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Kleene’s theorem
p , f(p)

<latexit sha1_base64="pY5RhCtI21HraaIJUEsnCZcjBNU=">AAACBXicbVA9TwJBEN3zE/ELtLTZSEywIXcGo6XRxhIT+UiAkLl1wA17e+vunIYQan+FrVZ2xtbfYeF/8UAKBV/18t5M5s0LjZKOfP/TW1hcWl5Zzaxl1zc2t7Zz+Z2aixMrsCpiFdtGCA6V1FglSQobxiJEocJ62L8Y+/V7tE7G+poGBtsR9LTsSgGUSp1c3vAWWQm6p/COd4vmsJMr+CV/Aj5PgikpsCkqndxX6yYWSYSahALnmoFvqD0ES1IoHGVbiUMDog89bKZUQ4SuPZxEH/GDxAHF3KDlUvGJiL83hhA5N4jCdDICunWz3lj8z2sm1D1tD6U2CaEW40MkFU4OOWFl2gnyG2mRCMbJkUvNBVggQis5CJGKSVpSNu0jmP1+ntSOSkG5dHxVLpydT5vJsD22z4osYCfsjF2yCqsywR7YE3tmL96j9+q9ee8/owvedGeX/YH38Q0bG5fc</latexit>

a recursive definition
is there such a   ?p

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

is there a least   ?p

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

f : D ! D

<latexit sha1_base64="hdSaqgCPFPiGe/iKjzkejUo189s=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRCEQVQQrKIJGHlFjR+bIJp5zP1t0aKQr5CVqo6BAtP0PBv3A2LiBhqtHMrmZ3glgKg6776RSWlldW14rrpY3Nre2d8u5ey0SJ5tDkkYx0J2AGpFDQRIESOrEGFgYS2sH4OvXbD6CNiNQdTmLwQzZSYig4Qyt1hpf1Hka03i9X3KqbgS4SLycVkqPRL3/1BhFPQlDIJTOm67kx+lOmUXAJs1IvMRAzPmYj6FqqWAjGn2b3zuhRYphNjUFTIWkmwu+NKQuNmYSBnQwZ3pt5LxX/87oJDi/8qVBxgqB4GoRCQhZkuBa2CKADoQGRpZcDFYpyphkiaEEZ51ZMbDMl24c3//0iaZ1UvdPq2e1ppXaVN1MkB+SQHBOPnJMauSEN0iScSPJEnsmL8+i8Om/O+89owcl39skfOB/fyrWT3g==</latexit>

continuous D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

p ,
G

n2N
fn(?D)

<latexit sha1_base64="gwe/30uHNOT++i7aJBklYlZie4A="></latexit>

also written fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

if

then
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McCarthy 91 function
CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

M monotone?

<latexit sha1_base64="bix7/vqw8DE+nFBSJXv8GM+27Yc="></latexit>

(Pf(N,N),v)
<latexit sha1_base64="UnoVr28ZcOLql2tChIcuXFbNP+E="></latexit>? = ?

M continuous?

<latexit sha1_base64="MtDqIMeml1MAkMyRI992IJyxQWQ="></latexit>

f = M f
<latexit sha1_base64="jdj/RPnK370JQtfXub6Lk/wwZh8="></latexit>

M f n =

8
<

:

n� 10 if n > 100
f(f(n+ 11)) if n  100 and f(n+ 11) #
? otherwise

<latexit sha1_base64="eP/is8ljyvfQdkRgCYcYYozc+TM="></latexit>

f v g
?) M(f) v M(g)

<latexit sha1_base64="cM2Vzhma8ljZW/3WlaZXIvjx/7E="></latexit>

M

 
G

i

fi

!
?
v
G

i

M(fi)
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McCarthy 91 function
M monotone?

<latexit sha1_base64="jdj/RPnK370JQtfXub6Lk/wwZh8="></latexit>

M f n =

8
<

:

n� 10 if n > 100
f(f(n+ 11)) if n  100 and f(n+ 11) #
? otherwise

<latexit sha1_base64="2mc83l1WS7b7H6LU6DK5plusZ4U=">AAACXHicbVDBbtNAEN2YAiWlkIDEhcuKFIlTZLcScAFVcOFYJNJWiqNovB6HUXfXZnfcKlr5U7jCN3HhW1iHHGjLnJ7em9F784pGk+c0/TVI7uzcvXd/98Fw7+H+o8ej8ZNTX7dO4UzVunbnBXjUZHHGxBrPG4dgCo1nxcXHXj+7ROeptl943eDCwMpSRQo4UsvROOS+kpIqeWDfZ2l60C1Hk3SabkbeBtkWTMR2TpbjwVFe1q o1aFlp8H6epQ0vAjgmpbEb5q3HBtQFrHAeoQWDfhE22Tv5svXAtWzQSdJyQ+K/FwGM92tTxE0D/NXf1Hryf9q85ertIpBtWkareiMmjRsjrxzFUlCW5JAZ+uQoyUoFDpjRkQSlItnGlq4Zejbg1q6MT1m8UrUxYMuQl1jhty7kfQqHOuRFS7qMSOaXsQZHYFfRO6+jqwzvuq4bxpqzm6XeBqeH0+z1NPt8ODn+sC18VzwXL8QrkYk34lh8EidiJpS4Et/FD/Fz8DvZSfaS/b+ryWB781Rcm+TZH8XytjM=</latexit>

if n > 100

<latexit sha1_base64="QxBujKOgwFxAymrVOZ5o0q9wZAk=">AAACYHicbVBNbxMxEHW2BUL4aFLEhV6spkicot1WAi5IFVw4Fom0leIomvXOBqu2d2vPFkXW/pheyy/iyi/BG3KgH3N6em9G783La608penvXrK1/ejxk/7TwbPnL17uDEe7p75qnMSprHTlznPwqJXFKSnSeF47BJNrPMsvvnT62RU6ryr7nVY1zg0srSqVBIrUYvg6CF9yrkp+YIXGS56l6UG7GI7TSboefh9kGzBmmzlZjH pHoqhkY9CS1OD9LEtrmgdwpKTGdiAajzXIC1jiLEILBv08rPO3/G3jgSpeo+NK8zWJ/18EMN6vTB43DdAPf1fryIe0WUPlx3lQtm4IreyMSGlcG3npVCwGeaEcEkGXHLmyXIIDInSKg5SRbGJTtww9GXArV8SnLP6UlTFgiyAKLPGyDaJL4VAHkTdKFxFxcRVrcArsMnqLKrry8Klt20GsObtb6n1wejjJ3k+yb4fj48+bwvtsj+2zdyxjH9gx+8pO2JRJFtg1u2G/en+SfrKTjP6tJr3NzSt2a5I3fwFOgbfb</latexit>

if n  100
<latexit sha1_base64="W9DNawhcQDmaNBAlK2ng2f11u9I="></latexit>

m = f(f(n+ 11))
<latexit sha1_base64="ygC2AfMqwA4+qA+IeLvAUamPN7c="></latexit>

thus 9k. {(n+ 11, k), (k,m)} 2 f ✓ g

<latexit sha1_base64="PLBFPOxlRZlXN/Bkr4JwVFQQzDE=">AAACjHicbZDPbtNAEMY3LtASoKTlyGVFgpReIrsgioQqlSIhLpWKRNpKcRSN12N31d21sztOFVl+Hp6GaxFvwzrk0D/M6dN8M/pmfkmppKMw/NMJNh49frK59bT77PmL7Ze9nd0zV1RW4FgUqrAXCThU0uCYJCm8KC2CThSeJ1dfWv98gdbJwvygZYlTDbmRmRRAvjXrfa5jl/Fr5OBcpZEPstjNXZU4JJzzfMDBpLy0xcJbJ8 Ns77Z7Msz3Bs2s1w9H4ar4QxGtRZ+t63S203kXp4XwaYaE8rmTKCxpWoMlKRQ23bhyWIK4ghwnXhrQ6Kb16teGv60cUMFLtFwqvmri7Y0atHNLnfhJDXTp7ntt83/epKLs47SWpqwIjWiDSCpcBTlhpYeIPJUWiaC9HLk0XIAFIrSSgxC+WXmqdwIdabBLm/qnDF6LQmvPs45TzHDe1HF7hUVVx0klVeoVjxceg5Vgcp8de+yW14dN03Q95ug+1IfibH8UfRhF3/f7R8dr4FvsNXvDhixiB+yIfWOnbMwE+8l+sRv2O9gO3gefgsN/o0FnvfOK3ang619J+sjn</latexit>

we assume f v g and prove M(f) v M(g)

<latexit sha1_base64="Mf29vkwGt4B/q+tb64Oef4pJDYc=">AAACZnicbZDPahRBEMZ7x39x1bhRxEMujRthA7LMREi8CEEvXoQIbhLYXpaanppNs909Y3dNZGnm4NN41cfxDXwMe9Y9mMQ6fXxVxVf1y2utPKXpr15y6/adu/e27vcfPHy0/Xiw8+TUV42TOJGVrtx5Dh61sjghRRrPa4dgco1n+fJ91z+7ROdVZT/TqsaZgYVVpZJA0ZoPdoPwJecES+R7I/vK7Atl+cdRub/XzgfDdJyui9 8U2UYM2aZO5ju916KoZGPQktTg/TRLa5oFcKSkxrYvGo81yCUscBqlBYN+FtZftPxl44EqXqPjSvO1if9uBDDer0weJw3Qhb/e68z/9aYNlW9mQdm6IbSyCyKlcR3kpVMRD/JCOSSC7nLkkYAEB0ToFAcpo9lEXlcCPRlwK1fEpyx+lZUxYIsgCizxSxtEd4VDHUTeKF1ExcVlxOAU2EXMFlVM5eFt27b9iDm7DvWmOD0YZ4fj7NPB8PjdBvgW22Uv2Ihl7Igdsw/shE2YZN/Yd/aD/ez9TraTZ8nzv6NJb7PzlF2phP8BvYC53w==</latexit>

take (n,m) 2 M(f)
<latexit sha1_base64="JUBl6GSd3nNgrGcpXEgwijLeMVo="></latexit>

we prove (n,m) 2 M(g)

<latexit sha1_base64="2U+SlKTAWm205Seuh7Vnih+EG9A="></latexit>

m = n� 10 and (n, n� 10) 2 M(g)

<latexit sha1_base64="7P2Sjdx60RulWjY8ZIjV0TRIIx8="></latexit>

and (n,m) 2 M(g)
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<latexit sha1_base64="2mc83l1WS7b7H6LU6DK5plusZ4U=">AAACXHicbVDBbtNAEN2YAiWlkIDEhcuKFIlTZLcScAFVcOFYJNJWiqNovB6HUXfXZnfcKlr5U7jCN3HhW1iHHGjLnJ7em9F784pGk+c0/TVI7uzcvXd/98Fw7+H+o8ej8ZNTX7dO4UzVunbnBXjUZHHGxBrPG4dgCo1nxcXHXj+7ROeptl943eDCwMpSRQo4UsvROOS+kpIqeWDfZ2l60C1Hk3SabkbeBtkWTMR2TpbjwVFe1q o1aFlp8H6epQ0vAjgmpbEb5q3HBtQFrHAeoQWDfhE22Tv5svXAtWzQSdJyQ+K/FwGM92tTxE0D/NXf1Hryf9q85ertIpBtWkareiMmjRsjrxzFUlCW5JAZ+uQoyUoFDpjRkQSlItnGlq4Zejbg1q6MT1m8UrUxYMuQl1jhty7kfQqHOuRFS7qMSOaXsQZHYFfRO6+jqwzvuq4bxpqzm6XeBqeH0+z1NPt8ODn+sC18VzwXL8QrkYk34lh8EidiJpS4Et/FD/Fz8DvZSfaS/b+ryWB781Rcm+TZH8XytjM=</latexit>

if n > 100
<latexit sha1_base64="QxBujKOgwFxAymrVOZ5o0q9wZAk=">AAACYHicbVBNbxMxEHW2BUL4aFLEhV6spkicot1WAi5IFVw4Fom0leIomvXOBqu2d2vPFkXW/pheyy/iyi/BG3KgH3N6em9G783La608penvXrK1/ejxk/7TwbPnL17uDEe7p75qnMSprHTlznPwqJXFKSnSeF47BJNrPMsvvnT62RU6ryr7nVY1zg0srSqVBIrUYvg6CF9yrkp+YIXGS56l6UG7GI7TSboefh9kGzBmmzlZjH pHoqhkY9CS1OD9LEtrmgdwpKTGdiAajzXIC1jiLEILBv08rPO3/G3jgSpeo+NK8zWJ/18EMN6vTB43DdAPf1fryIe0WUPlx3lQtm4IreyMSGlcG3npVCwGeaEcEkGXHLmyXIIDInSKg5SRbGJTtww9GXArV8SnLP6UlTFgiyAKLPGyDaJL4VAHkTdKFxFxcRVrcArsMnqLKrry8Klt20GsObtb6n1wejjJ3k+yb4fj48+bwvtsj+2zdyxjH9gx+8pO2JRJFtg1u2G/en+SfrKTjP6tJr3NzSt2a5I3fwFOgbfb</latexit>

if n  100
<latexit sha1_base64="W9DNawhcQDmaNBAlK2ng2f11u9I="></latexit>

m = f(f(n+ 11))

<latexit sha1_base64="77vhLNtR0dZtit2rdog6YSezDzM=">AAACfHicbZDPbtNAEMY35l8Jf5rCkcuKBAkJEdlFKlyQKrhwLBJpK8WRNV6Pw6i7a3d3XGRZfg6ehis8Ay+DWKc50JY5ffpmRt/ML681eY7j36Po1u07d+/t3B8/ePjo8e5k78mxrxqncKEqXbnTHDxqsrhgYo2ntUMwucaT/Ozj0D+5QOepsl+4rXFlYG2pJAUcrGySdKkvpUaWs7QgX2toPbcaZZkWWOK5THNa+3PV1BnJMq NZn02m8TzelLwpkq2Yim0dZXujN2lRqcagZaXB+2US17zqwDEpjf04bTzWoM5gjcsgLRj0q27zWy9fNB64kjU6SVpuTPx3owPjfWvyMGmAv/rrvcH8X2/ZcPlu1ZGtG0arhiCm8PcQ5JWjAA1lQQ6ZYbgcJVmpwAEzOpKgVDCbQPFKoGcDrnVFeMriN1UZA7boLlH2XTpc4VB3ad6QLoKS6UXA4AjsOmSnVUiV3fu+78cBc3Id6k1xvD9PDubJ5/3p4Yct8B3xTDwXL0Ui3opD8UkciYVQ4rv4IX6KX6M/0Sx6Fb2+HI1G252n4kpFB38BklHE5g==</latexit>

let f
M
=

G

i

fi

<latexit sha1_base64="lK9JYPnUnbd7ODJqKCyXOiCZOE0="></latexit>

thus 9k. {(n+ 11, k), (k,m)} 2 f
<latexit sha1_base64="iknuvbURy+cuDSD9HwjijlhGLlU="></latexit>

thus 9j1, j2. (n+ 11, k) 2 fj1 , (k,m) 2 fj2
<latexit sha1_base64="mVOsEwcRYzi8ZEMDIRPnSU5XiTI="></latexit>

let j
M
= max{j1, j2}

<latexit sha1_base64="KQKCR0DoUaUAwm4d1DkGlPWnV5Y="></latexit>

thus {(n+ 11, k), (k,m)} 2 fj

McCarthy 91 function
M continuous?<latexit sha1_base64="jdj/RPnK370JQtfXub6Lk/wwZh8="></latexit>

M f n =

8
<

:

n� 10 if n > 100
f(f(n+ 11)) if n  100 and f(n+ 11) #
? otherwise

<latexit sha1_base64="cM2Vzhma8ljZW/3WlaZXIvjx/7E="></latexit>

M

 
G

i

fi

!
?
v
G

i

M(fi)

<latexit sha1_base64="Mf29vkwGt4B/q+tb64Oef4pJDYc=">AAACZnicbZDPahRBEMZ7x39x1bhRxEMujRthA7LMREi8CEEvXoQIbhLYXpaanppNs909Y3dNZGnm4NN41cfxDXwMe9Y9mMQ6fXxVxVf1y2utPKXpr15y6/adu/e27vcfPHy0/Xiw8+TUV42TOJGVrtx5Dh61sjghRRrPa4dgco1n+fJ91z+7ROdVZT/TqsaZgYVVpZJA0ZoPdoPwJecES+R7I/vK7Atl+cdRub/XzgfDdJyui9 8U2UYM2aZO5ju916KoZGPQktTg/TRLa5oFcKSkxrYvGo81yCUscBqlBYN+FtZftPxl44EqXqPjSvO1if9uBDDer0weJw3Qhb/e68z/9aYNlW9mQdm6IbSyCyKlcR3kpVMRD/JCOSSC7nLkkYAEB0ToFAcpo9lEXlcCPRlwK1fEpyx+lZUxYIsgCizxSxtEd4VDHUTeKF1ExcVlxOAU2EXMFlVM5eFt27b9iDm7DvWmOD0YZ4fj7NPB8PjdBvgW22Uv2Ihl7Igdsw/shE2YZN/Yd/aD/ez9TraTZ8nzv6NJb7PzlF2phP8BvYC53w==</latexit>

take (n,m) 2 M(f)
<latexit sha1_base64="rE5lU/BDZoaUagVCcvTEJRLfzzE="></latexit>

we prove (n,m) 2
G

i

M(fi)

<latexit sha1_base64="foTsiPsR0f/u8mAgvkJC7viPjSM="></latexit>

m = n� 10 and (n, n� 10) 2 M(f1) ✓
G

i

M(fi)

<latexit sha1_base64="rCAo91HXzlitxGl8VXDLx7kDczE="></latexit>

and (n,m) 2 M(fj) ✓
G

i

M(fi)
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<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

<latexit sha1_base64="bix7/vqw8DE+nFBSJXv8GM+27Yc="></latexit>

(Pf(N,N),v)
<latexit sha1_base64="UnoVr28ZcOLql2tChIcuXFbNP+E="></latexit>? = ?

McCarthy 91 function
<latexit sha1_base64="MtDqIMeml1MAkMyRI992IJyxQWQ="></latexit>

f = M f
<latexit sha1_base64="jdj/RPnK370JQtfXub6Lk/wwZh8=">AAAC+nicbVHLjtMwFHXCawivDogVG4sW1BGiSgABEho04iGxQRokOjNSXVWOc9Na49gZ25lSmczHsEMs2PAz/A1OyIJOuaujc8+95/o4LQU3No5/B+GFi5cuX9m6Gl27fuPmrd727QOjKs1gzJRQ+iilBgSXMLbcCjgqNdAiFXCYHr9t+oenoA1X8rNdlTAt6FzynDNqPTXr/fx4lp/JXSIgt8RFJIU5l45qTVe1E6KO5OMkxg 8xKVL1xRGTY57jgXydxPGgJiTKh/lQPkqSnZ1NkV96ghshpjLDg05IMrWU3kAt2wUkVXZtVNkF6CU3UEcEZNbdEhHN5ws7mvX68ShuC2+CpAN91NX+bDt46h1ZVYC0TFBjJklc2qlfazkTjUlloKTsmM5h4qGkBZipa5Ot8YPKUKtwCRpzgVsS/p1wtDBmVaReWVC7MOd7Dfm/3qSy+cup47KsLEjWGFkuoDUyTHP/ZYAzrsFa2lwOmEvMqKbWguaYMubJyv/hmqGxBdUrnflHSVgyVRQ+eEcyyOGkdqS5QoNwJK24yDzC5NTHoDmVc+9NlHfFbreu68jHnJwPdRMcPBklz0fJp2f9vTdd4FvoHrqPhihBL9Ae+oD20Rix4G7wKngXvA+/ht/C7+GPv9Iw6GbuoLUKf/0BWyftRg==</latexit>

M f n =

8
<

:

n� 10 if n > 100
f(f(n+ 11)) if n  100 and f(n+ 11) #
? otherwise

<latexit sha1_base64="I8J76AF+P4wCvcFQZgHWXttrCbw=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIGsogkYeUWNH6sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIMbmkaoevDOJAjKYBSqd0Xw5DMoFqz63YOvkicgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoWzSj82GIGYwBh7KQ3AR+MmedoZP4oNUMgj1Fwqnov4eyMB35ip76WTPtCdmfcy8T+vF9Powk1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw5n/fpG0T+rOWd25Oa01LotmyuyAHbJj5rBz1mDXrMlaTLB79sSe2Yv1aL1ab9b7z2jJKnb22R9YH99m4ZO6</latexit>· · ·

<latexit sha1_base64="AEElQ3QZFYxVXlmBZaljjyE2QUQ=">AAACEnicbVA9TwJBEN3zE/ELtTQxG4kJNuTOGLUxIdrYmGAiYAJI5tYBNuztXXbnSAih8yf4K2y1sjO2/gEL/4sHUiD4qjfvzWRmnh8pacl1v5y5+YXFpeXUSnp1bX1jM7O1XbZhbASWRKhCc+eDRSU1lkiSwrvIIAS+worfuRz6lS4aK0N9S70I6wG0tGxKAZRIjcze9b2bq3XB6JDaUrcO+TmfKBuZrJt3R+CzxBuTLBuj2Mh81x5CEQeoSSiwtuq5EdX7YEgKhYN0LbYYgehAC6sJ1RCgrfdHfwz4QWyBQh6h4VLxkYiTE30IrO0FftIZALXttDcU//OqMTXP6n2po5hQi+EikgpHi6wwMgkI+YM0SATDy5FLzQUYIEIjOQiRiHGSWDrJw5v+fpaUj/LeSd67Oc4WLsbJpNgu22c55rFTVmBXrMhKTLBH9sxe2Kvz5Lw5787Hb+ucM57ZYX/gfP4AB8GdQw==</latexit>

M0(?) = ?
<latexit sha1_base64="v7ECgt7HvCpF+tCst1CyULTFs/U="></latexit>

M1(?) = {(n, n� 10) | n > 100} = {(101, 91), (102, 92), ...}
<latexit sha1_base64="7eIWzHalWtheMVy9ZWxaugD1JYk="></latexit>

M2(?) = {(100, 91), (101, 91), (102, 92), ...}
<latexit sha1_base64="O34qa2qIm2FTg52WQ4TykM/q3t4="></latexit>

M3(?) = {(99, 91), (100, 91), (101, 91), (102, 92), ...}

<latexit sha1_base64="I8J76AF+P4wCvcFQZgHWXttrCbw=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIGsogkYeUWNH6sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIMbmkaoevDOJAjKYBSqd0Xw5DMoFqz63YOvkicgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoWzSj82GIGYwBh7KQ3AR+MmedoZP4oNUMgj1Fwqnov4eyMB35ip76WTPtCdmfcy8T+vF9Powk1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw5n/fpG0T+rOWd25Oa01LotmyuyAHbJj5rBz1mDXrMlaTLB79sSe2Yv1aL1ab9b7z2jJKnb22R9YH99m4ZO6</latexit>· · ·
<latexit sha1_base64="9AP7fFZu2o3jh1YBa6pbdAOSLmU="></latexit>

M20(?) = {(0, 91), (1, 91), ..., (101, 91), (102, 92), ...}

<latexit sha1_base64="3eAWNTRHBmvStjsX2XMvos7p9vA="></latexit>

M11(?) = {(91, 91), (92, 91), ..., (101, 91), (102, 92), ...}
<latexit sha1_base64="cp3ek4sz8FOuoqipESx4sB5StKo="></latexit>

M12(?) = {(80, 91), (81, 91), ..., (101, 91), (102, 92), ...}

<latexit sha1_base64="QYpH02U7amij06PpOGNQMP037nU=">AAACHHicbVC7TsNAEDzzDOEVoKQ5iJBCE9kpgBJBQxkkkiAlVrS+rOHE+WzdrRHIyi/wCXwFLVR0iBaJgn/BNil4TTWamdXuTpAoacl1352p6ZnZufnKQnVxaXlltba23rVxagR2RKxicx6ARSU1dkiSwvPEIESBwl5wdVz4vWs0Vsb6jG4T9CO40DKUAiiXhrVGNrAhD+VNEktNPB8Vlzja4g2KCRQPUy2K4O54WKu7TbcE/0u8CamzCdrD2sdgFIs0Qk1CgbV9z03Iz8CQFArH1UFqMQFxBRfYz6mGCK2flR+N+U5qgWKeoOFS8VLE7xMZRNbeRkGejIAu7W+vEP/z+imFB34mdZISalEsIqmwXGSFkXlVyEfSIBEUlyOXmgswQIRGchAiF9O8u2reh/f7+7+k22p6e03vtFU/PJo0U2GbbJs1mMf22SE7YW3WYYLdsQf2yJ6ce+fZeXFev6JTzmRmg/2A8/YJTcChqg==</latexit>

fixpoint reached! (total function)
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<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

<latexit sha1_base64="bix7/vqw8DE+nFBSJXv8GM+27Yc="></latexit>

(Pf(N,N),v)
<latexit sha1_base64="UnoVr28ZcOLql2tChIcuXFbNP+E="></latexit>? = ?

Alternative perspective

<latexit sha1_base64="H5KCuDb7+qx4//hVtttwejkdV98=">AAACEHicbVC7TgMxEPTxJrwClFBYJEggoeguBSCqCBrKIBFAykWRz+wFC9t3sveQ0CkNn8BX0EJFh2j5Awr+BV9IAQlTjWZ2vZ6JUiks+v6nNzE5NT0zOzdfWlhcWl4pr65d2CQzHFo8kYm5ipgFKTS0UKCEq9QAU5GEy+j2pPAv78BYkehzvE+ho1hPi1hwhk7qljfz0MY0TozKJLNHtLqj99RuKDSNq/1uueLX/AHoOAmGpEKGaHbLX+F1wjMFGrl7zrYDP8VOzgwKLqFfCjMLKeO3rAdtRzVTYDv5IEWfbmeWYUJTMFRIOhDh90bOlLX3KnKTiuGNHfUK8T+vnWF82MmFTjMEzYtDKCQMDlluhKsH6LUwgMiKnwN16TkzDBGMoIxzJ2aur5LrIxhNP04u6rVgvxac1SuN42Ezc2SDbJEdEpAD0iCnpElahJMH8kSeyYv36L16b977z+iEN9xZJ3/gfXwDYgqbtQ==</latexit>

formulas: (n,m) 2 f
<latexit sha1_base64="0+f0Z+7tvwiP3uRBkIgJzJ8XkdI=">AAACFXicbVC7TgJBFJ3FF+ILtbQZBRNMDNmlUEuijSUm8khgQ2aHC47Mzm5m7pKQDbWf4FfYamVnbK0t/Bd3kULBU52cc2/uPccLpTBo259WZml5ZXUtu57b2Nza3snv7jVMEGkOdR7IQLc8ZkAKBXUUKKEVamC+J6HpDa9SvzkCbUSgbnEcguuzgRJ9wRkmUjd/GHdMnwaa3kcGabGkTv2TIu0ngqdhJHA86eYLdtmegi4SZ0YKZIZaN//V6QU88kEhl8yYtmOH6MZMo+ASJrlOZCBkfMgG0E6oYj4YN55GmdDjyDAMaAiaCkmnIvzeiJlvzNj3kkmf4Z2Z91LxP68dYf/CjYUKIwTF00MoJEwPGa5F0hHQntCAyNLPgQpFOdMMEbSgjPNEjJLSckkfznz6RdKolJ2zsnNTKVQvZ81kyQE5IiXikHNSJdekRuqEkwfyRJ7Ji/VovVpv1vvPaMaa7eyTP7A+vgFWmJ3e</latexit>

or just (n,m) for brevity

<latexit sha1_base64="JZyXi2OgnLnN585CUgstOh49fgQ="></latexit>

(n, n� 10)
n > 100

<latexit sha1_base64="7VIUsFaR6P24DEvAocHbgJXg/fA="></latexit>

(n+ 11, k) (k,m)

(n,m)
n  100<latexit sha1_base64="p+ta1xV6ua9Cx2gdmpuc5ziWtAc="></latexit>,

(set of theorems of      )

<latexit sha1_base64="MtDqIMeml1MAkMyRI992IJyxQWQ="></latexit>

f = M f
<latexit sha1_base64="jdj/RPnK370JQtfXub6Lk/wwZh8=">AAAC+nicbVHLjtMwFHXCawivDogVG4sW1BGiSgABEho04iGxQRokOjNSXVWOc9Na49gZ25lSmczHsEMs2PAz/A1OyIJOuaujc8+95/o4LQU3No5/B+GFi5cuX9m6Gl27fuPmrd727QOjKs1gzJRQ+iilBgSXMLbcCjgqNdAiFXCYHr9t+oenoA1X8rNdlTAt6FzynDNqPTXr/fx4lp/JXSIgt8RFJIU5l45qTVe1E6KO5OMkxg 8xKVL1xRGTY57jgXydxPGgJiTKh/lQPkqSnZ1NkV96ghshpjLDg05IMrWU3kAt2wUkVXZtVNkF6CU3UEcEZNbdEhHN5ws7mvX68ShuC2+CpAN91NX+bDt46h1ZVYC0TFBjJklc2qlfazkTjUlloKTsmM5h4qGkBZipa5Ot8YPKUKtwCRpzgVsS/p1wtDBmVaReWVC7MOd7Dfm/3qSy+cup47KsLEjWGFkuoDUyTHP/ZYAzrsFa2lwOmEvMqKbWguaYMubJyv/hmqGxBdUrnflHSVgyVRQ+eEcyyOGkdqS5QoNwJK24yDzC5NTHoDmVc+9NlHfFbreu68jHnJwPdRMcPBklz0fJp2f9vTdd4FvoHrqPhihBL9Ae+oD20Rix4G7wKngXvA+/ht/C7+GPv9Iw6GbuoLUKf/0BWyftRg==</latexit>

M f n =

8
<

:

n� 10 if n > 100
f(f(n+ 11)) if n  100 and f(n+ 11) #
? otherwise

<latexit sha1_base64="3EDFLa6kWWYhrlnYdqMLflbAgYQ=">AAACU3icbZDPTttAEMbXhtIQyv8jl1UjpJ4iuyDgUikqFy5IgAigxlE0Xk/Cit212R1TRZbfgit9qx76LL2wDjkU6Jw+fTOjb+aXFko6iqI/Qbiw+GHpY2u5vfJpdW19Y3PryuWlFdgXucrtTQoOlTTYJ0kKbwqLoFOF1+ndcdO/fkDrZG4uaVrgUMPEyLEUQN76cTE65UmGY7wfbXSibjQr/l7Ec9Fh8zobbQZ7SZaLUqMhoc C5QRwVNKzAkhQK63ZSOixA3MEEB14a0OiG1ezkmu+WDijnBVouFZ+Z+O9GBdq5qU79pAa6dW97jfm/3qCk8dGwkqYoCY1ogkgqnAU5YaVngTyTFomguRy5NFyABSK0koMQ3iw9nFeBjjTYqc38UwZ/ilxrMFn1Aq6ukuYKi6pK0lKqzCuePHgMVoKZ+Owk96m8+lbXddtjjt9CfS+uvnbjg258vt/pfZ8Db7Ed9pl9YTE7ZD12ws5Ynwlm2CN7Yr+C38HfMAwXX0bDYL6zzV5VuPoMpXi1Ww==</latexit>

RM
M
=

<latexit sha1_base64="kJZXko+2lCYWesgZ4r9lMwtQKzg="></latexit>

f(n) = m , (n,m) 2 IRM
<latexit sha1_base64="8rZIkSm1gZqGvqpq+HFNIf8uZWU="></latexit>

RM
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F

<latexit sha1_base64="+gCaU8ENla/1CC3VSVVUkpLmtuY=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiIB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOzORVw==</latexit>

a set of formulas
R

<latexit sha1_base64="LIx61kPIz3Ync/DU7iShkL9Uxk4=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJQJIiRSYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w/uTWQ1hw6PZKR7ATMghYIOCpTQizWwMJDQDabXmd99BG1EpO5wFoMfsokSY8EZplL7dlituXU3B10mXkFqpEBrWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8aWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6Z3J/VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BTeeRYw==</latexit>

a logical system bR : }(F ) ! }(F )

<latexit sha1_base64="loQ044KACJV+IAnlH7YUk7DTmkM=">AAACGXicbVDLSgNBEJz1GeMr6tHLYBDiJexKRPEUFMRjFBMD2RB6J20yOPtgptcQlnyBn+BXeNWTN/HqyYP/4uZx0MQ6FVXddFd5kZKGbPvLmptfWFxazqxkV9fWNzZzW9s1E8ZaYFWEKtR1DwwqGWCVJCmsRxrB9xTeevfnQ//2AbWRYXBD/QibPnQCeScFUCq1cvtuT7axC5RcD07dXlS4OOCulp0ugdZhj4+lVi5vF+0R+CxxJiTPJqi0ct9uOxSxjwEJBcY0HDuiZgKapFA4yLqxwQjEPXSwkdIAfDTNZBRnwPdjAxTyCDWXio9E/L2RgG9M3/fSSR+oa6a9ofif14jp7qSZyCCKCQMxPERS4eiQEVqmPSFvS41EMPwcuQy4AA1EqCUHIVIxTovLpn040+lnSe2w6JSKR1elfPls0kyG7bI9VmAOO2ZldskqrMoEe2TP7IW9Wk/Wm/VufYxH56zJzg77A+vzB1OXoAk=</latexit>

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

applies the rules to the facts in      in all possible waysbR

<latexit sha1_base64="diZ72jmBTWwlMAPOrgfpE3iBtiw=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKomh92SSnnB+6W4MiK+IraKGiQ7R8CwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2mCSItsCECFei2CwaV9LFBkhS2Q43guQpb7uQq9Vv3qI0M/DuahtjzYOTLoRRAidTpPsgBjoHi21m/XLGrdga+SJycVFiOer/81R0EIvLQJ6HAmI5jh9 SLQZMUCmelbmQwBDGBEXYS6oOHphdnkWf8KDJAAQ9Rc6l4JuLvjRg8Y6aem0x6QGMz76Xif14nouFFL5Z+GBH6Ij1EUmF2yAgtky6QD6RGIkiTI5c+F6CBCLXkIEQiRkk5paQPZ/77RdI8qTqn1bOb00rtMm+myA7YITtmDjtnNXbN6qzBBAvYE3tmL9aj9Wq9We8/owUr39lnf2B9fANszpYB</latexit>

S

<latexit sha1_base64="SIdKpiRHFlXa18w6LK/P0Z5C+1c=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJICRSYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w/uTWQ1hw6PZKR7ATMghYIOCpTQizWwMJDQDabXmd99BG1EpO5wFoMfsokSY8EZplL7dlituXU3B10mXkFqpEBrWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8aWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6Z3J/VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BT3aRZA==</latexit>

bR(S)

<latexit sha1_base64="XppAriAZr2QvlsH9eRg/rT6boj0=">AAACAHicbVC7TgJBFJ31ifhCLW0mEhNsyK7BaEm0scQHjwSQ3B0uMGH2kZm7GrKh8StstbIztv6Jhf/iLlIoeKqTc+7NPfe4oZKGbPvTWlhcWl5Zzaxl1zc2t7ZzO7s1E0RaYFUEKtANFwwq6WOVJClshBrBcxXW3eFF6tfvURsZ+Lc0CrHtQd+XPSmAEumu9SC7OACKr8eFm6NOLm8X7Qn4PHGmJM+mqHRyX61uICIPfRIKjG k6dkjtGDRJoXCcbUUGQxBD6GMzoT54aNrxJPWYH0YGKOAhai4Vn4j4eyMGz5iR5yaTHtDAzHqp+J/XjKh31o6lH0aEvkgPkVQ4OWSElkkdyLtSIxGkyZFLnwvQQIRachAiEaOkn2zShzP7/TypHRedUvHkqpQvn0+bybB9dsAKzGGnrMwuWYVVmWCaPbFn9mI9Wq/Wm/X+M7pgTXf22B9YH9/pz5bD</latexit>

: all conclusions we can draw in one step 
  from hypotheses on S

<latexit sha1_base64="SIdKpiRHFlXa18w6LK/P0Z5C+1c=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJICRSYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w/uTWQ1hw6PZKR7ATMghYIOCpTQizWwMJDQDabXmd99BG1EpO5wFoMfsokSY8EZplL7dlituXU3B10mXkFqpEBrWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8aWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6Z3J/VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BT3aRZA==</latexit>

We prove the least fixpoint of       isbR

<latexit sha1_base64="diZ72jmBTWwlMAPOrgfpE3iBtiw=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKomh92SSnnB+6W4MiK+IraKGiQ7R8CwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2mCSItsCECFei2CwaV9LFBkhS2Q43guQpb7uQq9Vv3qI0M/DuahtjzYOTLoRRAidTpPsgBjoHi21m/XLGrdga+SJycVFiOer/81R0EIvLQJ6HAmI5jh9SLQZMUCmelbmQwBDGBEXYS6oOHphdnkWf8KDJAAQ9Rc6l4JuLvjRg8Y6aem0x6QGMz76Xif14nouFFL5Z+GBH6Ij1EUmF2yAgtky6QD6RGIkiTI5c+F6CBCLXkIEQiRkk5paQPZ/77RdI8qTqn1bOb00rtMm+myA7YITtmDjtnNXbN6qzBBAvYE3tmL9aj9Wq9We8/owUr39lnf2B9fANszpYB</latexit>

IR

<latexit sha1_base64="19FospwxhlbD/s5m0UdUahosVw0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNNCFRx5SEkXnyyaccn7obg2KrHwCLVR0iJbvoeBfsI0LCEw1mtnVzo4bKmnItj+swsLi0vJKcbW0tr6xuVXe3mmZINICmyJQge643KCSPjZJksJOqJF7rsK2OzlP/fY9aiMD/5amIfY9PvblSApOiXRzObgelCt21c7A/hInJxXI0RiUP3vDQEQe+iQUN6br2CH1Y65JCoWzUi8yGHIx4WPsJtTnHpp+nEWdsYPIcApYiJpJxTIRf27E3DNm6rnJpMfpzsx7qfif141odNqPpR9GhL5ID5FUmB0yQsukA2RDqZGIp8mRSZ8JrjkRasm4EIkYJaWUkj6c+e//ktZR1alVj69qlfpZ3kwR9mAfDsGBE6jDBTSgCQLG8AhP8Gw9WC/Wq/X2PVqw8p1d+AXr/Quen5If</latexit>

(set of theorems of    )R

<latexit sha1_base64="LIx61kPIz3Ync/DU7iShkL9Uxk4=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJQJIiRSYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w/uTWQ1hw6PZKR7ATMghYIOCpTQizWwMJDQDabXmd99BG1EpO5wFoMfsokSY8EZplL7dlituXU3B10mXkFqpEBrWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8aWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6Z3J/VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BTeeRYw==</latexit>

(}(F ),✓)

<latexit sha1_base64="qlCgDAcdSvxrwkuPxq/ET0I3Nds=">AAACBnicbVDLSgNBEJyNrxhfazx6GQxCAhJ2JaLHoCAeI5gHJEuYnXTi4OzDmR41hNz9Cq968iZe/Q0P/ou7MQdNrFNR1U1Xlx9LodFxPq3MwuLS8kp2Nbe2vrG5ZW/nGzoyikOdRzJSLZ9pkCKEOgqU0IoVsMCX0PRvzlK/eQdKiyi8wmEMXsAGoegLzjCRuna+2LmPi+elg442vgaE21LXLjhlZwI6T9wpKZApal37q9OLuAkgRC6Z1m3XidEbMYWCSxjnOkZDzPgNG0A7oSELQHujSfYx3TeaYURjUFRIOhHh98aIBVoPAz+ZDBhe61kvFf/z2gb7J95IhLFBCHl6CIWEySHNlUhKAdoTChBZmhyoCClniiGCEpRxnogmaSmX9OHOfj9PGodlt1I+uqwUqqfTZrJkl+yRInHJMamSC1IjdcLJA3kiz+TFerRerTfr/Wc0Y013dsgfWB/feH2YCw==</latexit>

(with some restrictions)
ICO
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Example

R =

⇢

✏ 2 L ,
s 2 L
(s) 2 L ,

s1 2 L s2 2 L
s1s2 2 L

�

<latexit sha1_base64="zWb8bfiPVXn8lwmccZkFLYAwB6M="></latexit>

F = {s 2 L | s 2 {(, )}⇤}

<latexit sha1_base64="B6e+vp2D19beopNKLjmLRC3uVMs=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIvwq4oehFEQTx4UDAmkI2hd9LGIbOzy0yvIMt+hJ/gV3jVkzfx6sF/cTfm4KtORVU3XV1BrKQl1313hoZHRsfGJyZLU9Mzs3Pl+YVLGyVGYE1EKjKNACwqqbFGkhQ2YoMQBgrrQe+o8Ou3aKyM9AXdxdgKoavltRRAudQubxzzfe6n3PpS+yHQjQCVnmbcD2XnS0xXN9f87Grdz9rlilt1++B/iTcgFTbAWbv84XcikYSoSSiwtum5MbVSMCSFwqzkJxZjED3oYjOnGkK0rbT/VMZXEgsU8RgNl4r3Rfy+kUJo7V0Y5JNFbvvbK8T/vGZC13utVOo4IdSiOERSYf+QFUbmbSHvSINEUCRHLjUXYIAIjeQgRC4meX2lvA/v9/d/yeVW1duu7pxvVw4OB81MsCW2zFaZx3bZATthZ6zGBLtnj+yJPTsPzovz6rx9jQ45g51F9gPO+yfLYKHK</latexit>

Strings of balanced parentheses

S = ;

<latexit sha1_base64="UsVBo/k1YZHznJFkwAcj7rWXdmg=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETSUQZCHlFjR+bIJp5zPx90aKYpS8BW0UNEhWj6Fgn/BNi4gMNVoZlc7O4GWwqLrfjiFhcWl5ZXiamltfWNzq7y907JRbDg0eSQj0wmYBSkUNFGghI42wMJAQjsYX6R++x6MFZG6wYkGP2QjJYaCM0wk/5qe0R6EGicWsF+uuFU3A/1LvJxUSI5Gv/zZG0Q8DkEhl8zarudq9KfMoOASZqVebEEzPmYj6CZUsRCsP81Cz+hBbBlGVIOhQtJMhJ8bUxZaOwmDZDJkeGvnvVT8z+vGODz1p0LpGEHx9BAKCdkhy41I2gA6EAYQWZocqFCUM8MQwQjKOE/EOKmnlPThzX//l7SOql6tenxVq9TP82aKZI/sk0PikRNSJ5ekQZqEkzvySJ7Is/PgvDivztv3aMHJd3bJLzjvX+I/ljA=</latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>
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Exercise

R =

⇢

✏ 2 L ,
s 2 L
(s) 2 L ,

s1 2 L s2 2 L
s1s2 2 L

�

<latexit sha1_base64="zWb8bfiPVXn8lwmccZkFLYAwB6M="></latexit>

F = {s 2 L | s 2 {(, )}⇤}

<latexit sha1_base64="B6e+vp2D19beopNKLjmLRC3uVMs=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIvwq4oehFEQTx4UDAmkI2hd9LGIbOzy0yvIMt+hJ/gV3jVkzfx6sF/cTfm4KtORVU3XV1BrKQl1313hoZHRsfGJyZLU9Mzs3Pl+YVLGyVGYE1EKjKNACwqqbFGkhQ2YoMQBgrrQe+o8Ou3aKyM9AXdxdgKoavltRRAudQubxzzfe6n3PpS+yHQjQCVnmbcD2XnS0xXN9f87Grdz9rlilt1++B/iTcgFTbAWbv84XcikYSoSSiwtum5MbVSMCSFwqzkJxZjED3oYjOnGkK0rbT/VMZXEgsU8RgNl4r3Rfy+kUJo7V0Y5JNFbvvbK8T/vGZC13utVOo4IdSiOERSYf+QFUbmbSHvSINEUCRHLjUXYIAIjeQgRC4meX2lvA/v9/d/yeVW1duu7pxvVw4OB81MsCW2zFaZx3bZATthZ6zGBLtnj+yJPTsPzovz6rx9jQ45g51F9gPO+yfLYKHK</latexit>

Strings of balanced parentheses

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

S = { ✏ 2 L }

<latexit sha1_base64="ZsUwLK7FMi2s/VF8HOWuSXhLyOQ=">AAACFnicbVC7TsNAEDyHd3gFKGlOREhUkY2CoEGKoKGgCIIEpDiK1scSTjmfrbs1ErLc8wl8BS1UdIiWloJ/wQ4ueE01mtnVzk4QK2nJdd+dysTk1PTM7Fx1fmFxabm2stq1UWIEdkSkInMRgEUlNXZIksKL2CCEgcLzYHRY+Oc3aKyM9BndxtgPYajllRRAuTSobZzyfe6nPvcxtlJF2pfaD4GuBaj0OMv1bFCruw13DP6XeCWpsxLtQe3Dv4xEEqImocDanufG1E/BkBQKs6qfWIxBjGCIvZxqCNH20/EvGd9MLFDEYzRcKj4W8ftGCqG1t2GQTxYx7W+vEP/zegld7fVTqeOEUIviEEmF40NWGJmXhPxSGiSCIjlyqbkAA0RoJAchcjHJW6vmfXi/v/9LutsNr9nYOWnWWwdlM7NsnW2wLeaxXdZiR6zNOkywO/bAHtmTc+88Oy/O69doxSl31tgPOG+fSGGfBw==</latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>

?bR(S) = { ✏ 2 L , () 2 L }

<latexit sha1_base64="48XUpo+lzBc0KwzsTHKGLYyOckY="></latexit>
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Exercise

R =

⇢

✏ 2 L ,
s 2 L
(s) 2 L ,

s1 2 L s2 2 L
s1s2 2 L

�

<latexit sha1_base64="zWb8bfiPVXn8lwmccZkFLYAwB6M="></latexit>

F = {s 2 L | s 2 {(, )}⇤}

<latexit sha1_base64="B6e+vp2D19beopNKLjmLRC3uVMs=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIvwq4oehFEQTx4UDAmkI2hd9LGIbOzy0yvIMt+hJ/gV3jVkzfx6sF/cTfm4KtORVU3XV1BrKQl1313hoZHRsfGJyZLU9Mzs3Pl+YVLGyVGYE1EKjKNACwqqbFGkhQ2YoMQBgrrQe+o8Ou3aKyM9AXdxdgKoavltRRAudQubxzzfe6n3PpS+yHQjQCVnmbcD2XnS0xXN9f87Grdz9rlilt1++B/iTcgFTbAWbv84XcikYSoSSiwtum5MbVSMCSFwqzkJxZjED3oYjOnGkK0rbT/VMZXEgsU8RgNl4r3Rfy+kUJo7V0Y5JNFbvvbK8T/vGZC13utVOo4IdSiOERSYf+QFUbmbSHvSINEUCRHLjUXYIAIjeQgRC4meX2lvA/v9/d/yeVW1duu7pxvVw4OB81MsCW2zFaZx3bZATthZ6zGBLtnj+yJPTsPzovz6rx9jQ45g51F9gPO+yfLYKHK</latexit>

Strings of balanced parentheses

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>

?

S = { () 2 L }

<latexit sha1_base64="2hrxhe7Uz0u/O/NQkoYCNLJ8Peg=">AAACEHicbVC7TsNAEDzzDOEVoITiRIQETWSjIGiQImgoKIIgCVIcRetjgVPOZ+tujRRZafgEvoIWKjpEyx9Q8C/YIQUEphrN7GpnJ4iVtOS6H87E5NT0zGxhrji/sLi0XFpZbdooMQIbIlKRuQzAopIaGyRJ4WVsEMJAYSvoHed+6w6NlZG+oH6MnRButLyWAiiTuqWNc37I/dTn2zu+1H4IdCtApacDn/uDbqnsVtwh+F/ijUiZjVDvlj79q0gkIWoSCqxte25MnRQMSaFwUPQTizGIHtxgO6MaQrSddPjFgG8lFijiMRouFR+K+HMjhdDafhhkk3lMO+7l4n9eO6Hrg04qdZwQapEfIqlweMgKI7N6kF9Jg0SQJ0cuNRdggAiN5CBEJiZZX8WsD2/8+7+kuVvxqpW9s2q5djRqpsDW2SbbZh7bZzV2wuqswQS7Z4/siT07D86L8+q8fY9OOKOdNfYLzvsXZSKbxg==</latexit>

bR(S) = { ✏ 2 L , (()) 2 L , ()() 2 L }

<latexit sha1_base64="lR3y4ueOKYD/iAqHZ5AWdxvrNxA="></latexit>
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Exercise

R =

⇢

✏ 2 L ,
s 2 L
(s) 2 L ,

s1 2 L s2 2 L
s1s2 2 L

�

<latexit sha1_base64="zWb8bfiPVXn8lwmccZkFLYAwB6M="></latexit>

F = {s 2 L | s 2 {(, )}⇤}

<latexit sha1_base64="B6e+vp2D19beopNKLjmLRC3uVMs=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIvwq4oehFEQTx4UDAmkI2hd9LGIbOzy0yvIMt+hJ/gV3jVkzfx6sF/cTfm4KtORVU3XV1BrKQl1313hoZHRsfGJyZLU9Mzs3Pl+YVLGyVGYE1EKjKNACwqqbFGkhQ2YoMQBgrrQe+o8Ou3aKyM9AXdxdgKoavltRRAudQubxzzfe6n3PpS+yHQjQCVnmbcD2XnS0xXN9f87Grdz9rlilt1++B/iTcgFTbAWbv84XcikYSoSSiwtum5MbVSMCSFwqzkJxZjED3oYjOnGkK0rbT/VMZXEgsU8RgNl4r3Rfy+kUJo7V0Y5JNFbvvbK8T/vGZC13utVOo4IdSiOERSYf+QFUbmbSHvSINEUCRHLjUXYIAIjeQgRC4meX2lvA/v9/d/yeVW1duu7pxvVw4OB81MsCW2zFaZx3bZATthZ6zGBLtnj+yJPTsPzovz6rx9jQ45g51F9gPO+yfLYKHK</latexit>

Strings of balanced parentheses

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>

?

S = { )(2 L }

<latexit sha1_base64="OdxDu5naiUbQPMuMQyviXQvLkCg=">AAACEHicbVC7TsNAEDzzDOEVoITiRIQETWSjIGiQImgoKIIgCVIcRetjgVPOZ+tujRRZafgEvoIWKjpEyx9Q8C/YIQUEphrN7GpnJ4iVtOS6H87E5NT0zGxhrji/sLi0XFpZbdooMQIbIlKRuQzAopIaGyRJ4WVsEMJAYSvoHed+6w6NlZG+oH6MnRButLyWAiiTuqWNc37I/dTnO9u+1H4IdCtApacDn/uDbqnsVtwh+F/ijUiZjVDvlj79q0gkIWoSCqxte25MnRQMSaFwUPQTizGIHtxgO6MaQrSddPjFgG8lFijiMRouFR+K+HMjhdDafhhkk3lMO+7l4n9eO6Hrg04qdZwQapEfIqlweMgKI7N6kF9Jg0SQJ0cuNRdggAiN5CBEJiZZX8WsD2/8+7+kuVvxqpW9s2q5djRqpsDW2SbbZh7bZzV2wuqswQS7Z4/siT07D86L8+q8fY9OOKOdNfYLzvsXZSObxg==</latexit>

bR(S) = { ✏ 2 L , ()() 2 L , )()(2 L }

<latexit sha1_base64="bPuRyGcCwUIFZk012aXsOLNbQNM="></latexit>
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Example

R =

⇢

✏ 2 L ,
s 2 L
(s) 2 L ,

s1 2 L s2 2 L
s1s2 2 L

�

<latexit sha1_base64="zWb8bfiPVXn8lwmccZkFLYAwB6M="></latexit>

F = {s 2 L | s 2 {(, )}⇤}

<latexit sha1_base64="B6e+vp2D19beopNKLjmLRC3uVMs=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIvwq4oehFEQTx4UDAmkI2hd9LGIbOzy0yvIMt+hJ/gV3jVkzfx6sF/cTfm4KtORVU3XV1BrKQl1313hoZHRsfGJyZLU9Mzs3Pl+YVLGyVGYE1EKjKNACwqqbFGkhQ2YoMQBgrrQe+o8Ou3aKyM9AXdxdgKoavltRRAudQubxzzfe6n3PpS+yHQjQCVnmbcD2XnS0xXN9f87Grdz9rlilt1++B/iTcgFTbAWbv84XcikYSoSSiwtum5MbVSMCSFwqzkJxZjED3oYjOnGkK0rbT/VMZXEgsU8RgNl4r3Rfy+kUJo7V0Y5JNFbvvbK8T/vGZC13utVOo4IdSiOERSYf+QFUbmbSHvSINEUCRHLjUXYIAIjeQgRC4meX2lvA/v9/d/yeVW1duu7pxvVw4OB81MsCW2zFaZx3bZATthZ6zGBLtnj+yJPTsPzovz6rx9jQ45g51F9gPO+yfLYKHK</latexit>

Strings of balanced parentheses

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

S = { )(2 L , () 2 L }

<latexit sha1_base64="rspmdMQRjtpXOfGicdfd8AKiG7k=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBAiSNgVRS9C0IsHD4pGhUwIvWOrQ2Znl5leQZZ8h5/gV3jVkzcRPIi/4m7MQaN1Kqq66eoKE60c+f67NzI6Nj4xWZoqT8/Mzs1XFhbPXJxaiU0Z69hehOBQK4NNUqTxIrEIUajxPOzuF/75LVqnYnNKdwm2I7g26kpJoFzqVIITvstFJvhaTSgjIqAbCTo77Am+LnhtbVgUvU6l6tf9PvhfEgxIlQ1w1Kl8iMtYphEakhqcawV+Qu0MLCmpsVcWqcMEZBeusZVTAxG6dtZ/rcdXUwcU8wQtV5r3Rfy5kUHk3F0U5pNFTDfsFeJ/Xiulq512pkySEhpZHCKlsX/ISavyzpBfKotEUCRHrgyXYIEIreIgZS6meYnlvI9g+Pu/5GyjHmzWt443q429QTMltsxWWI0FbJs12AE7Yk0m2T17ZE/s2XvwXrxX7+17dMQb7CyxX/A+vwCZLaO6</latexit>

bR(S) = { ✏ 2 L , ()() 2 L , (()) 2 L , )()(2 L , )(() 2 L , ())(2 L }

<latexit sha1_base64="Gyq4IBxaYTgc+ttirG4YOefp+0g="></latexit>
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Example

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

F = {(n,m) | n,m 2 N}

<latexit sha1_base64="nyZSWzWaRgAJnvaRm6u9mGWgQNU=">AAACGHicbVDLSsNAFJ3UV62vqks3g1VQkJKIohuhKIgrUbBaaEqZTK916MwkzNwIEvoDfoJf4VZX7sStOxf+i0nMQqtndTjnXu65J4iksOi6H05pbHxicqo8XZmZnZtfqC4uXdowNhyaPJShaQXMghQamihQQisywFQg4SoYHGX+1S0YK0J9gXcRdBTra3EtOMNU6lbXjukB9RO6obfUJvWV6NGU+UL7iuFNECSnQ3/YrdbcupuD/iVeQWqkwFm3+un3Qh4r0Mgls7btuRF2EmZQcAnDih9biBgfsD60U6qZAttJ8m+GdD22DEMagaFC0lyEnxsJU9beqSCdzDLaUS8T//PaMV7vdxKhoxhB8+wQCgn5IcuNSGsC2hMGEFmWHKjQlDPDEMEIyjhPxTjtrZL24Y1+/5dcbte9nfru+U6tcVg0UyYrZJVsEI/skQY5IWekSTi5J4/kiTw7D86L8+q8fY+WnGJnmfyC8/4F22Keqw==</latexit>

R =

⇢

(0, 0)
,
(1, 1)

,
(n, h) (n+ 1, k)

(n+ 2, h+ k)

�

<latexit sha1_base64="XfP3i+jvx6ChcI5hiCGfjZZyk38="></latexit>

S = ;

<latexit sha1_base64="is8RA4M/BTL0qSoOtWGZPIiKbUA=">AAAB/nicbVDLSsNAFJ3UV42vqks3g0VwVRKp6EYounFZ0T6gCWUyva1DJ8kwcyOUUPAr3OrKnbj1V1z4L6YxC209q8M593LPPYGSwqDjfFqlpeWV1bXyur2xubW9U9nda5s40RxaPJax7gbMgBQRtFCghK7SwMJAQicYX838zgNoI+LoDicK/JCNIjEUnGEmefbthQehwokB7FeqTs3JQReJW5AqKdDsV768QcyTECLkkhnTcx2Ffso0Ci5hanuJAcX4mI2gl9GIhWD8NM88pUeJYRhTBZoKSXMRfm+kLDRmEgbZZMjw3sx7M/E/r5fg8NxPRaQShIjPDqGQkB8yXIusDKADoQGRzZIDFRHlTDNE0IIyzjMxydqxsz7c+e8XSfuk5tZrpzf1auOyaKZMDsghOSYuOSMNck2apEU4UeSJPJMX69F6td6s95/RklXs7JM/sD6+AWYblfA=</latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>

bR(S) = { (0, 0) , (1, 1) }

<latexit sha1_base64="7a/eSApA0mNfSG6KLIdPiYfmDtQ="></latexit>
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Exercise

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

F = {(n,m) | n,m 2 N}

<latexit sha1_base64="nyZSWzWaRgAJnvaRm6u9mGWgQNU=">AAACGHicbVDLSsNAFJ3UV62vqks3g1VQkJKIohuhKIgrUbBaaEqZTK916MwkzNwIEvoDfoJf4VZX7sStOxf+i0nMQqtndTjnXu65J4iksOi6H05pbHxicqo8XZmZnZtfqC4uXdowNhyaPJShaQXMghQamihQQisywFQg4SoYHGX+1S0YK0J9gXcRdBTra3EtOMNU6lbXjukB9RO6obfUJvWV6NGU+UL7iuFNECSnQ3/YrdbcupuD/iVeQWqkwFm3+un3Qh4r0Mgls7btuRF2EmZQcAnDih9biBgfsD60U6qZAttJ8m+GdD22DEMagaFC0lyEnxsJU9beqSCdzDLaUS8T//PaMV7vdxKhoxhB8+wQCgn5IcuNSGsC2hMGEFmWHKjQlDPDEMEIyjhPxTjtrZL24Y1+/5dcbte9nfru+U6tcVg0UyYrZJVsEI/skQY5IWekSTi5J4/kiTw7D86L8+q8fY+WnGJnmfyC8/4F22Keqw==</latexit>

R =

⇢

(0, 0)
,
(1, 1)

,
(n, h) (n+ 1, k)

(n+ 2, h+ k)

�

<latexit sha1_base64="XfP3i+jvx6ChcI5hiCGfjZZyk38="></latexit>

S = { (2, 1) }

<latexit sha1_base64="KD8yBMcehu6zjHzPk1cU9uhJMxA=">AAACB3icbVDLSsNAFJ3UV42vaJduBotQQUpSKroRim5cVrQPaEqZTG/r0MmDmRuhhH6AX+FWV+7ErZ/hwn8xiV1o9awO59zLPfd4kRQabfvDKCwtr6yuFdfNjc2t7R1rd6+tw1hxaPFQhqrrMQ1SBNBCgRK6kQLmexI63uQy8zv3oLQIg1ucRtD32TgQI8EZptLAKt3Qc2q6iWtWasfOkelSdzawynbVzkH/EmdOymSO5sD6dIchj30IkEumdc+xI+wnTKHgEmamG2uIGJ+wMfRSGjAfdD/Jw8/oYawZhjQCRYWkuQg/NxLmaz31vXTSZ3inF71M/M/rxTg66yciiGKEgGeHUEjID2muRNoK0KFQgMiy5EBFQDlTDBGUoIzzVIzTmsy0D2fx+7+kXas69erJdb3cuJg3UyT75IBUiENOSYNckSZpEU6m5JE8kWfjwXgxXo2379GCMd8pkV8w3r8AySGWTA==</latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>

?bR(S) = { (0, 0) , (1, 1) }

<latexit sha1_base64="7a/eSApA0mNfSG6KLIdPiYfmDtQ="></latexit>
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Exercise

bR(S) ,
⇢
y | 9x1 ... xn

y
2 R. {x1, ..., xn} ✓ S

�

<latexit sha1_base64="lIarKt8+PCeJHynanktqbx5llO8="></latexit>

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

F = {(n,m) | n,m 2 N}

<latexit sha1_base64="nyZSWzWaRgAJnvaRm6u9mGWgQNU=">AAACGHicbVDLSsNAFJ3UV62vqks3g1VQkJKIohuhKIgrUbBaaEqZTK916MwkzNwIEvoDfoJf4VZX7sStOxf+i0nMQqtndTjnXu65J4iksOi6H05pbHxicqo8XZmZnZtfqC4uXdowNhyaPJShaQXMghQamihQQisywFQg4SoYHGX+1S0YK0J9gXcRdBTra3EtOMNU6lbXjukB9RO6obfUJvWV6NGU+UL7iuFNECSnQ3/YrdbcupuD/iVeQWqkwFm3+un3Qh4r0Mgls7btuRF2EmZQcAnDih9biBgfsD60U6qZAttJ8m+GdD22DEMagaFC0lyEnxsJU9beqSCdzDLaUS8T//PaMV7vdxKhoxhB8+wQCgn5IcuNSGsC2hMGEFmWHKjQlDPDEMEIyjhPxTjtrZL24Y1+/5dcbte9nfru+U6tcVg0UyYrZJVsEI/skQY5IWekSTi5J4/kiTw7D86L8+q8fY+WnGJnmfyC8/4F22Keqw==</latexit>

R =

⇢

(0, 0)
,
(1, 1)

,
(n, h) (n+ 1, k)

(n+ 2, h+ k)

�

<latexit sha1_base64="XfP3i+jvx6ChcI5hiCGfjZZyk38="></latexit>

bR(S) = { ✏ 2 L }

<latexit sha1_base64="Zw8bjJl+bdRrB43L0Tn8lVUkEXA="></latexit>

?

S = { (5, 5) , (6, 8) }

<latexit sha1_base64="JJqAmyKSDhbKwOyAmtdW7+gzEds=">AAACEXicbVDLSgNBEJyNr7i+oh5FGAxCAiHsSqK5CEEvHiOaB2RDmJ104pDZBzO9Qlhy8hP8Cq968iZe/QIP/oubmIMm1qmo6qa7yg2l0GhZn0ZqaXlldS29bm5sbm3vZHb3GjqIFIc6D2SgWi7TIIUPdRQooRUqYJ4roekOLyd+8x6UFoF/i6MQOh4b+KIvOMNE6mYOb+g5NZ3YMXPlQjnv0ELCTguVvOlQZ9zNZK2iNQVdJPaMZMkMtW7my+kFPPLARy6Z1m3bCrETM4WCSxibTqQhZHzIBtBOqM880J14GmNMjyPNMKAhKCoknYrweyNmntYjz00mPYZ3et6biP957Qj7lU4s/DBC8PnkEAoJ00OaK5H0A7QnFCCyyedAhU85UwwRlKCM80SMksLMpA97Pv0iaZwU7VKxfF3KVi9mzaTJATkiOWKTM1IlV6RG6oSTB/JEnsmL8Wi8Gm/G+89oypjt7JM/MD6+AY1PmLA=</latexit>

bR(S) = { (0, 0) , (1, 1) , (7, 13) }

<latexit sha1_base64="Avc8JjB2RAzHxUwPMEMzrVR7eq0="></latexit>
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ICO is monotone
is monotonebR

<latexit sha1_base64="diZ72jmBTWwlMAPOrgfpE3iBtiw=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKomh92SSnnB+6W4MiK+IraKGiQ7R8CwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2mCSItsCECFei2CwaV9LFBkhS2Q43guQpb7uQq9Vv3qI0M/DuahtjzYOTLoRRAidTpPsgBjoHi21m/XLGrdga+SJycVFiOer/81R0EIvLQJ6HAmI5jh9SLQZMUCmelbmQwBDGBEXYS6oOHphdnkWf8KDJAAQ9Rc6l4JuLvjRg8Y6aem0x6QGMz76Xif14nouFFL5Z+GBH6Ij1EUmF2yAgtky6QD6RGIkiTI5c+F6CBCLXkIEQiRkk5paQPZ/77RdI8qTqn1bOb00rtMm+myA7YITtmDjtnNXbN6qzBBAvYE3tmL9aj9Wq9We8/owUr39lnf2B9fANszpYB</latexit>

TH.

Take S1 ✓ S2

<latexit sha1_base64="jddU5dyebWKQjuffJlqYo6evLWg=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWRHQVBG0FAGhTykxLLOl0045fzgbg2KotR8BS1UdIiW76DgX7CNC0iYajSzq50dL5JCo2V9GoWV1bX1jeJmaWt7Z3fPLO93dBgrDm0eylD1PKZBigDaKFBCL1LAfE9C15tcpn73HpQWYXCD0wgcn40DMRKcYSK5Zrnl2nSgY08Dwh1tuTXXrFhVKwNdJnZOKiRH0zW/BsOQxz4EyCXTum9bETozplBwCfPSINYQMT5hY+gnNGA+aGeWRZ/T41gzDGkEigpJMxF+b8yYr/XU95JJn+GtXvRS8T+vH+Po3JmJIIoRAp4eQiEhO6S5EkknQIdCASJLkwMVAeVMMURQgjLOEzFOSiolfdiL3y+TTq1q16un1/VK4yJvpkgOyRE5ITY5Iw1yRZqkTTh5IE/kmbwYj8ar8Wa8/4wWjHzngPyB8fEN1BCXsQ==</latexit>

bR(S1) ✓ bR(S2)

<latexit sha1_base64="LDOB9ti5pJbeCR9UU1OwomejvUo=">AAACH3icbVC7TsNAEDzzDOEVoKQ5ESGBkCIbgaCMoKEMjzykJIrWl01y4vzgbg2KrHwEn8BX0EJFh2hT8C/YJgUBphrN7Gp3xg2VNGTbY2tmdm5+YTG3lF9eWV1bL2xs1kwQaYFVEahAN1wwqKSPVZKksBFqBM9VWHdvz1O/fo/ayMC/oWGIbQ/6vuxJAZRIncJB60F2cQAUX432rjvOPm+ZyDVIeMenrcP9TqFol+wM/C9xJqTIJqh0Cp+tbiAiD30SCoxpOnZI7Rg0SaFwlG9FBkMQt9DHZkJ98NC04yzUiO9GBijgIWouFc9E/LkRg2fM0HOTSQ9oYH57qfif14yod9qOpR9GhL5ID5FUmB0yQsukLeRdqZEI0s+RS58L0ECEWnIQIhGjpL580ofzO/1fUjssOUel48ujYvls0kyObbMdtsccdsLK7IJVWJUJ9sie2Qt7tZ6sN+vd+vgenbEmO1tsCtb4C+fHom8=</latexit>

we want to prove

take y 2 bR(S1)

<latexit sha1_base64="Rca3g9NDApgDTvKUmMbMozT9fVc=">AAACCHicbVC7TsNAEDyHd3iFR0dzIkKCJrJREJQIGsrwSEBKomh9WZJTzmfrbg0KVn6Ar6CFig7R8hcU/AuOccFrqtHMrnZ2/EhJS6777hQmJqemZ2bnivMLi0vLpZXVhg1jI7AuQhWaKx8sKqmxTpIUXkUGIfAVXvqD47F/eYPGylBf0DDCdgA9La+lAEqlTml92JK6dSu72AdKzkbb5x1vp1MquxU3A/9LvJyUWY5ap/TR6oYiDlCTUGBt03MjaidgSAqFo2IrthiBGEAPmynVEKBtJ1n6Ed+KLVDIIzRcKp6J+H0jgcDaYeCnkwFQ3/72xuJ/XjOm64N2InUUE2oxPkRSYXbICiPTWpB3pUEiGCdHLjUXYIAIjeQgRCrGaU/FtA/v9/d/SWO34lUre6fV8uFR3sws22CbbJt5bJ8dshNWY3Um2B17YI/sybl3np0X5/VrtODkO2vsB5y3T+XgmWw=</latexit>

we want to prove y 2 bR(S2)

<latexit sha1_base64="pVlXNYw4EQaVuyLY2NcUYtiToM4=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQgJmsiOQFAiaCjDI4CURNH6spBTzmfrbg0KVn6Ar6CFig7R8hcU/AuOcQEJU41mdrWz40dKWnLdT2dicmp6ZrYwV5xfWFxaLq2sXtowNgLrIlShufbBopIa6yRJ4XVkEAJf4ZXfOx76V3dorAz1BfUjbAVwq+WNFECp1C6t95tSN+9lB7tAydlg+7xd3WmXym7FzcDHiZeTMstRa5e+mp1QxAFqEgqsbXhuRK0EDEmhcFBsxhYjED24xUZKNQRoW0mWfsC3YgsU8ggNl4pnIv7eSCCwth/46WQA1LWj3lD8z2vEdHPQSqSOYkIthodIKswOWWFkWgvyjjRIBMPkyKXmAgwQoZEchEjFOO2pmPbhjX4/Ti6rFW+3sne6Wz48ypspsA22ybaZx/bZITthNVZngj2wJ/bMXpxH59V5c95/RiecfGeN/YHz8Q3ncJlt</latexit>

9x1 ... xn

y
2 R

<latexit sha1_base64="hB81GeXcvEiqHKDLNkaSFlErj1k=">AAACGHicbVC7TsNAEDzzDOEVoKQ5EZCoLBuBoETQUAZEACmOrPWxgRPns3W3Roms/ACfwFfQQkWHaOko+BcuIQWvqUYzu9qdSXIlLQXBuzc2PjE5NV2Zqc7OzS8s1paWz2xWGIFNkanMXCRgUUmNTZKk8CI3CGmi8Dy5ORz457dorMz0KfVybKdwpWVHCiAnxbX1CLvuiuVRx4Aou3EYcd/3I96Ndb/s9SOp+Ulcqwd+MAT/S8IRqbMRGnHtI7rMRJGiJqHA2lYY5NQuwZAUCvvVqLCYg7iBK2w5qiFF2y6Hafp8o7BAGc/RcKn4UMTvGyWk1vbSxE2mQNf2tzcQ//NaBXX22qXUeUGoxeAQSYXDQ1YY6WpCfikNEsHgc+QuuwADRGgkByGcWLjeqq6P8Hf6v+Rsyw+3/Z3j7fr+waiZCltla2yThWyX7bMj1mBNJtgde2CP7Mm79569F+/1a3TMG+2ssB/w3j4BbzmfkQ==</latexit>

with
+

<latexit sha1_base64="Q1F58jqIZhLpEK3suppwyN0eSjY=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyVRC0tM5CMCIXPLgBv29i67cxJC8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvpZJaWV1bXsuu5jc2t7Z387l7NhrERWBWhCk3DB4tKaqySJIWNyCAEvsK6P7hM/foDGitDfUujCNsB9LXsSQGUSHetq3CowZhw2MkX3KI7BV8k3owU2AyVTv6r1Q1FHKAmocDapudG1B6DISkUTnKt2GIEYgB9bCZUQ4C2PZ4mnvCj2AKFPELDpeJTEX9vjCGwdhT4yWQAdG/nvVT8z2vG1Dtvj6WOYkIt0kMkFU4PWWFkUgXyrjRIBGly5FJzAQaI0EgOQiRinHSTS/rw5r9fJLWTolcqnt6UCuWLWTNZdsAO2THz2Bkrs2tWYVUmmGZP7Jm9OI/Oq/PmvP+MZpzZzj77A+fjG5kElYo=</latexit>

+

<latexit sha1_base64="Q1F58jqIZhLpEK3suppwyN0eSjY=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyVRC0tM5CMCIXPLgBv29i67cxJC8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvpZJaWV1bXsuu5jc2t7Z387l7NhrERWBWhCk3DB4tKaqySJIWNyCAEvsK6P7hM/foDGitDfUujCNsB9LXsSQGUSHetq3CowZhw2MkX3KI7BV8k3owU2AyVTv6r1Q1FHKAmocDapudG1B6DISkUTnKt2GIEYgB9bCZUQ4C2PZ4mnvCj2AKFPELDpeJTEX9vjCGwdhT4yWQAdG/nvVT8z2vG1Dtvj6WOYkIt0kMkFU4PWWFkUgXyrjRIBGly5FJzAQaI0EgOQiRinHSTS/rw5r9fJLWTolcqnt6UCuWLWTNZdsAO2THz2Bkrs2tWYVUmmGZP7Jm9OI/Oq/PmvP+MZpzZzj77A+fjG5kElYo=</latexit>

S1 ✓ S2

<latexit sha1_base64="jddU5dyebWKQjuffJlqYo6evLWg=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWRHQVBG0FAGhTykxLLOl0045fzgbg2KotR8BS1UdIiW76DgX7CNC0iYajSzq50dL5JCo2V9GoWV1bX1jeJmaWt7Z3fPLO93dBgrDm0eylD1PKZBigDaKFBCL1LAfE9C15tcpn73HpQWYXCD0wgcn40DMRKcYSK5Zrnl2nSgY08Dwh1tuTXXrFhVKwNdJnZOKiRH0zW/BsOQxz4EyCXTum9bETozplBwCfPSINYQMT5hY+gnNGA+aGeWRZ/T41gzDGkEigpJMxF+b8yYr/XU95JJn+GtXvRS8T+vH+Po3JmJIIoRAp4eQiEhO6S5EkknQIdCASJLkwMVAeVMMURQgjLOEzFOSiolfdiL3y+TTq1q16un1/VK4yJvpkgOyRE5ITY5Iw1yRZqkTTh5IE/kmbwYj8ar8Wa8/4wWjHzngPyB8fEN1BCXsQ==</latexit>

+

<latexit sha1_base64="Q1F58jqIZhLpEK3suppwyN0eSjY=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyVRC0tM5CMCIXPLgBv29i67cxJC8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvpZJaWV1bXsuu5jc2t7Z387l7NhrERWBWhCk3DB4tKaqySJIWNyCAEvsK6P7hM/foDGitDfUujCNsB9LXsSQGUSHetq3CowZhw2MkX3KI7BV8k3owU2AyVTv6r1Q1FHKAmocDapudG1B6DISkUTnKt2GIEYgB9bCZUQ4C2PZ4mnvCj2AKFPELDpeJTEX9vjCGwdhT4yWQAdG/nvVT8z2vG1Dtvj6WOYkIt0kMkFU4PWWFkUgXyrjRIBGly5FJzAQaI0EgOQiRinHSTS/rw5r9fJLWTolcqnt6UCuWLWTNZdsAO2THz2Bkrs2tWYVUmmGZP7Jm9OI/Oq/PmvP+MZpzZzj77A+fjG5kElYo=</latexit>

y 2 bR(S2)

<latexit sha1_base64="pVlXNYw4EQaVuyLY2NcUYtiToM4=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQgJmsiOQFAiaCjDI4CURNH6spBTzmfrbg0KVn6Ar6CFig7R8hcU/AuOcQEJU41mdrWz40dKWnLdT2dicmp6ZrYwV5xfWFxaLq2sXtowNgLrIlShufbBopIa6yRJ4XVkEAJf4ZXfOx76V3dorAz1BfUjbAVwq+WNFECp1C6t95tSN+9lB7tAydlg+7xd3WmXym7FzcDHiZeTMstRa5e+mp1QxAFqEgqsbXhuRK0EDEmhcFBsxhYjED24xUZKNQRoW0mWfsC3YgsU8ggNl4pnIv7eSCCwth/46WQA1LWj3lD8z2vEdHPQSqSOYkIthodIKswOWWFkWgvyjjRIBMPkyKXmAgwQoZEchEjFOO2pmPbhjX4/Ti6rFW+3sne6Wz48ypspsA22ybaZx/bZITthNVZngj2wJ/bMXpxH59V5c95/RiecfGeN/YHz8Q3ncJlt</latexit>

{x1, ..., xn} ✓ S1

<latexit sha1_base64="gdMp2/w8FwFuTFRtJ97N1CxDmsU=">AAACE3icbVC7TsNAEDzzDOEVoKTgRIREEVk2CoIygoYyCPKQ4sg6XzbhxPls7tYokZWST+AraKGiQ7R8AAX/gh1S8JpqNLOr3ZkglsKg47xbM7Nz8wuLhaXi8srq2nppY7NpokRzaPBIRrodMANSKGigQAntWAMLAwmt4Po091u3oI2I1CWOYuiGbKBEX3CGmeSXdqiXDn23Qm3brtChr7yxZ5LAAMINvfBdv1R2bGcC+pe4U1ImU9T90ofXi3gSgkIumTEd14mxmzKNgksYF73EQMz4NRtAJ6OKhWC66STImO4lhmFEY9BUSDoR4ftGykJjRmGQTYYMr8xvLxf/8zoJ9o+7qVBxgqB4fgiFhMkhw7XIGgLaExoQWf45UKEoZ5ohghaUcZ6JSVZZMevD/Z3+L2ke2G7VPjyvlmsn02YKZJvskn3ikiNSI2ekThqEkzvyQB7Jk3VvPVsv1uvX6Iw13dkiP2C9fQLU/5x4</latexit>

{x1, ..., xn} ✓ S2

<latexit sha1_base64="rq6GcBqM5296CXZA4wpTof4Wol4=">AAACE3icbVC7TsNAEDzzDOEVoKTgRIREEVl2FARlBA1lEOQhxZF1vmzgxPls7tYokZWST+AraKGiQ7R8AAX/ghNSQMJUo5ld7c4EsRQGHefTmptfWFxazq3kV9fWNzYLW9sNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBrdnI795D9qISF3hIIZOyK6V6AnOMJP8wh710r7vlqht2yXa95U39EwSGEC4o5d+2S8UHdsZg84Sd0KKZIKaX/jyuhFPQlDIJTOm7ToxdlKmUXAJw7yXGIgZv2XX0M6oYiGYTjoOMqQHiWEY0Rg0FZKORfi9kbLQmEEYZJMhwxsz7Y3E/7x2gr2TTipUnCAoPjqEQsL4kOFaZA0B7QoNiGz0OVChKGeaIYIWlHGeiUlWWT7rw51OP0saZdut2EcXlWL1dNJMjuySfXJIXHJMquSc1EidcPJAnsgzebEerVfrzXr/GZ2zJjs75A+sj2/Wjpx5</latexit>

proof.
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ICO is continuous
is continuousbR

<latexit sha1_base64="diZ72jmBTWwlMAPOrgfpE3iBtiw=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKomh92SSnnB+6W4MiK+IraKGiQ7R8CwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2mCSItsCECFei2CwaV9LFBkhS2Q43guQpb7uQq9Vv3qI0M/DuahtjzYOTLoRRAidTpPsgBjoHi21m/XLGrdga+SJycVFiOer/81R0EIvLQJ6HAmI5jh9SLQZMUCmelbmQwBDGBEXYS6oOHphdnkWf8KDJAAQ9Rc6l4JuLvjRg8Y6aem0x6QGMz76Xif14nouFFL5Z+GBH6Ij1EUmF2yAgtky6QD6RGIkiTI5c+F6CBCLXkIEQiRkk5paQPZ/77RdI8qTqn1bOb00rtMm+myA7YITtmDjtnNXbN6qzBBAvYE3tmL9aj9Wq9We8/owUr39lnf2B9fANszpYB</latexit>

TH. (under some hypotheses)

proof. Take {Si}i2N

<latexit sha1_base64="0YgS22n/kL+EkMNewpVqv1+p0rM=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhUUU2CoIygoYKBUEgUhxZ52OBFeezdbdGiizzCXwFLVR0iJZ/oOBfsEMKIEw1mtnVzk6YKLTkuh/OxOTU9MxsZa46v7C4tFxbWT23cWokdGSsYtMNhQWFGjqEpKCbGBBRqOAivD0s/Ys7MBZjfUaDBPqRuNZ4hVJQIQW1dT87DdDPgwx91H4k6CYMs+M8D2p1t+EOwceJNyJ1NkI7qH36l7FMI9AklbC257kJ9TNhCKWCvOqnFhIhb8U19AqqRQS2nw0/yPlWagXFPAHDUfGhCD83MhFZO4jCYrKMaP96pfif10vpar+foU5SAi3LQ4QKhoesNFhUA/wSDRCJMjlw1FwKI4jAIBdSFmJadFUt+vD+fj9OzncaXrOxe9Kstw5GzVTYBttk28xje6zFjlibdZhk9+yRPbFn58F5cV6dt+/RCWe0s8Z+wXn/AlO/m/Y=</latexit>

a chain in }(F )

<latexit sha1_base64="Fd1qAwghzkZ6BzTG/fcq/qyM97o=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRSIgySOQhJVZ0vmzCkbN9uluDgpV/oIWKDtHyNxT8C7ZxAQlTjWZ2tbPjKSkM2vantbC4tLyyWlgrrm9sbm2XdnZbJow0hyYPZag7HjMgRQBNFCihozQw35PQ9sYXqd++B21EGNzgRIHrs1EghoIzTKRW70FVLo/6pbJdtTPQeeLkpExyNPqlr94g5JEPAXLJjOk6tkI3ZhoFlzAt9iIDivExG0E3oQHzwbhxlnZKDyPDMKQKNBWSZiL83oiZb8zE95JJn+GtmfVS8T+vG+HwzI1FoCKEgKeHUEjIDhmuRVID0IHQgMjS5EBFQDnTDBG0oIzzRIySXopJH87s9/OkdVx1atWT61q5fp43UyD75IBUiENOSZ1ckQZpEk7uyBN5Ji/Wo/VqvVnvP6MLVr6zR/7A+vgGb1mTHQ==</latexit>

We want to prove
[

i2N

bR(Si) = bR
 
[

i2N
Si

!

<latexit sha1_base64="Drv8GrmR8Bl6vpkzLa+/r/QQlDc="></latexit>

[

i2N

bR(Si) ✓ bR
 
[

i2N
Si

!

<latexit sha1_base64="xpNIJKXIejC7ByFKfaxHEjsOJT0="></latexit>

because      is monotonebR

<latexit sha1_base64="diZ72jmBTWwlMAPOrgfpE3iBtiw=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKomh92SSnnB+6W4MiK+IraKGiQ7R8CwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2mCSItsCECFei2CwaV9LFBkhS2Q43guQpb7uQq9Vv3qI0M/DuahtjzYOTLoRRAidTpPsgBjoHi21m/XLGrdga+SJycVFiOer/81R0EIvLQJ6HAmI5jh9SLQZMUCmelbmQwBDGBEXYS6oOHphdnkWf8KDJAAQ9Rc6l4JuLvjRg8Y6aem0x6QGMz76Xif14nouFFL5Z+GBH6Ij1EUmF2yAgtky6QD6RGIkiTI5c+F6CBCLXkIEQiRkk5paQPZ/77RdI8qTqn1bOb00rtMm+myA7YITtmDjtnNXbN6qzBBAvYE3tmL9aj9Wq9We8/owUr39lnf2B9fANszpYB</latexit>

[

i2N

bR(Si) ◆ bR
 
[

i2N
Si

!

<latexit sha1_base64="3GEVq3OzV28f8rvgJMBTbRn3oLU="></latexit>

?
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ICO is continuous (ctd)
[

i2N

bR(Si) ◆ bR
 
[

i2N
Si

!

<latexit sha1_base64="3GEVq3OzV28f8rvgJMBTbRn3oLU="></latexit>

Take y 2 bR
 
[

i2N
Si

!

<latexit sha1_base64="yTGwLZkXwL5ZDqRC1otLaLwEB2A="></latexit>

we want to prove y 2
[

i2N

bR(Si)

<latexit sha1_base64="Ll0Iknf1UldAL2rXZnpMNjLrYOo="></latexit>

+

<latexit sha1_base64="Q1F58jqIZhLpEK3suppwyN0eSjY=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyVRC0tM5CMCIXPLgBv29i67cxJC8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvpZJaWV1bXsuu5jc2t7Z387l7NhrERWBWhCk3DB4tKaqySJIWNyCAEvsK6P7hM/foDGitDfUujCNsB9LXsSQGUSHetq3CowZhw2MkX3KI7BV8k3owU2AyVTv6r1Q1FHKAmocDapudG1B6DISkUTnKt2GIEYgB9bCZUQ4C2PZ4mnvCj2AKFPELDpeJTEX9vjCGwdhT4yWQAdG/nvVT8z2vG1Dtvj6WOYkIt0kMkFU4PWWFkUgXyrjRIBGly5FJzAQaI0EgOQiRinHSTS/rw5r9fJLWTolcqnt6UCuWLWTNZdsAO2THz2Bkrs2tWYVUmmGZP7Jm9OI/Oq/PmvP+MZpzZzj77A+fjG5kElYo=</latexit>

9x1 ... xn

y
2 R

<latexit sha1_base64="hB81GeXcvEiqHKDLNkaSFlErj1k=">AAACGHicbVC7TsNAEDzzDOEVoKQ5EZCoLBuBoETQUAZEACmOrPWxgRPns3W3Roms/ACfwFfQQkWHaOko+BcuIQWvqUYzu9qdSXIlLQXBuzc2PjE5NV2Zqc7OzS8s1paWz2xWGIFNkanMXCRgUUmNTZKk8CI3CGmi8Dy5ORz457dorMz0KfVybKdwpWVHCiAnxbX1CLvuiuVRx4Aou3EYcd/3I96Ndb/s9SOp+Ulcqwd+MAT/S8IRqbMRGnHtI7rMRJGiJqHA2lYY5NQuwZAUCvvVqLCYg7iBK2w5qiFF2y6Hafp8o7BAGc/RcKn4UMTvGyWk1vbSxE2mQNf2tzcQ//NaBXX22qXUeUGoxeAQSYXDQ1YY6WpCfikNEsHgc+QuuwADRGgkByGcWLjeqq6P8Hf6v+Rsyw+3/Z3j7fr+waiZCltla2yThWyX7bMj1mBNJtgde2CP7Mm79569F+/1a3TMG+2ssB/w3j4BbzmfkQ==</latexit>

with {x1, ..., xn} ✓
[

i2N
Si

<latexit sha1_base64="C46c+M4cUpFxeHUfnVdMHC6on/4="></latexit>

thus 8j 2 [1, n]. 9kj 2 N. xj 2 Skj

<latexit sha1_base64="KP6YRI8B64m3pxnMQKg5BDHZMYo="></latexit>

take k = max{k1, ..., kn}

<latexit sha1_base64="hmcrEpqXRhmvDTGvE5wLa0KHRkc=">AAACCnicbVDLSsRAEJys7/UVFbx4GVwEDxISWdGLIHrxqOCqsFlCZ2zXIZNJmOmIEvcP/AqvevImXv0JD/6L2XUPvupUVHXT1RXnSlry/XenNjI6Nj4xOVWfnpmdm3cXFk9tVhiBLZGpzJzHYFFJjS2SpPA8NwhprPAsTg76/tk1GiszfUK3OXZS6Gp5KQVQJUXucrIbpnDDwzKJgg3P8zaSSIe9yG34nj8A/0uCIWmwIY4i9yO8yESRoiahwNp24OfUKcGQFAp79bCwmINIoIvtimpI0XbKQf4eXyssUMZzNFwqPhDx+0YJqbW3aVxNpkBX9rfXF//z2gVd7nRKqfOCUIv+IZIKB4esMLIqBvmFNEgE/eTIpeYCDBChkRyEqMSiaqpe9RH8/v4vOd30gqa3ddxs7O0Pm5lkK2yVrbOAbbM9dsiOWIsJdsce2CN7cu6dZ+fFef0arTnDnSX2A87bJ9ChmUM=</latexit>

{x1, ..., xn} ✓ Sk

<latexit sha1_base64="Q1GnZ/iMbRmTH/Fpm3Q9X3dvqVw=">AAACE3icbVC7TsNAEDzzDOEVoKTgRIREgSwbBUEZQUMZBHlIcWSdLwuccj6buzVKZKXkE/gKWqjoEC0fQMG/YIcUkDDVaGZXuzNBLIVBx/m0Zmbn5hcWC0vF5ZXVtfXSxmbDRInmUOeRjHQrYAakUFBHgRJasQYWBhKaQe8s95v3oI2I1BUOYuiE7EaJa8EZZpJf2qFe2vfdA2rb9gHt+8obeiYJDCDc0Uu/55fKju2MQKeJOyZlMkbNL3153YgnISjkkhnTdp0YOynTKLiEYdFLDMSM99gNtDOqWAimk46CDOleYhhGNAZNhaQjEX5vpCw0ZhAG2WTI8NZMern4n9dO8PqkkwoVJwiK54dQSBgdMlyLrCGgXaEBkeWfAxWKcqYZImhBGeeZmGSVFbM+3Mn006RxaLsV++iiUq6ejpspkG2yS/aJS45JlZyTGqkTTh7IE3kmL9aj9Wq9We8/ozPWeGeL/IH18Q0vdJyy</latexit>

clearly 
thus y 2 bR(Sk)

<latexit sha1_base64="vgJ5L4n9REz0xCA+k9PSpRuSkAY=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIxwQvZNRg9Er14xAePBAjpHRqYMPvITK+GrPyBX+FVT96MV3/Cg//ighwUrFOlqjtdXW6opCHb/rRSC4tLyyvp1cza+sbmVnZ7p2qCSAusiEAFuu6CQSV9rJAkhfVQI3iuwpo7uBj7tTvURgb+LQ1DbHnQ82VXCqBEamf3hk3p8+a97GAfKL4e5W/agyPezubsgj0BnyfOlOTYFOV29qvZCUTkoU9CgTENxw6pFYMmKRSOMs3IYAhiAD1sJNQHD00rnuQf8cPIAAU8RM2l4hMRf2/E4Bkz9Nxk0gPqm1lvLP7nNSLqnrVi6YcRoS/Gh0gqnBwyQsukGOQdqZEIxsmRJ10I0ECEWnIQIhGjpKlM0ocz+/08qR4XnGLh5KqYK51Pm0mzfXbA8sxhp6zELlmZVZhgD+yJPbMX69F6td6s95/RlDXd2WV/YH18A/ormfo=</latexit>

✓
[

i2N

bR(Si)

<latexit sha1_base64="KNLzToM8Ai76fCiaXcCmiUiXfLc="></latexit>

possible iff each rule has
finitely many premises
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Provable theorems
IR

<latexit sha1_base64="19FospwxhlbD/s5m0UdUahosVw0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNNCFRx5SEkXnyyaccn7obg2KrHwCLVR0iJbvoeBfsI0LCEw1mtnVzo4bKmnItj+swsLi0vJKcbW0tr6xuVXe3mmZINICmyJQge643KCSPjZJksJOqJF7rsK2OzlP/fY9aiMD/5amIfY9PvblSApOiXRzObgelCt21c7A/hInJxXI0RiUP3vDQEQe+iQUN6br2CH1Y65JCo WzUi8yGHIx4WPsJtTnHpp+nEWdsYPIcApYiJpJxTIRf27E3DNm6rnJpMfpzsx7qfif141odNqPpR9GhL5ID5FUmB0yQsukA2RDqZGIp8mRSZ8JrjkRasm4EIkYJaWUkj6c+e//ktZR1alVj69qlfpZ3kwR9mAfDsGBE6jDBTSgCQLG8AhP8Gw9WC/Wq/X2PVqw8p1d+AXr/Quen5If</latexit>

set of theorems in R

<latexit sha1_base64="LIx61kPIz3Ync/DU7iShkL9Uxk4=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJQJIiRSYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w/uTWQ1hw6PZKR7ATMghYIOCpTQizWwMJDQDabXmd99BG1EpO5wFoMfsokSY8EZplL7dlituXU3B10mXkFqpEBrWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8aWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6Z3J/VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BTeeRYw==</latexit>

InR

<latexit sha1_base64="9a3rw7YWaYiPhETShjWM4Yf+ucE=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNNAFhJNIiYnOl0045Xy27tZIkZVvoIWKDtHyORT8C7ZxAQlTjWZ2tbPjR1IYtO1Pq7S0vLK6Vl6vbGxube9Ud/faJow1B5eHMtRdnxmQQoGLAiV0Iw0s8CV0/Mll5nceQRsRqjucRuAFbKzESHCGqeRe36vB7aBas+t2DrpInILUSIHWoPrVH4Y8DkAhl8yYnmNH6CVMo+ ASZpV+bCBifMLG0EupYgEYL8nDzuhRbBiGNAJNhaS5CL83EhYYMw38dDJg+GDmvUz8z+vFODr3EqGiGEHx7BAKCfkhw7VIWwA6FBoQWZYcqFCUM80QQQvKOE/FOK2lkvbhzH+/SNondadRP71p1JoXRTNlckAOyTFxyBlpkivSIi7hRJAn8kxerKn1ar1Z7z+jJavY2Sd/YH18Aykhkv8=</latexit>

theorems provable with a derivation of height at most n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>

I0R = ;

<latexit sha1_base64="2ukD7rvVhCSgRUorrA4B2X8sy5c=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWSjIGiQImigC4g8pMRY58smnHJ+6G4NiqzUfAUtVHSIlu+g4F+wTQpImGo0s6udHS+SQqNlfRqFhcWl5ZXiamltfWNzyyxvt3QYKw5NHspQdTymQYoAmihQQidSwHxPQtsbnWd++x6UFmFwg+MIHJ8NAzEQnGEquWb58tZyr+kp7YEf4VgDumbFqlo56Dyxp6RCpmi45levH/LYhw C5ZFp3bStCJ2EKBZcwKfViDRHjIzaEbkoD5oN2kjz6hO7HmmFII1BUSJqL8HsjYb7WY99LJ32Gd3rWy8T/vG6MgxMnEUEUIwQ8O4RCQn5IcyXSToD2hQJEliUHKgLKmWKIoARlnKdinJZUSvuwZ7+fJ63Dql2rHl3VKvWzaTNFskv2yAGxyTGpkwvSIE3CyQN5Is/kxXg0Xo034/1ntGBMd3bIHxgf3+Lwl74=</latexit>

In+1
R = InR [ bR(InR)

<latexit sha1_base64="2zCmxq4YpUJ37dRUGCeaaUU5k10=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBAiQtiViF6EoBe9aTBGSGLonbQ6ZHZ2melVwpJf8BP8Cq968iZeBQ/+i5s1B1916aKqm+4uP1LSkuu+O2PjE5NT07mZ/Ozc/MJiYWn5zIaxEVgXoQrNuQ8WldRYJ0kKzyODEPgKG37vYOg3btBYGepT6kfYDuBKy0spgFKpUygdXSR60xt0anzv6EKnpSXiiLduZRevgZLaoJTJG51C0S 27Gfhf4o1IkY1w3Cl8tLqhiAPUJBRY2/TciNoJGJJC4SDfii1GIHpwhc2UagjQtpPsowFfjy1QyCM0XCqeifh9IoHA2n7gp50B0LX97Q3F/7xmTJe77UTqKCbUYriIpMJskRVGplEh70qDRDC8HLnUXIABIjSSgxCpGKfZ5dM8vN/f/yVnW2WvUt4+qRSr+6NkcmyVrbES89gOq7JDdszqTLA79sAe2ZNz7zw7L87rV+uYM5pZYT/gvH0CbsagjA==</latexit>

theorems provable with a derivation of height at most n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>

provable using one more inference step

clearly IR =
[

n2N
InR

<latexit sha1_base64="5pJu2T9Yffz7UZfy3Ej5aSzYFuk=">AAACF3icbVC7TsNAEDzzDOEVoKQ5ESFRRTYKggYpgoY0KETkIcXBOh+bcMr5bN2tkSLLH8An8BW0UNEhWkoK/gU7pOA11WhmVrs7fiSFQdt+t2Zm5+YXFgtLxeWV1bX10sZm24Sx5tDioQx112cGpFDQQoESupEGFvgSOv7oNPc7t6CNCNUljiPoB2yoxEBwhpnklcp1r0mPXV8MeRx5iXKFcgOGN76fnKcprV8pr5ml7Io9Af1LnCkpkykaXunDvQ55HIBCLpkxPceOsJ8wjYJLSItubCBifMSG0MuoYgGYfjJ5JqW7sWEY0gg0FZJORPg+kbDAmHHgZ8n8UPPby8X/vF6Mg6N+IlQUIyieL0IhYbLIcC2yloBeCw2ILL8cqFCUM80QQQvKOM/EOKutmPXh/P7+L2nvV5xq5eCiWq6dTJspkG2yQ/aIQw5JjZyRBmkRTu7IA3kkT9a99Wy9WK9f0RlrOrNFfsB6+wR+sp+x</latexit>
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n-depth theorems
TH. Let 

by mathematical induction 

P (n) , InR = bRn(;)

<latexit sha1_base64="klBG3CitSDQZTP91N6hI35gGz7M="></latexit>

P (0) , I0R = bR0(;)

<latexit sha1_base64="sTvGFk0jDR/CWW30urljwF2v0Jg=">AAACI3icbVC7TsNAEDzzJrwClDQnIqSkCTYCQYOEoIEuIBKQ4hCtL0s4cT6buzUosvIZfAJfQQsVHaKh4F9wQgpImGo0s6vdmSBW0pLrfjpj4xOTU9Mzs7m5+YXFpfzySs1GiRFYFZGKzGUAFpXUWCVJCi9jgxAGCi+C26Oef3GPxspIn1MnxkYIbS2vpQDKpGZ+s1J0Sz4ZCbqt8I6fXLnNM77P/QfZwhug9Kx75RZ9DGPqWK RSM19wy24ffJR4A1JgA1Sa+S+/FYkkRE1CgbV1z42pkYIhKRR2c35iMQZxC22sZ1RDiLaR9oN1+UZigSIeo+FS8b6IvzdSCK3thEE2GQLd2GGvJ/7n1RO63mukUscJoRa9QyQV9g9ZYWTWGPKWNEgEvc+RS80FGCBCIzkIkYlJVmEu68MbTj9Kaltlb7u8c7pdODgcNDPD1tg6KzKP7bIDdswqrMoEe2TP7IW9Ok/Om/PufPyMjjmDnVX2B87XN94ho2k=</latexit>

I0R = ; = bR0(;)

<latexit sha1_base64="8qNcKA/3B6zRKHpGjfcV0kyPPdw=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIKChF2J6EUQvehNxWggiaF30kmGzD6Y6VXCkp/wE/wKr3ryJh4V/Bd34yKaWKeiqpvuKjdU0pBtv1tj4xOTU9Mzs7m5+YXFpfzyypUJIi2wLAIV6IoLBpX0sUySFFZCjeC5Cq/d7nHqX9+iNjLwL6kXYt2Dti9bUgAlUiO/fXpjNy74Aa+hF1LPIOUSfieb2AGKL/o39uaPs9XIF+yiPQAfJU5GCizDWSP/WWsGIvLQJ6HAmKpjh1SPQZMUCvu5WmQwBNGFNlYT6oOHph4PUvX5RmSAAh6i5lLxgYi/N2LwjOl5bjLpAXXMsJeK/3nViFr79Vj6YUToi/QQSYWDQ0ZomdSFvCk1EkH6OXLpcwEaiFBLDkIkYpT0l0v6cIbTj5KrnaJTKu6elwqHR1kzM2yNrbNN5rA9dshO2BkrM8Hu2SN7Ys/Wg/VivVpv36NjVrazyv7A+vgC9YOidQ==</latexit>

8n 2 N. P (n) ) P (n+ 1)

<latexit sha1_base64="x0zRPGw1scBJ5OOWNyVw/v1TPsc="></latexit>

take a generic n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>

we assumeP (n) , InR = bRn(;)

<latexit sha1_base64="klBG3CitSDQZTP91N6hI35gGz7M="></latexit>

we want to prove P (n+ 1) , In+1
R = bRn+1(;)

<latexit sha1_base64="r7zKUE3mt/yeN1Od6WYxEJ5tY/o="></latexit>

In+1
R = InR [ bR(InR)

<latexit sha1_base64="1KLrNlOJ/uUBzDwp/DMJH6y64kk=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIexKRC9C0IveNBgVkhh6J60OmZ1dZnqVsOQj/AS/wquevInXHPwXd9ccfNWpqOqmu8qPlLTkukNnbHxicmq6MFOcnZtfWCwtLZ/bMDYCGyJUobn0waKSGhskSeFlZBACX+GF3zvM/Is7NFaG+oz6EbYDuNHyWgqgVOqUto6vEr3lDTp1Xtznx1c6JS0RR7x1L7t4C5TUBxu5vFnslM puxc3B/xJvRMpshJNO6aPVDUUcoCahwNqm50bUTsCQFAoHxVZsMQLRgxtsplRDgLad5KEGfD22QCGP0HCpeC7i940EAmv7gZ9OBkC39reXif95zZiu99qJ1FFMqEV2iKTC/JAVRqZtIe9Kg0SQfY5cai7AABEayUGIVIzT+rI+vN/p/5Lz7YpXreycVsu1g1EzBbbK1tgG89guq7EjdsIaTLAH9sSe2Yvz6Lw6b8771+iYM9pZYT/gDD8BSXCg3g==</latexit>

= bRn(;) [ bR( bRn(;))

<latexit sha1_base64="LS+K9ff81mLxsvqP1lCknSeDUAA=">AAACOnicdVDLSgNBEJz1bXxFPXoZDEK8hF1R9CKIgnhUMSpkY+idtDo4OzvM9CphyR/5CX6FN1Ev3sSrH+BuzMFnnYqqarq7IqOkI99/8AYGh4ZHRsfGSxOTU9Mz5dm5Y5ekVmBdJCqxpxE4VFJjnSQpPDUWIY4UnkRXO4V/co3WyUQfUcdgM4YLLc+lAMqlVnl3k4c3so2XQNlh90xXQ4wNdRzSMg9Far661f+Sy6VWueLX/B74bxL0SYX1sd8qP4ftRKQxahIKnGsEvqFmBpakUNgthalDA+IKLrCRUw0xumbW+7fLl1IHlHCDlkvFeyJ+ncggdq4TR3kyBrp0P71C/MtrpHS+0cykNimhFsUikgp7i5ywMi8SeVtaJILicuRScwEWiNBKDkLkYpo3W/QR/Pz+NzleqQWrtbWD1crWdr+ZMbbAFlmVBWydbbE9ts/qTLBbds8e2ZN35714r97bZ3TA68/Ms2/w3j8AqYmuHA==</latexit>

= bRn(;) [ bRn+1(;)

<latexit sha1_base64="P0tNeNr1CSDXbWwkyvMmcsa7pFY=">AAACMXicbVDLSgNBEJz1GeMr6tHLYBAUIeyKohch6MWjilEhG0PvpNUhs7PDTK8SlnyNn+BXeNWTB0G8+hPuxhx81amoqqa7KzJKOvL9F29kdGx8YrI0VZ6emZ2brywsnrkktQIbIlGJvYjAoZIaGyRJ4YWxCHGk8DzqHhT++S1aJxN9Sj2DrRiutbySAiiX2pW9PR7eyQ7eAGUn/Uu9FmJsqOeQ1nkoUvPDzfRG0P+WKLcrVb/mD8D/kmBIqmyIo3blNewkIo1Rk1DgXDPwDbUysCSFwn45TB0aEF24xmZONcToWtngzT5fTR1Qwg1aLhUfiPh9IoPYuV4c5ckY6Mb99grxP6+Z0tVuK5PapIRaFItIKhwscsLKvD/kHWmRCIrLkUvNBVggQis5CJGLaV5o0Ufw+/u/5GyzFmzVto+3qvX9YTMltsxW2BoL2A6rs0N2xBpMsHv2yJ7Ys/fgvXhv3vtXdMQbziyxH/A+PgHzQqo5</latexit>

= bRn+1(;)

<latexit sha1_base64="MjhwFgXHq8+fddpkzGF+TwdKrWg=">AAACE3icbVDLSgNBEJz1bXxFPXpwMAgRIeyKohch6MVjFKNCEkPvpJMMmZ1dZnqVsOToJ/gVXvXkTbz6AR78F3djDr7qVFR1013lR0pact13Z2x8YnJqemY2Nze/sLiUX165sGFsBFZFqEJz5YNFJTVWSZLCq8ggBL7CS793nPmXN2isDPU59SNsBNDRsi0FUCo18+uHvH4rW9gFSs4G14ne9gbFOgYR9S3SVq6ZL7gldwj+l3gjUmAjVJr5j3orFHGAmoQCa2ueG1EjAUNSKBzk6rHFCEQPOlhLqYYAbSMZBhnwzdgChTxCw6XiQxG/byQQWNsP/HQyAOra314m/ufVYmofNBKpo5hQi+wQSYXDQ1YYmTaEvCUNEkH2OXKpuQADRGgkByFSMU4ry/rwfqf/Sy52St5uae90t1A+GjUzw9bYBisyj+2zMjthFVZlgt2xB/bInpx759l5cV6/Rsec0c4q+wHn7RPNOp2p</latexit>

by def
by inductive hypothesis
by def
because bRn(;) ✓ bRn+1(;)

<latexit sha1_base64="VxK3v/rT/LGRza1OCLknmETxot8=">AAACNHicbVDLSgNBEJz1bXxFPXoZDEJECLui6DHoxWMUE4VsDL2TVgdnZ9eZXiUs+R0/wa/wqiDoSbz6De7GHKKxTkVVNd1dQaykJdd9dcbGJyanpmdmC3PzC4tLxeWVho0SI7AuIhWZ8wAsKqmxTpIUnscGIQwUngU3h7l/dofGykifUjfGVghXWl5KAZRJ7WLVv5cdvAZKT3oXuuxjGFPXIm1y3yZBRvCWD0dSveX1hmKFdrHkVtw++CjxBqTEBqi1i+9+JxJJiJqEAmubnhtTKwVDUijsFfzEYgziBq6wmVENIdpW2v+0xzcSCxTxGA2XivdFHJ5IIbS2GwZZMgS6tn+9XPzPayZ0ud9KpY4TQi3yRSQV9hdZYWRWIfKONEgE+eXIpeYCDBChkRyEyMQk6zTvw/v7/ShpbFe8ncru8U6pejBoZoatsXVWZh7bY1V2xGqszgR7YE/smb04j86b8+F8/kTHnMHMKvsF5+sbkJGsHg==</latexit>

proof.

<latexit sha1_base64="BPem+JalWCFdqMsJwd3NljuOW1Y=">AAACEHicbVC7TsNAEDyHVwivACUUJyIkaCIbIaCMoKFCQSIBKY6i9WUTTjmfrbs1UmSFgk/gK2ihokO0/AEF/4IdUvCaajSzq52dIFbSkuu+O4Wp6ZnZueJ8aWFxaXmlvLrWtFFiBDZEpCJzFYBFJTU2SJLCq9gghIHCy2BwkvuXN2isjPQFDWNsh9DXsicFUCZ1ypt+LzKgFNe+1H4IdB0E6dmoelvf0budcsWtumPwv8SbkAqboN4pf/jdSCQhahIKrG15bkztFAxJoXBU8hOLMYgB9LGVUQ0h2nY6/mLEtxMLFPEYDZeKj0X8vpFCaO0wDLLJPKf97eXif14rod5RO5U6Tgi1yA+RVDg+ZIWRWT3Iu9IgEeTJkUvNBRggQiM5CJGJSdZXKevD+/39X9Lcq3oHVfd8v1I7njRTZBtsi+0wjx2yGjtlddZggt2xB/bInpx759l5cV6/RgvOZGed/YDz9gn7UZy1</latexit>

8n 2 N. P (n)
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ICO’s fixpoint
TH. fix ( bR) = IR

<latexit sha1_base64="d4fH01TvzUdrwT2Bf1XeQUZ2Hug=">AAACE3icbVC7SgNREL3rM8ZX1NLCi0HQJuyKoo0g2minYlRIQpi9meiQuw/unVXDktJP8CtstbITWz/Awn9xN6bwdarDOTPMmePHmiy77rszNDwyOjZemChOTk3PzJbm5s9slBiFVRXpyFz4YFFTiFUm1ngRG4TA13jud/Zz//wajaUoPOVujI0ALkNqkwLOpGZpqR4AXxGnbbrtrdZvqIVXwOlJb03uyMPmSbNUdituH/Iv8QakLAY4apY+6q1IJQGGrDRYW/PcmBspGCalsVesJxZjUB24xFpGQwjQNtL+Iz25kljgSMZoJGnZF/H7RgqBtd3Azybz2Pa3l4v/ebWE29uNlMI4YQxVfohJY/+QVYayhlC2yCAz5MlRUigVGGBGQxKUysQkq6yY9eH9/v4vOVuveBuVzeON8u7eoJmCWBTLYlV4YkvsigNxJKpCiTvxIB7Fk3PvPDsvzuvX6JAz2FkQP+C8fQI4VZ3k</latexit>

proof.
by Kleene’s fixpoint theorem we know that            existsfix ( bR)

<latexit sha1_base64="p5C2PFxFv3avtX2hcwZOj3VVWr8=">AAACDXicbVC7SgNREL3r2/iKWonNxSDEJuxKREvRxlLFqJCEMHszSQbvPrh31gdL8BP8Clut7MTWb7DwX9yNKdR4qsM5M8yZ48eaLLvuhzM2PjE5NT0zW5ibX1hcKi6vnNsoMQprKtKRufTBoqYQa0ys8TI2CIGv8cK/Osz9i2s0lqLwjO9ibAbQDalDCjiTWsW1RgDcI047dNsvN26ojT3g9LS/1SqW3Io7gBwl3pCUxBDHreJnox2pJMCQlQZr654bczMFw6Q09guNxGIM6gq6WM9oCAHaZjp4oS83EwscyRiNJC0HIv7cSCGw9i7ws8k8sP3r5eJ/Xj3hzl4zpTBOGEOVH2LSODhklaGsG5RtMsgMeXKUFEoFBpjRkASlMjHJyipkfXh/vx8l59sVr1rZOamW9g+GzcyIdbEhysITu2JfHIljURNK3ItH8SSenQfnxXl13r5Hx5zhzqr4Bef9C9EvnDE=</latexit>

fix ( bR) =
[

n2N

bRn(;)

<latexit sha1_base64="jDLGw9QFspaxB11eu/g2WBVsBZo="></latexit>

=
[

n2N
InR

<latexit sha1_base64="eUifsRisEzTJdLBmWAAM5Xeimjg=">AAACFHicbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETTQoIDIQ4qDdb5swinns3W3RoqstHwCX0ELFR2ipafgX7BDCkiYajSzq50dP5LCoG1/Wrm5+YXFpfxyYWV1bX2juLnVMGGsOdR5KEPd8pkBKRTUUaCEVqSBBb6Epj84y/zmPWgjQnWDwwg6Aesr0ROcYSp5RXpCXV/0eRx5iXKFcgOGd76fXI5G9OJWeddesWSX7THoLHEmpEQmqHnFL7cb8jgAhVwyY9qOHWEnYRoFlzAquLGBiPEB60M7pYoFYDrJ+JMR3YsNw5BGoKmQdCzC742EBcYMAz+dzIKaaS8T//PaMfaOO4lQUYygeHYIhYTxIcO1SCsC2hUaEFmWHKhQlDPNEEELyjhPxTjtrJD24Ux/P0saB2WnUj68qpSqp5Nm8mSH7JJ94pAjUiXnpEbqhJMH8kSeyYv1aL1ab9b7z2jOmuxskz+wPr4BaPCemQ==</latexit>

= IR

<latexit sha1_base64="76r0FD1AwSJzvUXNuOHaYrK4Xvs=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETTQBYSTSIkVnS+bcMr5bN2tkSIr30ALFR2i5XMo+Bds4wISphrN7Gpnx4+kMGjbn1ZpaXllda28XtnY3Nreqe7utU0Yaw4uD2Wouz4zIIUCFwVK6EYaWOBL6PiTq8zvPII2IlT3OI3AC9hYiZHgDFPJvaA3g7tBtWbX7Rx0kTgFqZECrUH1qz8MeRyAQi6ZMT3HjtBLmEbBJcwq/dhAxPiEjaGXUsUCMF6Sh53Ro9gwDGkEmgpJcxF+byQsMGYa+OlkwPDBzHuZ+J/Xi3F07iVCRTGC4tkhFBLyQ4ZrkbYAdCg0ILIsOVChKGeaIYIWlHGeinFaSyXtw5n/fpG0T+pOo35626g1L4tmyuSAHJJj4pAz0iTXpEVcwokgT+SZvFhT69V6s95/RktWsbNP/sD6+AZ63ZKQ</latexit>

by def

by previous result

by def

(under some hypotheses)
each rule must have
finitely many premises
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Example
R =

⇢

✏ 2 L ,
s 2 L
(s) 2 L ,

s1 2 L s2 2 L
s1s2 2 L

�

<latexit sha1_base64="zWb8bfiPVXn8lwmccZkFLYAwB6M="></latexit>

F = {s 2 L | s 2 {(, )}⇤}

<latexit sha1_base64="B6e+vp2D19beopNKLjmLRC3uVMs=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIvwq4oehFEQTx4UDAmkI2hd9LGIbOzy0yvIMt+hJ/gV3jVkzfx6sF/cTfm4KtORVU3XV1BrKQl1313hoZHRsfGJyZLU9Mzs3Pl+YVLGyVGYE1EKjKNACwqqbFGkhQ2YoMQBgrrQe+o8Ou3aKyM9AXdxdgKoavltRRAudQubxzzfe6n3PpS+yHQjQCVnmbcD2XnS0xXN9f87Grdz9rlilt1++B/iTcgFTbAWbv84XcikYSoSSiwtum5MbVSMCSFwqzkJxZjED3oYjOnGkK0rbT/VMZXEgsU8RgNl4r3Rfy+kUJo7V0Y5JNFbvvbK8T/vGZC13utVOo4IdSiOERSYf+QFUbmbSHvSINEUCRHLjUXYIAIjeQgRC4meX2lvA/v9/d/yeVW1duu7pxvVw4OB81MsCW2zFaZx3bZATthZ6zGBLtnj+yJPTsPzovz6rx9jQ45g51F9gPO+yfLYKHK</latexit>

Strings of balanced parentheses

bR1(;) = { ✏ 2 L }

<latexit sha1_base64="jH6iQ9AJnbJIDT2R43PwPF6ONws=">AAACL3icbVDLThRBFK0GRGwFRliyqTAxwc2km0AgMSYENyxcIGGAZGqc3K65wA3V1ZWq25pJZz6GT/Ar3OrKuMC49S/sHmbB66xOzrnPkzlDgZPkdzQzO/ds/vnCi/jlq8Wl5dbrlZNQlF5jVxem8GcZBDRkscvEBs+cR8gzg6fZ1YfGP/2CPlBhj3nksJ/DhaVz0sC1NGi9U19piJfA1dH4c7qhMHc8Cshv5XsZq0rFCl0gU1 hFVuXAlxpM9XEcK6nGg1Y76SQTyMcknZK2mOJw0LpRw0KXOVrWBkLopYnjfgWeSRush5YBHegruMBeTS3kGPrV5MmxfFMG4EI69JKMnIh4t6OCPIRRntWVzZ3hodeIT3m9ks93+xVZVzJa3SxiMjhZFLSnOj2UQ/LIDM3lKMlKDR6Y0ZMErWuxrOOM6zzSh98/JiebnXSrs/1pq723P01mQayJdbEhUrEj9sSBOBRdocW1+C5+iJ/Rt+hX9Cf6e1s6E017VsU9RP/+A4uwqO8=</latexit>

bR0(;) = ;

<latexit sha1_base64="OI8dh+8txl/JnP2zRbjHT3TZntc=">AAACGXicbVC7TsNAEDzzDOFloKQ5ESFBE9koCBqkCBrKgAggJSZaXzbJifNDd2tQZOUL+AS+ghYqOkRLRcG/YIcIQWCq2Zld7e74sZKGHOfdmpicmp6ZLcwV5xcWl5btldVzEyVaYF1EKtKXPhhUMsQ6SVJ4GWuEwFd44V8f5f7FDWojo/CM+jF6AXRD2ZECKJNa9mbzVraxB5SeDq6crSYGMfUN0jY/4MXvqmWXnLIzBP9L3B EpsRFqLfuj2Y5EEmBIQoExDdeJyUtBkxQKB8VmYjAGcQ1dbGQ0hACNlw7fGfDNxABFPEbNpeJDEX9OpBAY0w/8rDMA6plxLxf/8xoJdfa9VIZxQhiKfBFJhcNFRmiZ5YS8LTUSQX45chlyARqIUEsOQmRikgVXzPJwx7//S853ym6lvHtSKVUPR8kU2DrbYFvMZXusyo5ZjdWZYHfsgT2yJ+veerZerNev1glrNLPGfsF6+wS3f6BK</latexit>

bR2(;) = { ✏ 2 L , () 2 L }

<latexit sha1_base64="SmJY2siH8zEzTrURLOglfSFxtjQ=">AAACRXicbVDLThRBFK1GQWheoy7ZVJyQDAmZdBOMbkyIbly4AOIAydQwuV1zgRuqqytVtzWTznyXn+A3uGCrK3eGLXSPs1CGszo55z5P5gwFTpIf0cKTp4tLz5ZX4tW19Y3N1vMXJ6EovcaeLkzhzzIIaMhij4kNnjmPkGcGT7PrD41/+gV9oMJ+5rHDQQ6Xli5IA9fSsHWkvtIIr4Cr48n5Xkdh7ngckHfkOxmrSsUKXSBTWE VW5cBXGkz1aRIruavizs6cqibDVjvpJlPIeZLOSFvMcDhs3ahRocscLWsDIfTTxPGgAs+kDdZDy4AO9DVcYr+mFnIMg2r6+kRulwG4kA69JCOnIv7bUUEewjjP6srmzvDQa8THvH7JF28HFVlXMlrdLGIyOF0UtKc6U5Qj8sgMzeUoyUoNHpjRkwSta7GsQ47rPNKH38+Tk71uut99fbTfPng/S2ZZbIlXoiNS8UYciI/iUPSEFt/EjfgpfkXfo9/Rn+j2b+lCNOt5Kf5DdHcP7imw4g==</latexit>

bR3(;) = { ✏ 2 L , () 2 L , (()) 2 L , ()() 2 L }

<latexit sha1_base64="gB0TABKT6R71lfUL06bVmJl3kXY=">AAACdXicbVHBbtNAEF2bAsVQCCDRA0JaNYASCQUbiuCCVMGlBw6latpK2RCNN9N21PV6tTsGRVYOfCYHznxCr9hpDtDmnZ7em9mZfZM7Q4HT9FcU31i7eev2+p3k7r2N+w86Dx8dhrLyGoe6NKU/ziGgIYtDJjZ47DxCkRs8ys8/t/7Rd/SBSnvAM4fjAk4tnZAGbqRJ56f6QVM8A67359/e9hQWjmcBuS8/ykTVKlHoApnSKr KqAD7TYOov80TJVyrp9Veqvf5qvb+iXs0nnW46SBeQ10m2JF2xxN6k81tNS10VaFkbCGGUpY7HNXgmbbB5tAroQJ/DKY4aaqHAMK4XUc3liyoAl9Khl2TkQsR/O2ooQpgVeVPZ7hmueq24yhtVfPJhXJN1FaPV7SAmg4tBQXtqboBySh6Zod0cJVmpwQMzepKgdSNWzVGSJo/s6u+vk8M3g2x78O7rdnfn0zKZdfFUbImeyMR7sSN2xZ4YCi3+RBvRk2gzuoifxc/jl5elcbTseSz+Q/z6L8+5upg=</latexit>

bR4(;) = { ✏ 2 L , () 2 L , (()) 2 L , ()() 2 L , ((())) 2 L ,

<latexit sha1_base64="CnilJC3rP/hXX4/O/LlFFDWY4+Y=">AAACkHicdVFLb9NAEF67PIp5NJQjlxURkiOhyK6C6AXRlgtCHAoibaVsiMabaTvqer3aHYMiK/+kf4wD/wU75ABtmNOn77EzO1M4Q4Gz7GcUb925e+/+9oPk4aPHT3Z6T3dPQlV7jWNdmcqfFRDQkMUxExs8cx6hLAyeFlfvO/30O/pAlf3KC4fTEi4snZMGbqlZ71r9oDleAjdflt9GqcLS8SIgD+RbmahGJQpdIFNZRVaVwJ caTPNpmSj5SiXpYCObDjbzg//528BGZdbrZ8NsVfI2yNegL9Z1POv9UvNK1yVa1gZCmOSZ42kDnkkbbF+tAzrQV3CBkxZaKDFMm9UWl/JlHYAr6dBLMnJF4t+JBsoQFmXROrtBw02tIzdpk5rP96cNWVczWt01YjK4ahS0p/Y8KOfkkRm6yVGSlRo8MKMnCVq3ZN3eq9tHfvP3t8HJ3jAfDV9/HvUPjtab2RbPxQuRily8EQfigzgWY6GjOEqjPNqLd+P9+F18+McaR+vMM/FPxR9/AwTWwRo=</latexit>

(()()) 2 L , ()(()) 2 L , (())() 2 L , ()()() 2 L ,

<latexit sha1_base64="9TwOtqUtF3njlhb5nm+ElEUy5e8=">AAACW3icdVDLSsNAFJ3GV42vqrhyM1iEFKQkUtGl6MaFCwWrQlPKzXitg5NJmLkRJPiJfoCLfoVbBSe1C59ndTjnnrl3TpIraSkMX2re1PTM7Fx93l9YXFpeaayuXdqsMAK7IlOZuU7AopIauyRJ4XVuENJE4VVyf1z5Vw9orMz0BT3m2E9hqOWtFEBOGjSGQdAKWq1Y6jgFuhOgytMnP+Y7se+M/xynB/9l/nYGjWbYDsfgv0k0IU02wdmgMYpvMlGkqEkosLYXhTn1SzAkhUL3aGExB3EPQ+w5qiFF2y/HhTzx7cICZTxHw6XiYxG/JkpIrX1MEzdZ3Wl/epX4l9cr6PagX0qdF4RaVItIKhwvssJI1zTyG2mQCKrLkUvNBRggQiM5COHEwlXvuz6in7//TS5321GnvXfeaR4eTZqps022xQIWsX12yE7YGesywZ7ZK3tj77WRN+X53uLnqFebZNbZN3gbH+plsBg=</latexit>

(())()() 2 L , ()()(()) 2 L , (())(()) 2 L , ()()()() 2 L }

<latexit sha1_base64="l+U+1E0dceoH6lDozFEKie31yrQ=">AAACY3icdVHLSsNAFJ3EV62v+tiJMFiEFKQkouiy6MaFCwWrQlPKzXjVwckkzNwIEvqZLly49CvcOKld+Kh3Nodz7vNMkitpKQxfPX9qemZ2rjZfX1hcWl5prK5d2awwArsiU5m5ScCikhq7JEnhTW4Q0kThdfJ4UunXT2iszPQlPefYT+FeyzspgBw1aGRB0GoF7sVSxynQgwBVng3rMd+N6xVf6RO1qu4/rRVM7hkPB41m2A5Hwf+CaAyabBzng8ZbfJuJIkVNQoG1vSjMqV+CISkUuqaFxRzEI9xjz0ENKdp+OTJmyHcKC5TxHA2Xio9I/F5RQmrtc5q4zGpP+1uryElar6C7o34pdV4QalENIqlwNMgKI53jyG+lQSKoNkcuNRdggAiN5CCEIwv3BXXnR/T7+r/gaq8d7bcPLvabneOxMzW2ybZZwCJ2yDrslJ2zLhPshX14096M9+4v+Gv+xleq741r1tmP8Lc+Ae92r/8=</latexit>
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

F = {(n,m) | n,m 2 N}

<latexit sha1_base64="nyZSWzWaRgAJnvaRm6u9mGWgQNU=">AAACGHicbVDLSsNAFJ3UV62vqks3g1VQkJKIohuhKIgrUbBaaEqZTK916MwkzNwIEvoDfoJf4VZX7sStOxf+i0nMQqtndTjnXu65J4iksOi6H05pbHxicqo8XZmZnZtfqC4uXdowNhyaPJShaQXMghQamihQQisywFQg4SoYHGX+1S0YK0J9gXcRdBTra3EtOMNU6lbXjukB9RO6obfUJvWV6NGU+UL7iuFNECSnQ3/YrdbcupuD/iVeQWqkwFm3+un3Qh4r0Mgls7btuRF2EmZQcAnDih9biBgfsD60U6qZAttJ8m+GdD22DEMagaFC0lyEnxsJU9beqSCdzDLaUS8T//PaMV7vdxKhoxhB8+wQCgn5IcuNSGsC2hMGEFmWHKjQlDPDEMEIyjhPxTjtrZL24Y1+/5dcbte9nfru+U6tcVg0UyYrZJVsEI/skQY5IWekSTi5J4/kiTw7D86L8+q8fY+WnGJnmfyC8/4F22Keqw==</latexit>

R =

⇢

(0, 0)
,
(1, 1)

,
(n, h) (n+ 1, k)

(n+ 2, h+ k)

�

<latexit sha1_base64="XfP3i+jvx6ChcI5hiCGfjZZyk38="></latexit>

bR0(;) = ;

<latexit sha1_base64="OI8dh+8txl/JnP2zRbjHT3TZntc=">AAACGXicbVC7TsNAEDzzDOFloKQ5ESFBE9koCBqkCBrKgAggJSZaXzbJifNDd2tQZOUL+AS+ghYqOkRLRcG/YIcIQWCq2Zld7e74sZKGHOfdmpicmp6ZLcwV5xcWl5btldVzEyVaYF1EKtKXPhhUMsQ6SVJ4GWuEwFd44V8f5f7FDWojo/CM+jF6AXRD2ZECKJNa9mbzVraxB5SeDq6crSYGMfUN0jY/4MXvqmWXnLIzBP9L3B EpsRFqLfuj2Y5EEmBIQoExDdeJyUtBkxQKB8VmYjAGcQ1dbGQ0hACNlw7fGfDNxABFPEbNpeJDEX9OpBAY0w/8rDMA6plxLxf/8xoJdfa9VIZxQhiKfBFJhcNFRmiZ5YS8LTUSQX45chlyARqIUEsOQmRikgVXzPJwx7//S853ym6lvHtSKVUPR8kU2DrbYFvMZXusyo5ZjdWZYHfsgT2yJ+veerZerNev1glrNLPGfsF6+wS3f6BK</latexit>

bR1(;) = { (0, 0) , (1, 1) }

<latexit sha1_base64="izxprdp7DGEYxwpLtcgitEWsgno=">AAACKnicbVDLSgNBEJz17fqKevQyGIQIIeyKr4sgevEYxaiQiaF30urg7IOZXiUs+RM/wa/wqidvQbz5Ie7GHHzVqajqprsqSLSy5Hl9Z2R0bHxicmranZmdm18oLS6d2Tg1Ehsy1rG5CMCiVhE2SJHGi8QghIHG8+D2sPDP79BYFUen1E2wFcJ1pK6UBMqldmlb3KsO3gBlJ71LvyIwTKhrkdb5HndFJtyKV/XWXcGrgrsVv+ oXXPTapbJX8wbgf4k/JGU2RL1dehedWKYhRiQ1WNv0vYRaGRhSUmPPFanFBOQtXGMzpxGEaFvZIF+Pr6UWKOYJGq40H4j4fSOD0NpuGOSTIdCN/e0V4n9eM6Wr3VamoiQljGRxiJTGwSErjcqLQ95RBomg+By5irgEA0RoFAcpczHNm3TzPvzf6f+Ss42av1nbOt4s7x8Mm5liK2yVVZjPdtg+O2J11mCSPbAn9sxenEfn1ek7b1+jI85wZ5n9gPPxCcIsoq4=</latexit>

bR2(;) = { (0, 0) , (1, 1) , (2, 1) }

<latexit sha1_base64="jgxr9VvNhulASjq4YxG2rWXtws4=">AAACNnicbZDLSgNBEEV7fMbxFXXppjEIEUKYCYpuBNGNyyhGhXQMNZ1SG3sedNcoYcj/+Al+hVt1oTtx6yc4iUF81epwbxVVdYNEK0ue9+SMjI6NT0wWptzpmdm5+eLC4rGNUyOxIWMdm9MALGoVYYMUaTxNDEIYaDwJrvb6/sk1Gqvi6Ii6CbZCuIjUuZJAudQu7oob1cFLoOywd1YrCwwT6lqkNb7NXZEJt+xVvDVX8Irgbt mv+F9c+2TRaxdLXtUbFP8L/hBKbFj1dvFZdGKZhhiR1GBt0/cSamVgSEmNPVekFhOQV3CBzRwjCNG2ssGvPb6aWqCYJ2i40nwg4veJDEJru2GQd4ZAl/a31xf/85opnW+1MhUlKWEk+4tIaRwsstKoPETkHWWQCPqXI1cRl2CACI3iIGUupnmqbp6H//v7v3Bcq/rr1Y2D9dLO7jCZAltmK6zMfLbJdtg+q7MGk+yW3bMH9ujcOS/Oq/P22TriDGeW2I9y3j8Ah82lPw==</latexit>

bR3(;) = { (0, 0) , (1, 1) , (2, 1) , (3, 2) }

<latexit sha1_base64="3BKYh6GIrLS7kOJfnsfE5W8Q1yA=">AAACQnicbZDNSitBEIV71HvV0XuNunTTGIQIIcxERTeC6MaVqBgV0jHUdEpt7Pmhu0YJQ97KR/AlFFzpyp24deFMDOJfrT7OqaKqTpBoZcnzbp2h4ZE/f0fHxt2JyX//p0rTM4c2To3Ehox1bI4DsKhVhA1SpPE4MQhhoPEouNgq/KNLNFbF0QF1E2yFcBapUyWBcqld2hFXqoPnQNl+72SpIjBMqGuRFvk6d0Um3IpX9RZdwa uCuxW/6n9w/RMvVesFi167VPZqXr/4T/AHUGaD2m2X7kUnlmmIEUkN1jZ9L6FWBoaU1NhzRWoxAXkBZ9jMMYIQbSvr/93jC6kFinmChivN+yJ+nsggtLYbBnlnCHRuv3uF+JvXTOl0rZWpKEkJI1ksIqWxv8hKo/JAkXeUQSIoLkeuIi7BABEaxUHKXEzzhN08D//79z/hsF7zl2sre8vljc1BMmNsjs2zCvPZKttg22yXNZhk1+yOPbBH58Z5cp6dl/fWIWcwM8u+lPP6Bmryp9I=</latexit>

bR4(;) = { (0, 0) , (1, 1) , (2, 1) , (3, 2) , (4, 3) }

<latexit sha1_base64="uPZygecuqE48Qjcgdn5W51Yy8a8=">AAACTnicbZDNT9tAEMXXoYXU/SDQYy+rRkhBsiI7BMGlEmovHCkiJCKbRuPNQFZZf2h3TBVZ+d/6J/TaQ6+90lNvVWu7FqLAO/303oxm94WpVpZ8/5vTWHvydH2j+cx9/uLlq83W1va5TTIjcSATnZhRCBa1inFAijSOUoMQhRqH4eJDmQ+v0ViVxGe0THESwVWsLpUEKqxp60J8VjOcA+Wnq0/9jsAopaVF2uXvuCty4XZ8z9 91BfcEdzuBF9xy7w7veb1b7nt7JYvVtNX2u34l/hCCGtqs1sm09V3MEplFGJPUYO048FOa5GBISY0rV2QWU5ALuMJxgTFEaCd51cGK72QWKOEpGq40r0y8u5FDZO0yCovJCGhu72el+Vg2zujycJKrOM0IY1keIqWxOmSlUUW5yGfKIBGUL0euYi7BABEaxUHKwsyKtt2ij+D+7x/Cea8b9Lv7H/vto/d1M032hr1lHRawA3bEjtkJGzDJvrAf7Ib9dL46v5zfzp9/ow2n3nnN/lOj+Rdqtalo</latexit>

bR5(;) = { (0, 0) , (1, 1) , (2, 1) , (3, 2) , (4, 3) , (5, 5) }

<latexit sha1_base64="03MOBbdZZoJDG2LX0RUO5zXZsx8=">AAACWnicbZBPSyNBEMU747qaUdfoevPSbFiIMISZmKAXQdbLHqNsVEjHUNOpaGPPH7prlDDkG/oFFtYv4dU9OBNDcHXf6cd7VVT3C1OtLPn+74qz9Gn588pq1V1b3/iyWdvaPrdJZiT2ZKITcxmCRa1i7JEijZepQYhCjRfh7UmZX9yhsSqJf9EkxUEE17EaKwlUWMPaWNyrEd4A5WfTq05DYJTSxCLt8SPuily4Dd/z91zBPc HdRuAFC2694X2vteC2t7/gjtcpWUyHtbrf9GfiHyGYQ53N1R3WHsUokVmEMUkN1vYDP6VBDoaU1Dh1RWYxBXkL19gvMIYI7SCf9THl3zMLlPAUDVeaz0x8u5FDZO0kCovJCOjGvs9K839ZP6Px4SBXcZoRxrI8RErj7JCVRhVFIx8pg0RQvhy5irkEA0RoFAcpCzMrmneLPoL3v/8I561m0G52Ttv14x/zZlbZLvvGGixgB+yY/WRd1mOSPbAn9sz+Vv44jlN11l5Hncp85yv7R87OCyIrqQM=</latexit>

bR6(;) = { (0, 0) , (1, 1) , (2, 1) , (3, 2) , (4, 3) , (5, 5) , (6, 8) }

<latexit sha1_base64="XG16h8Ap9mD461PINmGrC5ieMa0=">AAACZnicbZFNSyNBEIZ7Zt01O7oaV5Y9eGkMQoQhzMREvSyIXvaoslEhnQ01nVIbez7orlHCkP+5Hrz7K8SZGIIf+54e3qqiqt+OMq0sBcG9435a+PxlsfbVW1r+trJaX/t+ZtPcSOzJVKfmIgKLWiXYI0UaLzKDEEcaz6Obo6p+fovGqjT5Q+MMBzFcJepSSaDSGtaNuFMjvAYqTid/d5sC44zGFmmb/+KeKITXDPxg2xPcF9 xrhn445/Yr3vHbc+74O3Pu+t057/r7FYvJsN4IWsFU/COEM2iwmY6H9QcxSmUeY0JSg7X9MMhoUIAhJTVOPJFbzEDewBX2S0wgRjsoptlM+FZugVKeoeFK86mJrycKiK0dx1HZGQNd2/e1yvxfrZ/T5f6gUEmWEyayWkRK43SRlUaVoSMfKYNEUF2OXCVcggEiNIqDlKWZl7/glXmE71//Ec7arbDT6p50GgeHs2RqbINtsiYL2R47YL/ZMesxyf6xJ2fRqTmP7or7w/350uo6s5l19kYufwYPjamh</latexit>


