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Structural induction, rule induction
and divergence



[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

b:=wv | acmpa | b | bbopbd

P(b) & Vo. Ju. (b,0) — u



Ex. 1, Termination Bexp

P(b) & Vo. Ju. (b,0) — u
by structural induction

Vo € B. P(v) ]
see Lecture 05b
\V/CL(),Cbl. P(CL() cmpal) }

vb. P(b) = P(=b) ]

to be done

b—\r

\V/b(), by. (P(b()) /N\ P(bl)) — P(bo bop bl)



Ex. 1, Termination Bexp

P(b) & Vo. Ju. (b,0) — u

by structural induction
Vb. P(b) = P(—b) take a generic b € Bexp

we assume P(b) = Vo. Jw. (b,0) — w

we want to prove P(—b) = Vo. Ju. (=b,0) — u
take a generic o

consider the goal (=b,0) — u N y=—w (b,0) — w
by inductive hypothesis P(b), such w exists

we conclude by taking u = —w



Ex. 1, Termination Bexp

P(b) & Vo. Ju. (b,0) — u

by structural induction
\V/b(), bl. (P(b()) N\ P(bl)) — P(b() bop bl) take b(), bl - Bexp

we assume P(b;) = Vo. Ju,. (b;,0) — u;

we want to prove P(bybopbi) = Vo. Ju. (bybopbi, o) — u
take a generic o
consider the goal (bgbopbi,0) — u

Nu=ug bopu; (Do, 0) —> ug, (b1,0) — wy

by inductive hypotheses P(bg) and P(b1), such ug, u; exist

we conclude by taking u = ug bop uq



[Ex. 2] Extend the syntax of arithmetic expressions with the operator agMay
whose big-step operational semantics is given by the rules:

ag,0) — N a1, 0) — N
(a0,0) (a1,0)
(ag M ay, o) —n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.



Ex. 2, termination

(ag,0) —n  {a1,0) —n
(ag M ay,0) — n

112,0) >



Ex. 2, determinacy

by structural induction

\V/GJ(), ai. P(CL()) /\ P(CLl) — P(CL() [ ] &1) Take generic aop, a1

We assume (inductive hypotheses)

P(a;) £ Vo, m;,m.. {a;,0) — m; Ala;,0) — m! = m; =m!

1

We want to prove
PlagMay) = Vo,m,m’. {agMNai,o) — mA{agNay, o) — m' = m=m’
Take generic o, m, m’ such that {(ag May,0) — m and {(ag May,o) — m/’

We want to prove m = m/’



Ex. 2, determinacy (ctd)

Consider the goal (agMay,0) — m

(ag,0) —n  (a1,0) —n Is applicable
<a0|_|a170> —n

Only the rule

hence (ag,0) — m and (a1,0) — m

Similarly, since (agMay,o) — m’

it must be (ag,c) — m' and (a1,0) — m/

By inductive hypotheses, we conclude m = m/



Ex. 2, determinacy

by rule induction

(ag,0) —n (a1,0) — n
(ag M a1,0) —n

We assume (inductive hypotheses)

P({a;,0) — n) =Vn'. {a;,0) —sn' = n=n'

We want to prove
P(<CLQ|_|CL1,O'> HTZ) éVn’ <a0|_|a1,(7> —n' =n=n

Take n' such that (agMay,0) — n'

We want to prove n = n/



Ex. 2, de’rermmacy (ctd)

P({ag,0) — n) =Vn'. {ag,0) —sn' = n=n'

P({ai,0) — n) =Vn'. (a1,0) —sn' = n=n'

Consider the goal {ag May,0) — 1/

(ag,0) —n (a1,0) — n

<a0 [Taq 0'> — s n IS aPP|iC3b|e

Only the rule
hence (ag,0) — n’ and (a1,0) — n’

By inductive hypotheses, we conclude n = n/



[Ex. 3] Extend the syntax of arithmetic expressions with the operator aglla;
whose big-step operational semantics is given by the rule:

<CLQ,O'> — No <CL1,O’> — N
(ap Uay,0) — ng  (agUay,o) — ny

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.



Ex. 3, tfermination

by structural induction

\V/GJ(), ai. P(CL()) /\ P(CLl) — P(a() L &1) Take generic aop, a1

We assume P(ag) = Vo. Imyg. (ag, ) — mg

P(ay) £ Vo. Imy. {a1,0) — my

We want to prove P(ag L ay) = Vo. Im. {ag Uay, o) — m



Inductive case (ctd)

Take a generic ¢ and consider the goal (ag Ll ai,0) — m

<CL(),O'>%TL() <CL1,0'>HTL1

are applicable
<a0|_|a1,a> — N <CL()|_|CL1,0'> — N1 pp

Either rules

take the first

<(l()|_|CL1,O'> %m’\ <(10,0’> — m

By inductive hypothesis P(ag), there is mg s.t. (ag,o) — myg

And we are done (taking m = my)



Ex. 3, determinacy

<CL0,0’> — Ny <CL1,O'> — N
(ag U ay, o) — ng  (agUay,c) — nyg

(1U2,0) — 1 (1U2,0) — 2

1 £ 2



[Ex. 4] Consider the command

w € whilez >y do (x =2 +1; y:=y—1)

Find out the set S of memories ¢ such that (w, o) -4 and prove that this is
the case by using the inference rule for divergence.



Ex. 4, divergence

takewéwhileaj>ydo (r:=x4+1,y:=y—1)
take a generic o c

if o(x) <o(y): (w,0) — o0

et S = {0 |o(z) > o(y)}
e VoS (x>y,0) —tt @

e Voe S Vo' (z:=x+1y:=y—1,0) —0c' = €5 @&
in fact (c, o) — 0’ =olo(x) +1/z,0(y) — 1/y]
o'(z)=0c(x)+1>0y)+1>0(y) —1=0'(y) thuso’ €S

therefore, if o(x) > o(y), then (w, o)+~

|18



[Ex. 5] Prove determinacy of boolean expressions by rule induction.

P((b,o) — u) =Y. (b,o) — v = u=1



Ex. D, determinacy Bexp

P((b,o) —s u) =Vu'. (b,o) — v/ = u=1

by rule induction

(v,0) — v

we need to prove P((v,0) — v) = Vu'. (v,0) — v/ = v =/
take u’ such that (v,o) — ' we need to prove v = u’

consider the goal (v,0) — v/

It must be N,/ =+

20



Ex. D, determinacy Bexp

P((b,o) —s u) =Vu'. (b,o) — v/ = u=1

by rule induction
<CL0,0’>HTLQ <CL1,O’>4>711
(ag cmp a1,0) —> ng cmp Ny

we assume (a;, o) — n;

we need to prove
A
P({agcmpay,o) — ngcmpny) =Vu'. (agcmpay, o) — u' = ngcmpny = o’

take u’ such that (agcmpay,0) — v’
we need to prove ng cmpn; = u’
consider the goal (agcmpai,o) — v’
it must be N\ v/ =mgy empm, (@0,0) — Mo, (a1,0) —> My
by determinacy of Aexp ng = mg and ny = my
thus ng cmpny = mo ecmpmy = v’

21



Ex. D, determinacy Bexp

P((b,o) —s u) =Vu'. (b,o) — v/ = u=1

by rule induction
(b,o) — v we assume P((b,0) — v)
(mb, o) —> Yw. (b,0) — w = v =w
we need to prove
P((=b, ) — —w) = Vu'. (=b,0) — v = —v =’
take u’ such that (=b,0) — '

A

we need to prove —v = u’
consider the goal (—=b,0) — v’

it must be N\ /——w (b,0) — w
by inductive hypothesis v = w

thus v = —w = ¢’

22



Ex. D, determinacy Bexp

P((b,o) —s u) =Vu'. (b,o) — v/ = u=1

by rule induction
(bo,0) —vo  (b1,0) — vy we assume P((b;,0) — v;)
(bo bop b1, ) — o bop v1 Yu,;. <bz, O'> — U; = V; = Uy
we need to prove
P({(bgbopby,c) — vg bop v1) = V. (bg bopby,0) — u' = vg bop v1 = U
take u’ such that (bg bopbi,0) — '

A

we need to prove vy bop v; = U’
consider the goal (bgbopb1,0) — u’

It must be \u’:uo bop u1 <b(), 0'> — UQ, <b1, O'> — U1
by Inductive hypotheses vy = ug and v; = uy

thus vg bop v1 = ug bop u; = v’
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[Ex. 6] Let b be a boolean expression and ¢ a command. Consider the

command

w = while b do ¢

Prove by rule induction that:

Vo,o'. (w,0) — o' = (b,0") — false

24



Ex. 6, loop exit

w = while b do ¢ Vo,o'. (w,0) — ¢’ = (b,0’) — fF

by structural induction? by rule induction?
P({while b do ¢,0) — ¢') = (b,0’) — ff

the predicate matches with the conclusions of two rules only

(b,o) —> ff (b,o) — tt (c,0) — ¢” (while b do ¢,0”) — ¢’

(while b do ¢,0) — o (while b do ¢,0) — o’

25



Ex. 6, loop exit

def

w = while b do ¢ Vo,o'. (w,0) — ¢’ = (b,0’) — fF
by rule induction
P({while b do ¢,0) — ¢') = (b,0’) — ff
(b,o) —> ff

(while b do ¢,0) — 0o

we assume (b, o) — ff
we need to prove P({(while b do c¢,0) — o) = (b,0) — ff

immediate (by assumption)
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Ex. 6, loop exit

w = while b do c Vo,o'. (w,0) — ¢’ = (b,0’) — fF
by rule induction
P({while b do ¢,0) — ¢') = (b,0’) — ff

(b,o) — tt (c,0) — ¢" (while b do ¢,0") — ¢’
(while b do ¢,0) — o’

we assume (b,0) — tt

<C7 > //
(w,

o’y — o’

P((w,o") — o) = (b,0’) — fF
we need to prove P((w,o) — o) = (b,¢’) —> fF
immediate (by inductive hypothesis)
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