGGORYq7uh7oNLo9H1adR+e14ePZlE/gueUPekg+kIifkjHwlF2RMBPmT5dletp+f5zLvcvtPmmebmdfkTuXhL1iw3sY=</latexit>

thus n0 cmp n1 = m0 cmpm1 = u0
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Ex. 5, determinacy Bexp
by rule induction

<latexit sha1_base64="3IqxmbwDZq+1Upz+STZte7eDRIQ="></latexit>

hb,�i �! v

h¬b,�i �! ¬v

<latexit sha1_base64="6xPuamap9BJlnBOjg5CmamXt+Eo="></latexit>

P (hb,�i �! u)
M
= 8u0. hb,�i �! u0 ) u = u0

<latexit sha1_base64="IQoVNhkFd1VQ13PbXw/5Eu5mDEg="></latexit>

we assume P (hb,�i �! v)
M
=

8w. hb,�i �! w ) v = w
<latexit sha1_base64="bj14awxlwIGgaTQVhH2hFvBmKiI=">AAADW3icpVJNb9NAEF3HfBRTaAvixGVFiigSipwiAZdKFVw4BkTaStmoGq8n7qr7YXbXCZFlfglX+E8c+C+sUwvRppyY09ObGb/nt5OVUjifpj+jXnzj5q3bG3eSu5v37m9t7zw4cqayHMfcSGNPMnAohcaxF17iSWkRVCbxODt/1/aP52idMPqTX5Y4VVBoMRMcfKBOd6Itpo3QOWqf1MzN6AKpRsypN7S0Zo6M0d3RHpOgC4 mUaSxo9oI5UShgtiOl0YUVxZkHa82CMo9f/MpanckKm3q1NW+eJyzHGX5O2MxYkHJ9sHrWDL4m/ycWvpGwj38Gkn+5Obhuc7c53e6ng3RVdB0MO9AnXY1ChC9ZbnilQoRcgnOTYVr6aQ3WCy4xmKkclsDPocBJgBoUumm9Em7o08pBGzVaKiRdkfj3Rg3KuaXKwqQCf+au9lryut6k8rM301rosvKoeSvkRYivFXLcinATSHNh0XtonSMVmnKw4D1aQYHzQFbhSC4JOq/ALm0efkrjghulQOf1xauGYFsXFmXNskrIPCDK5iEGK7qnC+dkaX3QNE0SYh5eDXUdHO0Phq8G6Yf9/uHbLvAN8pg8IXtkSF6TQ/KejMiY8GgefYu+Rz96v+I4TuLNi9Fe1O08JJcqfvQbIpcZjw==</latexit>

we need to prove

P (h¬b,�i �! ¬v) M
= 8u0. h¬b,�i �! u0 ) ¬v = u0

<latexit sha1_base64="sDQaWSM4e+TiN6E+Uiq8538IuOQ=">AAACxHicbVFNbxMxEPUuFEqANoUjF4sEwQFVm1YCLkgVSIhjkUhbKY6iWe9kY8X2Lva4JVot/5MTfwVv2AP9mNPTm4838yavtfKUZb+T9N79nQcPdx8NHj95urc/PHh25qvgJE5lpSt3kYNHrSxOSZHGi9ohmFzjeb7+3OXPL9F5VdnvtKlxbqC0aqkkUKQWw42wlbIFWho0wi85wRr5WBD+pO3wJtcB2ya8bsfcB7nitAIajI UGW2rkwmLJ87fCq9KAcD2pK1s6Va4InKuu+J3T2sVwlB1m2+C3waQHI9bH6eIgORZFJYOJy0oN3s8mWU3zBhwpqbEdiOCxBrmGEmcRWjDo581WuOWvggeqeI2OK823JP7f0YDxfmPyWGmAVv5mriPvys0CLT/MG2XrQGhlJ0QqmtAJeelUNB95oRwSQbc5cmW5BAdE6BQHKSMZ4jeuCXoy4DauiEdZvJKVMWCLRhS4xB9tI7otHOpG5EHpIiIuLqMNTvUPqKIqbz62bTuINk9umnobnB0dTt4dZt+ORiefesN32Qv2kr1hE/aenbCv7JRNmWR/kp1kL9lPv6Q69Wn4V5omfc9zdi3SX38BHV3fbA==</latexit>

take u0 such that h¬b,�i �! u0
<latexit sha1_base64="+H+1dKcZRuUCFgGt+zz3h40Id6E=">AAACnHicbVHLbhMxFHWGR0t4pbBEQhYpglU0UyRgU6kCFkgIqZVIWimOIo/nJlj1Y2pfp0TWfBffwoIt/AaeIQvacFdH59yrc3xc1kp6zPMfvezGzVu3d3bv9O/eu//g4WDv0cTb4ASMhVXWnZXcg5IGxihRwVntgOtSwWl5/r7VT1fgvLTmC65rmGm+NHIhBcdEzQcnzFhpKjDYj8wv6CVQA1BRtLR2dgV0nyF8w84olipAE5 mBJV01h1tCeNHsN/35YJiP8m7oNig2YEg2czzf671ilRVBpxBCce+nRV7jLHKHUiho+ix4qLk450uYJmi4Bj+LnXNDnwfP27DgqFS0I+Hfi8i192tdpk3N8au/rrXk/7RpwMXbWZSmDghGtEYoFXRGXjiZSgVaSQeIvE0OVBoquOOI4CTlQiQypJavGHrU3K1dlR5l4FJYrbmpIqtgARep2TaFAxVZGaSqEqJslWpwkptl8mbpQxyNh03T1VxcL3UbTA5GxetRfnIwPHq3KXyXPCHPyEtSkDfkiHwkx2RMBPlOfpJf5Hf2NPuQfco+/13Nepubx+TKZJM/iwvR8g==</latexit>

we need to prove ¬v = u0
<latexit sha1_base64="ong/x3vh/MHB8e+2S9r8WdNqvIA=">AAACsHicbVFNb9NAEN2YrxI+msKRy4oUwQFFdpCAC1IFF45FIm2kbBSN1xNn6XrX7I5bopV/Ib+An8EVLqyDD7RlTk9vZvTevMlrrTyl6Y9BcuPmrdt39u4O791/8HB/dPDoxNvGSZxJq62b5+BRK4MzUqRxXjuEKtd4mp996Pqn5+i8suYzbWtcVlAatVYSKFKrEQpjlSnQ0DAIv+bSGq8KdJw2yEsLmh8KDabUyIXBkucvhV dlBcL1pLamdKrcEDhnL7gg/EY7WyHXDbahed4etqvROJ2ku+LXQdaDMevreHUweCUKK5sqGpMavF9kaU3LAI6U1NgOReOxBnkGJS4iNFChX4adcMufNR7I8jqeoTTfkfjvRoDK+22Vx8kKaOOv9jryf71FQ+u3y6BM3RAa2QmRiiF0Ql46FYNGXiiHRNA5R64Ml+CACJ3iIGUkm5j8JUFPFbitK+JRBi+krSowRRAFrvFrG0TnwqEOIm+ULiLi4jzG4FT/ABtVeXjXtu0wxpxdDfU6OJlOsteT9NN0fPS+D3yPPWFP2QuWsTfsiH1kx2zGJPvOfrJf7HcyTebJKoG/o8mg33nMLlXy5Q/3ktoN</latexit>

consider the goal h¬b,�i �! u0
<latexit sha1_base64="RZZQgg4GmQbC9IqYSgArPhV6Lto="></latexit>

it must be -u0=¬w hb,�i �! w
<latexit sha1_base64="gcTYx/oKr+VbbUjbOQ85JOXxtvI=">AAACk3icbZBNbxMxEIadLR8lfKVFnLhYpEicot1WAiRUqSocekEqEmkrZaPI650kVm3vYo9TVpb/Un9NLxzgt+BdcqANc3r1zoyembeopbCYpj97yda9+w8ebj/qP37y9Nnzwc7uma2c4TDmlazMRcEsSKFhjAIlXNQGmCoknBeXn9r++QqMFZX+hk0NU8UWWswFZxit2eDE53ZOi4YKXTqOYgV02dQVLsEKS/t7OcIP7DC+kA 6CX4XDDe8q7IXZYJiO0q7opsjWYkjWdTrb6R3kZcWdAo1cMmsnWVrj1DODgksI/dxZqBm/ZAuYRKmZAjv1HTfQN84yrGgNhgpJOxP+3fBMWduoIk4qhkt7t9ea/+tNHM4/TL3QtUPQvAWhkNCBLDcxHwO0FAYQWXs5xOAoZ4YhghGUcR5NF8O9BbSomGlMGZ/ScMUrpZgufV7CHL4Hn7dXGJA+L5yQZVQ0X8UYjGB6Edl5FanUH4YQ+jHm7G6om+Jsf5S9G6Vf94dHx+vAt8kr8pq8JRl5T47ICTklY8LJNbkhv8jv5GXyMTlOPv8dTXrrnRfkViVf/gDg1c9H</latexit>

by inductive hypothesis v = w
<latexit sha1_base64="zopzaKBjvtPv9FpN3TJ6N1gFJrg=">AAACoXicbVBNbxMxFHSWr7J8pXDkYpEiOEWbVgIulSq4wC0gklbKRtFb70tq1fYu9nNKZO0/449w5Qo/Au+SA20zp9HMe57nKWolHWXZz15y6/adu/f27qcPHj56/KS//3TqKm8FTkSlKntWgEMlDU5IksKz2iLoQuFpcfGh9U/XaJ2szFfa1DjXsDJyKQVQlBb9acjdktO5dzw9yAm/U/dmKJTHJuQGV3zdpMe7nctdjn/VHD SL/iAbZh34TTLakgHbYrzY7x3lZSW8RkNCgXOzUVbTPIAlKRQ2ae4d1iAuYIWzSA1odPPQBTf8pXdAFa/Rcql4J+L/GwG0cxtdxEkNdO6ue624y5t5Wr6bB2lqT2hEG0RSYRfkhJWxWeSltEgE7eXIpeECLBChlRyEiKKPVV8JdKTBbmwZP2XwUlRagylDXuISv8Vm2yssqpAXXqoyMp6vYw1WglnF7LyKqTwcN02TxppH10u9SaaHw9GbYfb5cHDyflv4HnvOXrDXbMTeshP2kY3ZhAn2g/1iv9mfZJB8SsbJl3+jSW+784xdQTL7C5Tq1JI=</latexit>

thus ¬v = ¬w = u0
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Ex. 5, determinacy Bexp
by rule induction

<latexit sha1_base64="6xPuamap9BJlnBOjg5CmamXt+Eo="></latexit>

P (hb,�i �! u)
M
= 8u0. hb,�i �! u0 ) u = u0

<latexit sha1_base64="hkPQRoKtaTT4C96cvq3Grhs9yaw="></latexit>

hb0,�i �! v0 hb1,�i �! v1
hb0 bop b1,�i �! v0 bop v1

<latexit sha1_base64="i8Bn9bGXoXSJepKk2ok7gwghk3U="></latexit>

we need to prove

P (hb0 bop b1,�i �! v0 bop v1)
M
= 8u0. hb0 bop b1,�i �! u0 ) v0 bop v1 = u0

<latexit sha1_base64="aWdldKHROrNhk2vvJCBSPEVtZmc=">AAAC1XicbVFNbxMxEHWWrxK+UpC4cMAiRXCoot0iARekCi4ci0SaSnEUzXonGytee7FnWyJrb4gDF34f/4KfgLPNgX7M6WnmzbyZN3mtlac0/dNLbty8dfvOzt3+vfsPHj4a7D4+9rZxEsfSautOcvColcExKdJ4UjuEKtc4yVefNvXJKTqvrPlK6xpnFZRGLZQEiqn54JcwVpkCDfWD8AtOsEK+Jwi/Uzc85LrBNjSv2j3uG7 nktASKBA2m1MjzeSr2RQW09IuQ27oV+/k82xdelRUId04S2prSqXJJ4Jw949dOb/vzwTAdpV3wqyDbgiHbxtF8t/dGFFY2VdxeavB+mqU1zQI4UlJj2xeNxxrkCkqcRmigQj8LnXLLXzYeyPIaHVead0n8vyNA5f26yiOzu+9ybZO8rjZtaPF+FpSpG0IjN0KkogsbIS+dit9AXiiHRLDZHLkyXIIDInSKg5Qx2cT3XBD0VIFbuyIeZfBM2qoCUwRR4AK/taH7gEMdRN4oXUTExWm0wantB2xU5eFD23Y2Z5dNvQqOD0bZ21H65WB4+HFr+A57xl6w1yxj79gh+8yO2JhJ9rf3tPe8x5NJ0iY/kp/n1KS37XnCLkTy+x9lqeYp</latexit>

take u0 such that hb0 bop b1,�i �! u0
<latexit sha1_base64="GrSomfEcbPgLtGOLXuPO1OsTcMM=">AAACrHicbZFNb9QwEIa94aNl+drCkYvFFsGhWiVFolwqVXDhWKRuW2kdRY4zu1i1nWBPUlaWfx+/gR/BFa44YQ+0y5xevTPWO/O4bJR0mKY/Rsmdu/fu7+w+GD989PjJ08nes3NXt1bAXNSqtpcld6CkgTlKVHDZWOC6VHBRXn3s+xcdWCdrc4brBnLNV0YupeAYrWLCmamlqcDg2DO3pNdADUBFsaaNrTug+wzhGw5BvlQtBN 8VKTtgmuMXib6sm8AOuiILx1uD7euwH8bFZJrO0qHotsg2Yko2dVrsjd6yqhatjksJxZ1bZGmDuecWpVAQxqx10HBxxVewiNJwDS73Q3Kgr1rH++XBUqnoYMK/LzzXzq11GSf7E9ztXm/+r7docfk+99I0LYIRfRBKBUOQE1ZGyEAraQGR95sDlYYKbjkiWEm5ENFsI/UbgQ41t2tbxaMMXItaa24qzypYwtfgB8gWlGdlK1UVFWVdxGAlN6uYzeIHWeqPQxgwZ7ehbovzw1n2bpZ+PpyefNgA3yUvyEvyhmTkiJyQT+SUzIkg38lP8ov8TmbJWbJI8r+jyWjz5jm5UcnyD39J2J0=</latexit>

we need to prove v0 bop v1 = u0
<latexit sha1_base64="6/SaHoJcpm56xUNXopLndmDsZZU=">AAACwXicbVFNb9NAEF2br5IWSOHIZUWK4BBFdpGAC1JFLxyLRNpK2SgaryfOqutdsztOiVb+oUj8GDZuDrRlTk9vZvTevCkarTxl2e8kffDw0eMne08H+wfPnr8YHr4897Z1EqfSausuC/ColcEpKdJ42TiEutB4UVydbvsXa3ReWfODNg3Oa6iMWioJFKnFcC2MVaZEQ4Mg/JJLa7wq0XFaIa8saH4kNJhKIy8WmRiLGmjll6 GwTSfGxSIfC6+qGoS7GRLamsqpakXgnL3mgvAX9TZDoVvsQvuuO+oGi+Eom2R98fsg34ER29XZ4jD5IEor2zo6lRq8n+VZQ/MAjpTU2A1E67EBeQUVziI0UKOfh165429bD2R5E+9Smvck/rsRoPZ+Uxdxsr/vbm9L/q83a2n5eR6UaVpCI7dCpGIKWyEvnYrJIy+VQyLYOkeuDJfggAid4iBlJNv4iluCnmpwG1fGowxeS1vXYMogSlzizy70H3CogyhapcuIuFjHGJzafcBGVR6+dF0fc3431Pvg/HiSf5xk349HJ193ge+x1+wNe89y9omdsG/sjE2ZZH+SNNlPDtLTVKVN6m5G02S384rdqjT8BQrU3bc=</latexit>

consider the goal hb0 bop b1,�i �! u0
<latexit sha1_base64="WIqYY7PQqaqFHYfHgMplCmbIXUs="></latexit>

it must be -u0=u0 bop u1 hb0,�i �! u0, hb1,�i �! u1
<latexit sha1_base64="E7W7mhdeFr6OwNbs0y0/8KAVDSE=">AAACyXicbVFNbxMxFPQuHy3LV0q5cbFIkDhFu0WCXipVcEHiUiTSVspGkdf7kli1vVv7OXSxlgu/kjs/BO+SA20yp9G8N5rncVFLYTFNf0fxvfsPHu7tP0oeP3n67Png4MW5rZzhMOGVrMxlwSxIoWGCAiVc1gaYKiRcFFefuvnFGowVlf6GTQ0zxZZaLARnGKT54KfP7YIWDRW6dBzFGuiqqStcgQVLk1GOcIN9jC+kg9av52 l7sqW6oI4o0yXd5ch2OrJ21M4Hw3Sc9qDbJNuQIdngbH4QvcvLijsFGrlk1k6ztMaZZwYFl9AmubNQM37FljANVDMFdub75Ja+cZZhRWswVEjai/C/wzNlbaOKsKkYruzdWSfumk0dLo5nXujaIWjeBaGQ0AdZbkKrBmgpDCCy7nIIdVPODEMEIyjjPIgufMmtQIuKmcaU4VEavvNKqVCwz0tYwHXr8+4KA9LnhROyDIzm61CDEUwvQ3ZehVTqT9q2TULN2d1St8n50Th7P06/Hg1PP24K3yevyGvylmTkAzkln8kZmRBO/kRJdBi9jL/E1/FN/OPfahxtPIfkFuJffwEAUuMx</latexit>

by inductive hypotheses v0 = u0 and v1 = u1

<latexit sha1_base64="cbaBppKelnuMPmqUKgKYg7mgo5M="></latexit>

we assume P (hbi,�i �! vi)
M
=

8ui. hbi,�i �! ui ) vi = ui

<latexit sha1_base64="f3fDR46ATJ5SMTDwwDWkqMTZkos=">AAACwXicdVFNb9QwEHXCR0taYAtHLhZbBIdqlRSJcqlU0QvHIrFtpfVq5TizW6uOE+xxYGX5hyLxY3DCHmgX5vT05o3fzHPZKmkxz38m6YOHjx7v7D7J9vafPns+OnhxaRtnBExFoxpzXXILSmqYokQF160BXpcKrsrb875/1YGxstFfcd3CvOYrLZdScIzUYtR5ZpcUb5yl2SFD+IHDm75UDoLvFjk7YjXHG4m+bNrAjrpFEb LTLaXbVrr/KN+Gw7AYjfNJPhTdBsUGjMmmLhYHyXtWNcLVoFEobu2syFuce25QCgUhY85Cy8UtX8EsQs1rsHM/GAf6xlmODW3BUKnoQMLfE57X1q7rMir7E+z9Xk/+qzdzuPw491K3DkGL3gilgsHICiNj8kAraQCR95sDlZoKbjgiGEm5EJF08SvuGFqsuVmbKh6l4bto6prryrMKlvAt+CFkA8qz0klVRURZF2MwkutV9GZNdKX+NISQxZiL+6Fug8vjSfFhkn85Hp992gS+S16R1+QdKcgJOSOfyQWZEkF+JWmyl+yn56lM29T8kabJZuYluVOp/w2g1N7o</latexit>

thus v0 bop v1 = u0 bop u1 = u0
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false
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Ex. 6, loop exit

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

Principles for software composition 2019/20
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions.

[Ex. 2] Prove determinacy of boolean expressions.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i ! n ha1, �i ! n

ha0 u a1, �i ! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i ! n0

ha0 t a1, �i ! n0

ha1, �i ! n1

ha0 t a1, �i ! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 5] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

1. Find out the set S of memories � such that hw, �i 6! and prove that
this is the case by using the inference rule for divergence.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i ! �0 ) hb, �0i ! false

by rule induction?

the predicate matches with the conclusions of two rules only

by structural induction?

<latexit sha1_base64="5ev7X4Tz5frnftZkFq2uVI7kSsk="></latexit>

8�,�0. hw,�i �! �0 ) hb,�0i �! ↵

<latexit sha1_base64="TXyGphaR+8So1bwe3TiylPrJfHc="></latexit>

P (hwhile b do c,�i �! �0) , hb,�0i �! ↵
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Ex. 6, loop exit

Principles for software composition 2019/20
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions.

[Ex. 2] Prove determinacy of boolean expressions.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i ! n ha1, �i ! n

ha0 u a1, �i ! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i ! n0

ha0 t a1, �i ! n0

ha1, �i ! n1

ha0 t a1, �i ! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 5] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

1. Find out the set S of memories � such that hw, �i 6! and prove that
this is the case by using the inference rule for divergence.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i ! �0 ) hb, �0i ! false

by rule induction

<latexit sha1_base64="5ev7X4Tz5frnftZkFq2uVI7kSsk="></latexit>

8�,�0. hw,�i �! �0 ) hb,�0i �! ↵

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="TXyGphaR+8So1bwe3TiylPrJfHc="></latexit>

P (hwhile b do c,�i �! �0) , hb,�0i �! ↵

<latexit sha1_base64="RUNMpoHHxB0IOJSwGUnUdmAXJX4=">AAACOXicbVC7TsNAEDzzJrwClDQnAhIFiuwUQIlASJQgEUCKo2h9rM2J89m6W4OQlS/iE/gKSkAUdIiWH+AcUvDaanZmV7M7Ua6kJd9/9EZGx8YnJqemazOzc/ML9cWlU5sVRmBbZCoz5xFYVFJjmyQpPM8NQhopPIuu9iv97BqNlZk+odscuykkWsZSADmqVz8oQxvzG+RgbZEiXwsV6EQhjzZDK5MUQvPVhyrTiZHJJYEx2Q 0PU6DLKC7juL/W79UbftMfFP8LgiFosGEd9eov4UUmnKEmoZx1J/Bz6pZgSAqF/VpYWMxBXEGCHQc1pGi75eDdPl8vLFDGczRcKj4g8ftGCam1t2nkJqsj7W+tIv/TOgXFO91S6rwg1KIyIuler4ysMNLliPxCGiSC6nLkUnMBBojQSA5COLJwwdZcHsHv7/+C01Yz2Gr6x63G7t4wmSm2wlbZBgvYNttlh+yItZlgd+yBPbFn79579d6896/REW+4s8x+lPfxCVRbrgo=</latexit>

we assume hb,�i �! ↵
<latexit sha1_base64="1L09fhtMWfFy6R1JAlo3K3tVpa4=">AAACnXichVHbbtNAEF2bWwmXBnjkgRUpUpFQZFfi8gQVCIkHhIJEmkrZKBpvxs6q612zO25UWfkgPokH/oW1axC0SMzT2XNmdmbOZJVWnpLkexRfuXrt+o2dm4Nbt+/c3R3eu3/kbe0kTqXV1h1n4FErg1NSpPG4cghlpnGWnbxr9dkpOq+s+UJnFS5KKIzKlQQK1HL4rRE+5xvkBnHFyfLK2VPke5N9ocEUGrkogdZZ3mzWSu NW8Ez8plY2vOUz4VVRgnB9vramcKpYEzhnN/xcfToQ5FSX8XXw6+vsf6V9nzzf7m2Xw1EyTrrgl0HagxHrY7Ic/hArK+sSDUkN3s/TpKJFA46UDJsMRO2xAnkCBc4DNFCiXzSdpVv+pPbQuoGOK807Ev+saKD0/qzMQmY7pL+oteS/tHlN+atFo0xVExrZNqLga9fIS6fCrZCvlEMiaCdHrgyX4IAIneIgZSDrcLxB8CO9uP1lcHQwTl+Mk88Ho8O3vTM77CF7zPZZyl6yQ/aBTdiUyWg3eh69jt7Ej+L38cf403lqHPU1D9hfEc9+AhoazkA=</latexit>

we need to prove P (hwhile b do c,�i �! �) , hb,�i �! ↵
<latexit sha1_base64="N1fm4ZxjK7MJpDI+IAmEXeso4XU=">AAACE3icbVC7TgJBFJ3FF+ILtbRwIjHBhuxSqCXRxhITQRIg5O5wwQkzu5uZuyZkQ+kn+BW2WtkZWz/Awn9xFykUPNXJOfd5/EhJS6776eSWlldW1/LrhY3Nre2d4u5e04axEdgQoQpNyweLSgbYIEkKW5FB0L7CW390mfm392isDIMbGkfY1TAM5EAKoFTqFQ+Tjh1wqTX2JRDysj/mYG2so8w/mfSKJbfiTsEXiTcjJTZDvVf86vRDEWsMSKh0UttzI+omYEgKhZNCJ7YYgRjBENspDUCj7SbTRyb8OLZAIY/QcKn4VMTfHQloa8faTys10J2d9zLxP68d0+C8m8ggigkDkS0iqXC6yAoj04SQ96VBIsguRy4DLsAAERrJQYhUjNPICmke3vz3i6RZrXinFfe6WqpdzJLJswN2xMrMY2esxq5YnTWYYA/siT2zF+fReXXenPef0pwz69lnf+B8fAOXF54k</latexit>

immediate (by assumption)
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Ex. 6, loop exit

Principles for software composition 2019/20
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions.

[Ex. 2] Prove determinacy of boolean expressions.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i ! n ha1, �i ! n

ha0 u a1, �i ! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i ! n0

ha0 t a1, �i ! n0

ha1, �i ! n1

ha0 t a1, �i ! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 5] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

1. Find out the set S of memories � such that hw, �i 6! and prove that
this is the case by using the inference rule for divergence.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i ! �0 ) hb, �0i ! false

by rule induction

P (hwhile b do c,�i ! �0) , hb,�0i ! ↵

<latexit sha1_base64="xQafntzXZE8JtCIbT0achbPPq2U="></latexit>

<latexit sha1_base64="5ev7X4Tz5frnftZkFq2uVI7kSsk="></latexit>

8�,�0. hw,�i �! �0 ) hb,�0i �! ↵

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="s6zditnDogJ9s367psobga6w0no="></latexit>

we assume hb,�i �! tt
hc,�i �! �00

hw,�00i �! �0

P (hw,�00i �! �0)
M
= hb,�0i �! ↵

<latexit sha1_base64="x6vzyeaEzrB0uqssHNhC0IRVrPU="></latexit>

we need to prove P (hw,�i �! �0)
M
= hb,�0i �! ↵

<latexit sha1_base64="HPFrPFzLyHchcRHCbg+IjiXK0rU=">AAACHXicbVA9TwJBEN3zW/xCLW02EhNsyB2FWhptLDURMAFC5pZBJuzeXXbnTMiF3+BP8FfYamVnbI2F/8UDKVR81ct7M5l5L0w0Ofb9D29ufmFxaXlltbC2vrG5Vdzeqbs4tQprKtaxvQnBoaYIa0ys8SaxCCbU2AgH52O/cYfWURxd8zDBtoHbiHqkgHOpUzzMWq4nyRjsEjDKcjiUFHVTxXSHsj9MYu6jI3c46hRLfsWfQM6SYEpKYorLTvGz1Y1VajBipcG5ZuAn3M7AMimNo0IrdZiAGsAtNnMagUHXziaRRvIgdcCxTNBK0nIi4s+NDIxzQxPmkwa47/56Y/E/r5ly76SdUZSkjJEaH2LSODnklM1DW5RdssgM488xb0MqsMCMliQolYtpXl4h7yP4m36W1KuV4KjiX1VLp2fTZlbEntgXZRGIY3EqLsSlqAkl7sWjeBLP3oP34r16b9+jc950Z1f8gvf+Baj3onA=</latexit>

immediate (by inductive hypothesis)


