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A metaphor
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Hidden star
Can you spot a regular 5-point star shape inside the picture?

some find it immediately: for them it is
impossible that others cannot see it

some spend many efforts in finding it:
for them the success is rewarding

some just wait for someone to help

in all cases: once shown, the star will never be hidden again

the metaphor: star = mathematical way to problem solving
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The creator
Samuel Loyd (1841-1911)

chess player, puzzle maker, and recreational mathematician

maybe (?) the inventor of the famous 15 puzzle

inventor of “the leaning tower of Pisa” puzzle



HOFL
Towards a denotational semantics
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Imp
three syntactic categories (types) Aexp,Bexp,Com

<latexit sha1_base64="MThJQ4k3SxMf0OzEDxi684elpIE=">AAACHnicbVDLSgNBEJyNrxhfqx69DAZBRMKuRPQYk4vHCOYByRJmJ504OPtgplcMy/6Dn+BXeNWTN/GqB//F3RjBJNapuqqb7i43lEKjZX0auYXFpeWV/GphbX1jc8vc3mnqIFIcGjyQgWq7TIMUPjRQoIR2qIB5roSWe1vL/NYdKC0C/xpHITgeG/piIDjDVOqZR12P4Y3A+ALuw+S48FtWp8ta4CU9s2iVrDHoPLEnpEgmqPfMr24/4JEHPnLJtO7YVohOzBQKLiEpdCMNIeO3bAidlPrMA+3E458SehBphgENQVEh6ViEvxMx87QeeW7amd2oZ71M/M/rRDg4d2LhhxGCz7NFKCSMF2muRBoW0L5QgMiyy4EKn3KmGCIoQRnnqRil6RXSPOzZ7+dJ86Rkl0unV+VipTpJJk/2yD45JDY5IxVySeqkQTh5IE/kmbwYj8ar8Wa8/7TmjMnMLpmC8fEN0UKjFQ==</latexit>

one interpretation function each

AJ·K : Aexp ! ⌃ ! Z

<latexit sha1_base64="nthMAlxDrgv+lNzoTrHYGjb0aLU="></latexit>

BJ·K : Bexp ! ⌃ ! B

<latexit sha1_base64="Nao2nhZP5GaBUmWTjvxEfkDmYdU="></latexit>

CJ·K : Com ! ⌃ ! ⌃?

<latexit sha1_base64="lFeqsf1y8XnSj1mG8U/pQ4ZCb/0="></latexit>

⌃ , Ide ! Z

<latexit sha1_base64="ws31xiFOvafjYhbkSRblflpycjY="></latexit>

syntax

meaning of identifiers

semantic values

one semantic domain each

environment
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HOFL
one syntactic category for pre-terms

infinitely many types

one semantic domain each

⌧ ::= int | ⌧0 ⇤ ⌧1 | ⌧0 ! ⌧1

<latexit sha1_base64="VYt55smhN2hCH3nWpeqTirp0GHw="></latexit>

T

<latexit sha1_base64="04+ApY16xAoa1wqKdY3HMwekRtU=">AAACCHicbVBLSgNBFOyJvxh/UZduGoPgKsxIRJdBNy4TyA+SIbzpvMQmPR+63whhyAV0q/dwJ269hdfwBM7EWZhorYqq96iivEhJQ7b9aRXW1jc2t4rbpZ3dvf2D8uFRx4SxFtgWoQp1zwODSgbYJkkKe5FG8D2FXW96m/ndB9RGhkGLZhG6PkwCOZYCKJWarWG5YlftBfhf4uSkwnI0huWvwSgUsY8BCQXG9B07IjcBTVIonJcGscEIxBQm2E9pAD4aN1kUnfOz2ACFPELNpeILEX9/JOAbM/O99NIHujerXib+5/VjGl+7iQyimDAQWRBJhYsgI7RMF0A+khqJIGuOXAZcgAYi1JKDEKkYp5MsBRryQc/0aJ6O5KxO8pd0LqpOrXrZrFXqN/lcRXbCTtk5c9gVq7M71mBtJhiyJ/bMXqxH69V6s95/TgtW/nPMlmB9fAO//prG</latexit>

infinitely many categories for typeable terms T⌧

<latexit sha1_base64="dgMVVUfuGZ0ACL2gd0e6gne9Trk=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugG5cR8oNkCG86L7FNz4fuN0IIOYNu9R7uxK1n8BqewJlxFiaxVkXVe1RRXqSkIdv+sgorq2vrG8XN0tb2zu5eef+gZcJYC2yKUIW644FBJQNskiSFnUgj+J7Ctje+Sf32I2ojw6BBkwhdH0aBHEoBlEitRr9HEPfLFbtqZ+DLxMlJheWo98vfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GnWdsZPYgMU8gg1l4pnIv79mIJvzMT3kksf6N4seqn4n9eNaXjlTmUQxYSBSINIKsyCjNAymQH5QGokgrQ5chlwARqIUEsOQiRinOwyF2jIBz3Rg1kykrM4yTJpnVWd8+rF3Xmldp3PVWRH7JidModdshq7ZXXWZII9sGf2wl6tJ+vNerc+fk8LVv5zyOZgff4AzxOc/Q==</latexit>

one parametric interpretation function J·K

<latexit sha1_base64="L+Xgci6JXdLAHyaImTZgo4IKVRU=">AAACInicbVDLSgNBEJz1GeMr6km8DAbBU9iViB6DXjxGMA/IhtA76cQhsw9meoWwBH9Gr/of3sST4Ff4Be7GPZjEOtVUdU/NlBcpaci2P62l5ZXVtfXCRnFza3tnt7S33zRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXWd+6wG1kWFwR+MIuz4MAzmQAiiVeqVDVylPgxghuaIfkqt1fuyVynbFnoIvEicnZZaj3it9u/1QxD4GJBQY03HsiLoJaJJC4aToxgaj9GoYYielAfhousn0CxN+EhugkEeouVR8KuLfjQR8Y8a+l076QPdm3svE/7xOTIPLbiKDKCYMRBZEUuE0yAgt026Q96VGIshejlwGXIAGItSSgxCpGKdlzQQa8kGPdX+SluTMV7JImmcVp1o5v62Wa1d5XQV2xI7ZKXPYBauxG1ZnDSbYI3tmL+zVerLerHfr43d0ycp3DtgMrK8fYhalxQ==</latexit>

variables also have different types

the environment must be type-sensitive

x : ⌧

<latexit sha1_base64="GQEbXZgmIkIVJP7L7X+E8ByKJ98=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRuOK6MYlJvJJYELeNA9s6fmk+42REM6gW72HO+PWM3gNT+AwzkLAWlWq3ktVyouUNGTbX1ZuaXlldS2/XtjY3NreKe7uNUwYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGV1O/+YDayDC4pVGErg+DQPalAEqkxuNFhyDuFkt22U7BF4mTkRLLUOsWvzu9UMQ+BiQUGNN27IjcMWiSQuGk0IkNRiCGMMB2QgPw0bjjtO2EH8UGKOQRai4VT0X8+zEG35iR7yWXPtCdmfem4n9eO6b+uTuWQRQTBmIaRFJhGmSElskMyHtSIxFMmyOXAReggQi15CBEIsbJLjOBhnzQI92bJCM585MsksZJ2amUT28qpeplNleeHbBDdswcdsaq7JrVWJ0Jds+e2Qt7tZ6sN+vd+vg9zVnZzz6bgfX5A82PnPw=</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

⇢

<latexit sha1_base64="UoMlNxNocQDZ8YaKP0EP41J4GqU=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpp8dhv1yxq3YGvkqcnFRYjka//N0bhCL2MSChwJiuY0fkzkCTFArnpV5sMAIxgRF2ExqAj8adZV3n/Cw2QCGPUHOpeCbi348Z+MZMfS+59IHGZtlLxf+8bkzDa3cmgygmDEQaRFJhFmSElskIyAdSIxGkzZHLgAvQQIRachAiEeNklYVAQz7oqR7Mk5Gc5UlWSeui6tSql/e1Sv0mn6vITtgpO2cOu2J1dscarMkEG7Nn9sJerSfrzXq3Pn5PC1b+c8wWYH3+AFqBnDU=</latexit>
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Requirements
t : ⌧

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

JtK⇢ 2 D⌧

<latexit sha1_base64="JtqZlu1ZUjTJFI+8m+eSEoz21Uw=">AAACL3icbZC9SgNBFIVn43/8i1raDAbFKuxKRMugFpYKRgPZEO5Orjpk9oeZu0IIeQNfRlt9D7ERW1ufwNl1BWM81eHcezkzX5Aoach1X53S1PTM7Nz8QnlxaXlltbK2fmniVAtsiljFuhWAQSUjbJIkha1EI4SBwqugf5zNr+5QGxlHFzRIsBPCTSSvpQCyUbey4ysVaBB9JE6+1j/e17cx92XET7o+QdqtVN2am4tPGq8wVVborFv59HuxSEOMSCgwpu25CXWGoEkKhaOynxpMbBXcYNvaCEI0nWH+nxHfTg1QzBPUXCqeh/j7YgihMYMwsJsh0K35O8vC/2btlK4PO0MZJSlhJLIikgrzIiO0tKCQ96RGIshejtwCEKCBCLXkIIQNU0turNBQCHqgeyMLyfuLZNJc7tW8em3/vF5tHBW45tkm22K7zGMHrMFO2RlrMsHu2SN7Ys/Og/PivDnv36slp7jZYGNyPr4AhcKqVg==</latexit>

environment

a domain for each type!

⇢ : Var !
[

⌧2T
D⌧

<latexit sha1_base64="8Dy14dAVVOCjEsidkLipmEgoRC0="></latexit>

x : ⌧ ) ⇢(x) 2 D⌧

<latexit sha1_base64="ZgmEO8XELc1zg2OKXLruQjA363s="></latexit>

type consistent
assignment of
values to variables

may diverge (e.g.                 )t

<latexit sha1_base64="bdJRjAooCE79ubMYvq6ohP7N7v8=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4hkU8CE/KmeWCHnk+635gQwgV0q/dwZ9x6C6/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+P2iaMtcCWCFWoux4YVDLAFklS2I00gu8p7HiT29TvPKI2MgzuaRqh68M4kCMpgBKpSYNyxa7aGfgqcXJSYTkag/J3fxiK2MeAhAJjeo4dkTsDTVIonJf6scEIxATG2EtoAD4ad5YVnfOz2ACFPELNpeKZiH8/ZuAbM/W95NIHejDLXir+5/ViGl27MxlEMWEg0iCSCrMgI7RMFkA+lBqJIG2OXAZcgAYi1JKDEIkYJ5MsBBryQU/1cJ6M5CxPskraF1WnVr1s1ir1m3yuIjthp+ycOeyK1dkda7AWEwzZM3thr9aT9Wa9Wx+/pwUr/zlmC7A+fwD0fprm</latexit>

rec x. x

<latexit sha1_base64="jV41O3up1I9msSqZJCk0hgTrp+I=">AAACHHicbVDLSgNBEJyNrxhf0Ry9DAbBU9iViB6DXjxGMImQDaF30olDZh/M9Iphya/oVf/Dm3gV/A2/wN24B5PY0FBUdVNFeZGShmz7yyqsrK6tbxQ3S1vbO7t75f2DtgljLbAlQhXqOw8MKhlgiyQpvIs0gu8p7Hjjq0zvPKA2MgxuaRJhz4dRIIdSAKVUv1xxfaB7b5hoFFOXP9bS7Zerds2eDV8GTg6qLJ9mv/ztDkIR+xiQUGBM17Ej6iWgSQqF05IbG4xAjGGE3RQG4KPpJbPwU34cG6CQR6i5VHxG4t+PBHxjJr6XXmZRzaKWkf9p3ZiGF71EBlFMGIjMiKTCmZERWqatIB9IjUSQJUcuAy5AAxFqyUGIlIzTmuYMDfmgJ3owTUtyFitZBu3TmlOvnd3Uq43LvK4iO2RH7IQ57Jw12DVrshYTbMKe2Qt7tZ6sN+vd+vg9LVj5T4XNjfX5AzKMom0=</latexit>

)

<latexit sha1_base64="DWqC+MXU5rK6RYnyMjySnEswfBo=">AAACEnicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy7RyCeBCXnTPKBDzyfdbzSEcAvd6j3cGbdewGt4AmdwFgLWqlL1XqpSXqSkIdv+snIrq2vrG/nNwtb2zu5ecf+gYcJYC6yLUIW65YFBJQOskySFrUgj+J7Cpje6Tv3mA2ojw+CexhG6PgwC2ZcCKJHanTs5GBJoHT52iyW7bM/Al4mTkRLLUOsWvzu9UMQ+BiQUGNN27IjcCWiSQuG00IkNRiBGMMB2QgPw0biTWeUpP4kNUMgj1FwqPhPx78cEfGPGvpdc+kBDs+il4n9eO6b+pTuRQRQTBiINIqlwFmSElskWyHtSIxGkzZHLgAvQQIRachAiEeNknLlAQz7ose5Nk5GcxUmWSeOs7FTK57eVUvUqmyvPjtgxO2UOu2BVdsNqrM4EC9kze2Gv1pP1Zr1bH7+nOSv7OWRzsD5/ACjfn1s=</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

must include a
bottom element

?D⌧

<latexit sha1_base64="BGu/cqHYEDRiR17SHlxwp24h8hk=">AAACFHicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIKCiDRB5SYkXryyaccn5wt0aKrPwGtPAfdIiWnt/gC7CDC5Iw1WhmVzMaL1LSkG1/WYWl5ZXVteJ6aWNza3unvLvXNGGsBTZEqELd9sCgkgE2SJLCdqQRfE9hyxtdZX7rEbWRYXBH4whdH4aBHEgBlEpu1wupl1z3ugTxpFeu2FV7Cr5InJxUWI56r/zd7Yci9jEgocCYjmNH5CagSQqFk1I3NhiBGMEQOykNwEfjJtPSE34UG6CQR6i5VHwq4t+PBHxjxr6XXvpA92bey8T/vE5Mgws3kUEUEwYiCyKpcBpkhJbpGsj7UiMRZM2Ry4AL0ECEWnIQIhXjdJ6ZQEM+6LHuZyM585MskuZJ1Tmtnt2eVmqX+VxFdsAO2TFz2DmrsRtWZw0m2AN7Zi/s1Xqy3qx36+P3tGDlP/tsBtbnD7DXoCs=</latexit>
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Requirements
t : ⌧

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

JtK⇢ 2 D⌧

<latexit sha1_base64="JtqZlu1ZUjTJFI+8m+eSEoz21Uw=">AAACL3icbZC9SgNBFIVn43/8i1raDAbFKuxKRMugFpYKRgPZEO5Orjpk9oeZu0IIeQNfRlt9D7ERW1ufwNl1BWM81eHcezkzX5Aoach1X53S1PTM7Nz8QnlxaXlltbK2fmniVAtsiljFuhWAQSUjbJIkha1EI4SBwqugf5zNr+5QGxlHFzRIsBPCTSSvpQCyUbey4ysVaBB9JE6+1j/e17cx92XET7o+QdqtVN2am4tPGq8wVVborFv59HuxSEOMSCgwpu25CXWGoEkKhaOynxpMbBXcYNvaCEI0nWH+nxHfTg1QzBPUXCqeh/j7YgihMYMwsJsh0K35O8vC/2btlK4PO0MZJSlhJLIikgrzIiO0tKCQ96RGIshejtwCEKCBCLXkIIQNU0turNBQCHqgeyMLyfuLZNJc7tW8em3/vF5tHBW45tkm22K7zGMHrMFO2RlrMsHu2SN7Ys/Og/PivDnv36slp7jZYGNyPr4AhcKqVg==</latexit>

environment

a domain for each type!

⇢ : Var !
[

⌧2T
D⌧

<latexit sha1_base64="8Dy14dAVVOCjEsidkLipmEgoRC0="></latexit>

x : ⌧ ) ⇢(x) 2 D⌧

<latexit sha1_base64="ZgmEO8XELc1zg2OKXLruQjA363s="></latexit>

type consistent
assignment of
values to variables

Jrec x. tK⇢ = JtK⇢[Jrec x. tK⇢/x]

<latexit sha1_base64="epRhyX60hpOEcMtn+PqVMf724P8="></latexit>

to solve recursive equations:
D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

must be a CPO?

<latexit sha1_base64="Pv2xuv3Epr8ZwLd9FIQHwXjZZSg=">AAACEXicbVBLTgJBFOzBH+IPdemmI5i4IjNEo0siG3diIp8IhLxpHtihp2fS/caEEE6hW72HO+PWE3gNT+CALASsVaXqvVSl/EhJS6775aRWVtfWN9Kbma3tnd297P5BzYaxEVgVoQpNwweLSmqskiSFjcggBL7Cuj8oT/z6IxorQ31HwwjbAfS17EkBlEj35cpNvtPyQ8p3sjm34E7Bl4k3Izk2Q6WT/W51QxEHqEkosLbpuRG1R2BICoXjTCu2GIEYQB+bCdUQoG2Ppo3H/CS2QCGP0HCp+FTEvx8jCKwdBn5yGQA92EVvIv7nNWPqXbZHUkcxoRaTIJIKp0FWGJlMgbwrDRLBpDlyqbkAA0RoJAchEjFOtpkLtBSAGZruOBnJW5xkmdSKBe+scH5bzJWuZnOl2RE7ZqfMYxesxK5ZhVWZYJo9sxf26jw5b8678/F7mnJmP4dsDs7nD8HbnfQ=</latexit>

�x,t

<latexit sha1_base64="e5m4GzktfORYEhAHCz1KweQuQhM=">AAACE3icbVBLTgJBFOzBH+IPdemmIzFxYciMweiS6EKXmAiSACFvmgd26J6ZdL8xkgnH0K3ew51x6wG8hidwBlmIWKtK1XupSvmRkpZc99PJLSwuLa/kVwtr6xubW8XtnYYNYyOwLkIVmqYPFpUMsE6SFDYjg6B9hbf+8CLzb+/RWBkGNzSKsKNhEMi+FECp1G5fgtbQTR6OaNwtltyyOwGfJ96UlNgUtW7xq90LRawxIKHA2pbnRtRJwJAUCseFdmwxAjGEAbZSGoBG20kmncf8ILZAIY/QcKn4RMTfHwloa0faTy810J3962Xif14rpv5ZJ5FBFBMGIgsiqXASZIWR6RjIe9IgEWTNkcuACzBAhEZyECIV43SdmUBLGszI9LKRvL+TzJPGcdmrlE+uK6Xq+XSuPNtj++yQeeyUVdkVq7E6EyxiT+yZvTiPzqvz5rz/nOac6c8um4Hz8Q2Ujp+O</latexit>

must be continuous
Jrec x. tK = fix �x,t

<latexit sha1_base64="worAW6a6/sOmFICtFWlvSxbIOQk="></latexit>

�x,t , �d. JtK⇢[d/x]

<latexit sha1_base64="DtskaTN+xXtAWKqi5/wLNnU/TW0="></latexit>

Jrec x. tK⇢ = �x,t (Jrec x. tK⇢)

<latexit sha1_base64="XiSo6KuHOeo++INWKhAt2bKNpgQ="></latexit>
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Requirements
t : ⌧

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

JtK⇢ 2 D⌧

<latexit sha1_base64="JtqZlu1ZUjTJFI+8m+eSEoz21Uw=">AAACL3icbZC9SgNBFIVn43/8i1raDAbFKuxKRMugFpYKRgPZEO5Orjpk9oeZu0IIeQNfRlt9D7ERW1ufwNl1BWM81eHcezkzX5Aoach1X53S1PTM7Nz8QnlxaXlltbK2fmniVAtsiljFuhWAQSUjbJIkha1EI4SBwqugf5zNr+5QGxlHFzRIsBPCTSSvpQCyUbey4ysVaBB9JE6+1j/e17cx92XET7o+QdqtVN2am4tPGq8wVVborFv59HuxSEOMSCgwpu25CXWGoEkKhaOynxpMbBXcYNvaCEI0nWH+nxHfTg1QzBPUXCqeh/j7YgihMYMwsJsh0K35O8vC/2btlK4PO0MZJSlhJLIikgrzIiO0tKCQ96RGIshejtwCEKCBCLXkIIQNU0turNBQCHqgeyMLyfuLZNJc7tW8em3/vF5tHBW45tkm22K7zGMHrMFO2RlrMsHu2SN7Ys/Og/PivDnv36slp7jZYGNyPr4AhcKqVg==</latexit>

environment

a domain for each type!

⇢ : Var !
[

⌧2T
D⌧

<latexit sha1_base64="8Dy14dAVVOCjEsidkLipmEgoRC0="></latexit>

x : ⌧ ) ⇢(x) 2 D⌧

<latexit sha1_base64="ZgmEO8XELc1zg2OKXLruQjA363s="></latexit>

type consistent
assignment of
values to variables

⌧ ::= int | ⌧0 ⇤ ⌧1 | ⌧0 ! ⌧1

<latexit sha1_base64="VYt55smhN2hCH3nWpeqTirp0GHw="></latexit>

we must be able to combine CPO?

<latexit sha1_base64="Pv2xuv3Epr8ZwLd9FIQHwXjZZSg=">AAACEXicbVBLTgJBFOzBH+IPdemmI5i4IjNEo0siG3diIp8IhLxpHtihp2fS/caEEE6hW72HO+PWE3gNT+CALASsVaXqvVSl/EhJS6775aRWVtfWN9Kbma3tnd297P5BzYaxEVgVoQpNwweLSmqskiSFjcggBL7Cuj8oT/z6IxorQ31HwwjbAfS17EkBlEj35cpNvtPyQ8p3sjm34E7Bl4k3Izk2Q6WT/W51QxEHqEkosLbpuRG1R2BICoXjTCu2GIEYQB+bCdUQoG2Ppo3H/CS2QCGP0HCp+FTEvx8jCKwdBn5yGQA92EVvIv7nNWPqXbZHUkcxoRaTIJIKp0FWGJlMgbwrDRLBpDlyqbkAA0RoJAchEjFOtpkLtBSAGZruOBnJW5xkmdSKBe+scH5bzJWuZnOl2RE7ZqfMYxesxK5ZhVWZYJo9sxf26jw5b8678/F7mnJmP4dsDs7nD8HbnfQ=</latexit>

using cartesian product and function spaces
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Requirements
t : ⌧

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

JtK⇢ 2 D⌧

<latexit sha1_base64="JtqZlu1ZUjTJFI+8m+eSEoz21Uw=">AAACL3icbZC9SgNBFIVn43/8i1raDAbFKuxKRMugFpYKRgPZEO5Orjpk9oeZu0IIeQNfRlt9D7ERW1ufwNl1BWM81eHcezkzX5Aoach1X53S1PTM7Nz8QnlxaXlltbK2fmniVAtsiljFuhWAQSUjbJIkha1EI4SBwqugf5zNr+5QGxlHFzRIsBPCTSSvpQCyUbey4ysVaBB9JE6+1j/e17cx92XET7o+QdqtVN2am4tPGq8wVVborFv59HuxSEOMSCgwpu25CXWGoEkKhaOynxpMbBXcYNvaCEI0nWH+nxHfTg1QzBPUXCqeh/j7YgihMYMwsJsh0K35O8vC/2btlK4PO0MZJSlhJLIikgrzIiO0tKCQ96RGIshejtwCEKCBCLXkIIQNU0turNBQCHqgeyMLyfuLZNJc7tW8em3/vF5tHBW45tkm22K7zGMHrMFO2RlrMsHu2SN7Ys/Og/PivDnv36slp7jZYGNyPr4AhcKqVg==</latexit>

environment

a domain for each type!

⇢ : Var !
[

⌧2T
D⌧

<latexit sha1_base64="8Dy14dAVVOCjEsidkLipmEgoRC0="></latexit>

x : ⌧ ) ⇢(x) 2 D⌧

<latexit sha1_base64="ZgmEO8XELc1zg2OKXLruQjA363s="></latexit>

type consistent
assignment of
values to variables

⌧ ::= int | ⌧0 ⇤ ⌧1 | ⌧0 ! ⌧1

<latexit sha1_base64="VYt55smhN2hCH3nWpeqTirp0GHw="></latexit>

choose Dint

<latexit sha1_base64="/OnjKLCunagyWtGGHGaH0gVaoD4=">AAACGXicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GD0S9eARE0ESIKR3aHDC7CMzvSRkw5foVf/Dm/Hqyd/wC9xdOQhYp0pVd7q6vEhJQ47zZRVWVtfWN4qbpa3tnd09e/+gacJYC2yIUIW65YFBJQNskCSFrUgj+J7CB290nfkPY9RGhsE9TSLs+jAM5EAKoFTq2fZNL+n4QI+SEhnQdNqzy07FycGXiTsjZTZDvWd/d/qhiH0MSCgwpu06EXUT0CSFwmmpExuMQIxgiO2UBuCj6SZ58ik/iQ1QyCPUXCqei/h3IwHfmInvpZNZSLPoZeJ/XjumwWU3/SiKCQORHSKpMD9khJZpJcj7UiMRZMmRy4AL0ECEWnIQIhXjtKO5g4Z80BPdz0pyFytZJs2zilutnN9Vy7WrWV1FdsSO2Slz2QWrsVtWZw0m2Jg9sxf2aj1Zb9a79fE7WrBmO4dsDtbnDyNBofo=</latexit>

D⌧0 , D⌧1

<latexit sha1_base64="RC0LqZZigtGmahs2Fzdft20mzfE=">AAACH3icbVDLSgNBEJz1GeMrKnjxMhgEDxJ2JaLHoB48RjAPSMLSO+nokNkHM71CWPMxetX/8CZe8xt+gbsxgkmsU1HVTRXlRUoasu2RtbC4tLyymlvLr29sbm0XdnbrJoy1wJoIVaibHhhUMsAaSVLYjDSC7ylseP2rzG88ojYyDO5oEGHHh/tA9qQASiW3sH/tJm2C2LWHJ/yXO0O3ULRL9hh8njgTUmQTVN3CV7sbitjHgIQCY1qOHVEnAU1SKBzm27HBCEQf7rGV0gB8NJ1k3H/Ij2IDFPIINZeKj0X8+5GAb8zA99JLH+jBzHqZ+J/Xiql30UlkEMWEgciCSCocBxmhZToM8q7USARZc+Qy4AI0EKGWHIRIxThdairQkA96oLvZSM7sJPOkflpyyqWz23KxcjmZK8cO2CE7Zg47ZxV2w6qsxgR7Yi/slb1Zz9a79WF9/pwuWJOfPTYFa/QNEjijYg==</latexit>

given build D⌧0⇤⌧1

<latexit sha1_base64="cyjk7X53O6lgZ0osRV0O3sr6qPc=">AAACGnicbVDLSgNBEJz1GeMr0aOXwSCIh7ArET0G9eAxgnlAEpbeSRuHzD6Y6VXCkj/Rq/6HN/Hqxd/wC9xdczDGunRR1U015UVKGrLtT2thcWl5ZbWwVlzf2NzaLpV3WiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuji8xv36M2MgxuaBxh34dhIG+lAEolt1S+dJMeQezaR/lwJm6pYlftHHyeOFNSYVM03NJXbxCK2MeAhAJjuo4dUT8BTVIonBR7scEIxAiG2E1pAD6afpK/PuEHsQEKeYSaS8VzEX9fJOAbM/a9dNMHujN/vUz8z+vGdHvWT2QQxYSByIJIKsyDjNAy7QT5QGokguxz5DLgAjQQoZYchEjFOC1pJtCQD3qsB1lJzt9K5knruOrUqifXtUr9fFpXge2xfXbIHHbK6uyKNViTCfbAntgze7EerVfrzXr/WV2wpje7bAbWxzdcU6Fz</latexit>

D⌧0!⌧1

<latexit sha1_base64="Wou9zl/uDtk3fZi7FOurpvT6NSE=">AAACHHicbVDLTgJBEJzFF+IL5ehlIjHxRHYNRo9EPXjERJAEyKZ3aHDC7CMzvSZkw6/oVf/Dm/Fq4m/4Be6uHASsU6WqO1UpL1LSkG1/WYWV1bX1jeJmaWt7Z3evvH/QNmGsBbZEqELd8cCgkgG2SJLCTqQRfE/hvTe+yvz7R9RGhsEdTSLs+zAK5FAKoFRyy5VrN+kRxK7dozAnztQtV+2anYMvE2dGqmyGplv+7g1CEfsYkFBgTNexI+onoEkKhdNSLzYYgRjDCLspDcBH00/y8lN+HBugkEeouVQ8F/HvRwK+MRPfSy99oAez6GXif143puFFP5FBFBMGIgsiqTAPMkLLdBXkA6mRCLLmyGXABWggQi05CJGKcTrTXKAhH/RED7KRnMVJlkn7tObUa2e39WrjcjZXkR2yI3bCHHbOGuyGNVmLCTZhz+yFvVpP1pv1bn38nhas2U+FzcH6/AF80qKc</latexit>



Flat domain of Integers

12
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Flat domain of Integers

0-1 1 ……
<latexit sha1_base64="BEh+Hnv4r4MGbUs4MOJIrULF+C4=">AAACBXicbVC7TsNAEDyHVwivBEqaExESVWQjBJQRNJRBIg8RW9b5sgmnnB+6W4MiyzVfQQsVHaLlOyj4F2zjAhKmGs3samfHi6TQaJqfRmVpeWV1rbpe29jc2t6pN3Z7OowVhy4PZagGHtMgRQBdFChhEClgvieh700vc79/D0qLMLjBWQSOzyaBGAvOMJPcesP2Gd55XnKbuonthZi69abZMgvQRWKVpElKdNz6lz0KeexDgFwyrYeWGaGTMIWCS0hrdqwhYnzKJjDMaMB80E5SRE/pYawZhjQCRYWkhQi/NxLmaz3zvWwyD6rnvVz8zxvGOD53EhFEMULA80MoJBSHNFci6wToSChAZHlyoCKgnCmGCEpQxnkmxllJtawPa/77RdI7blmnLev6pNm+KJupkn1yQI6IRc5Im1yRDukSTh7IE3kmL8aj8Wq8Ge8/oxWj3Nkjf2B8fAPW5pj0</latexit>Z?
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Flat domain of Integers

?Z?

<latexit sha1_base64="lchd6h8w/4mXJlHX619xTCwOgzc=">AAACCnicbVC7TsNAEDzzDOFlQKKhOREhUUU2CoIygoYySOQhYss6XzbhlPNDd2ukyPgP+ApaqOgQLT9Bwb9gmxSQMNVoZlc7O34shUbL+jQWFpeWV1Yra9X1jc2tbXNnt6OjRHFo80hGquczDVKE0EaBEnqxAhb4Err++LLwu/egtIjCG5zE4AZsFIqh4AxzyTP3HT9CL3UChne+n95mXiFknlmz6lYJOk/sKamRKVqe+eUMIp4EECKXTOu+bcXopkyh4BKyqpNoiBkfsxH0cxqyALSblvkzepRohhGNQVEhaSnC742UBVpPAj+fLHLqWa8Q//P6CQ7P3VSEcYIQ8uIQCgnlIc2VyIsBOhAKEFmRHKgIKWeKIYISlHGei0neVDXvw579fp50Tup2o3563ag1L6bNVMgBOSTHxCZnpEmuSIu0CScP5Ik8kxfj0Xg13oz3n9EFY7qzR/7A+PgG1nKbKA==</latexit>

0-1 1 ……

bottom: any flat order has bottom
PO: flat order

completeness: any flat order is complete
                        (only finite chains are possible)

<latexit sha1_base64="BEh+Hnv4r4MGbUs4MOJIrULF+C4=">AAACBXicbVC7TsNAEDyHVwivBEqaExESVWQjBJQRNJRBIg8RW9b5sgmnnB+6W4MiyzVfQQsVHaLlOyj4F2zjAhKmGs3samfHi6TQaJqfRmVpeWV1rbpe29jc2t6pN3Z7OowVhy4PZagGHtMgRQBdFChhEClgvieh700vc79/D0qLMLjBWQSOzyaBGAvOMJPcesP2Gd55XnKbuonthZi69abZMgvQRWKVpElKdNz6lz0KeexDgFwyrYeWGaGTMIWCS0hrdqwhYnzKJjDMaMB80E5SRE/pYawZhjQCRYWkhQi/NxLmaz3zvWwyD6rnvVz8zxvGOD53EhFEMULA80MoJBSHNFci6wToSChAZHlyoCKgnCmGCEpQxnkmxllJtawPa/77RdI7blmnLev6pNm+KJupkn1yQI6IRc5Im1yRDukSTh7IE3kmL8aj8Wq8Ge8/oxWj3Nkjf2B8fAPW5pj0</latexit>Z?
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Strict extensions

op? : Z? ⇥ Z? ! Z?

<latexit sha1_base64="yyCKN6J9cFylgZqQ1ee5QUHqU5I="></latexit>

called strict extension

op 2 {+,�⇥}

<latexit sha1_base64="A0XQUUoj5WBncllwptIsnez7mEc=">AAACJHicbVC7TsNAEDzzDO8AZZoTERISENkoCMoIGsogERIpjqL1ZQMnzmfrbo0UWSn4GWjhP+gQBQ0fwRdgmxS8phrN7Gp2J4iVtOS6b87U9Mzs3HxpYXFpeWV1rby+cWmjxAhsiUhFphOARSU1tkiSwk5sEMJAYTu4Oc399i0aKyN9QaMYeyFcaTmUAiiT+uWKHwJd22EaxWNfaj/d3dv3SYZo/XG/XHVrbgH+l3gTUmUTNPvlD38QiSRETUKBtV3PjamXgiEpFI4X/cRiDOIGrrCbUQ1ZTC8tnhjz7cQCRTxGw6XihYjfN1IIrR2FQTZZnPzby8X/vG5Cw+NeKnWcEGqRB5FUWARZYWTWDvKBNEgE+eXIpeYCDBChkRyEyMQkq+tHoKUQzMgM8pK835X8JZcHNa9eOzyvVxsnk7pKrMK22A7z2BFrsDPWZC0m2B17YI/sybl3np0X5/VrdMqZ7GyyH3DePwFsJ6ZC</latexit>

to prove:          is monotone and continuousop?

<latexit sha1_base64="+TUKbKtUwIXbvEPWIuJBBVGWPQw=">AAACJXicbVC7TsNAEDzzfmOghOJEhEQV2SgISgQNZZBIQIqjaH3ZhFPOZ+tujRRZbvgZaOE/6BASFf/AF2CbFLymGs3saHcnTJS05HlvztT0zOzc/MLi0vLK6tq6u7HZtnFqBLZErGJzHYJFJTW2SJLC68QgRKHCq3B0VvpXt2isjPUljRPsRjDUciAFUCH13J0g1X00ZTwLIqAbO8jiJM97QRhTz615da8C/0v8CamxCZo99yPoxyKNUJNQYG3H9xLqZmBICoX5UpBaTECMYIidgmqI0Haz6ouc76UWKOYJGi4Vr0T8nsggsnYchcVkdehvrxT/8zopDY67mdRJSqhFuYikwmqRFUYW9SDvS4NEUF6OXGouwAARGslBiEJMi75+LLQUgRmbfl6U5P+u5C9pH9T9Rv3wolE7OZ3UtcC22S7bZz47YifsnDVZiwl2xx7YI3ty7p1n58V5/RqdciaZLfYDzvsnnlmngQ==</latexit>

op? : Z? ⇥ Z? ! Z?

<latexit sha1_base64="yyCKN6J9cFylgZqQ1ee5QUHqU5I="></latexit>

CPO?

<latexit sha1_base64="Pv2xuv3Epr8ZwLd9FIQHwXjZZSg=">AAACEXicbVBLTgJBFOzBH+IPdemmI5i4IjNEo0siG3diIp8IhLxpHtihp2fS/caEEE6hW72HO+PWE3gNT+CALASsVaXqvVSl/EhJS6775aRWVtfWN9Kbma3tnd297P5BzYaxEVgVoQpNwweLSmqskiSFjcggBL7Cuj8oT/z6IxorQ31HwwjbAfS17EkBlEj35cpNvtPyQ8p3sjm34E7Bl4k3Izk2Q6WT/W51QxEHqEkosLbpuRG1R2BICoXjTCu2GIEYQB+bCdUQoG2Ppo3H/CS2QCGP0HCp+FTEvx8jCKwdBn5yGQA92EVvIv7nNWPqXbZHUkcxoRaTIJIKp0FWGJlMgbwrDRLBpDlyqbkAA0RoJAchEjFOtpkLtBSAGZruOBnJW5xkmdSKBe+scH5bzJWuZnOl2RE7ZqfMYxesxK5ZhVWZYJo9sxf26jw5b8678/F7mnJmP4dsDs7nD8HbnfQ=</latexit>

<latexit sha1_base64="EBBHCXOh79B0HnT0wIrlIlSzzMg=">AAACQXicbVC5TsNAEF1zhnAFKGlWREhUkY0QRFQRNJRBIodIomi8mYRV1od2x0iRlV/hZ6CFnk+gQ2lpsE2KHLzqzZsZvZnnhkoasu1Pa2V1bX1jM7eV397Z3dsvHBzWTRBpgTURqEA3XTCopI81kqSwGWoEz1XYcIe3ab/xjNrIwH+gUYgdDwa+7EsBlEjdQrntAT2ZfhyE4+t8Vrhu/DjmbZIeGj6nBDNlt1C0S3YGvkycKSmyKardwqTdC0TkoU9CgTEtxw6pE4MmKRSO8+3IYAhiCANsJdSHxL4TZx+O+WlkILEPUXOpeCbi7EYMnjEjz00ms38We6n4X68VUb/ciaUfRoS+SI1IKsyMjNAyiQ55T2okgvRy5NLnAjQQoZYchEjEKMlyztCQB3qke2lIzmIky6R+XnIuS879RbFyM40rx47ZCTtjDrtiFXbHqqzGBHthb+ydfViv1pf1bU3+Rles6c4Rm4P18wth17JS</latexit>

op : Z⇥ Z ! Z <latexit sha1_base64="ociVv+FRRAKxizc0uSIssitpwpw=">AAACMnicbVC7TsNAEDyHd3gFKGlOREjQRDbi1SAhaCiDRBKkOIrWlw2cOJ+tuzVSZPkb+Blo4TugQ7RUfAF2SAEJU41mdm/2JoiVtOS6r05panpmdm5+oby4tLyyWllbb9ooMQIbIlKRuQ7AopIaGyRJ4XVsEMJAYSu4Oy/81j0aKyN9RYMYOyHcaNmXAiiXupVdP4jI536ie2iKR1KfZIg266aFk/n8gJ/wgnYrVbfmDsEniTciVTZCvVv58nuRSELUJBRY2/bcmDopGJJCYVb2E4sxiDu4wXZONeSxnXT4pYxvJxYo4jEaLhUfivh7I4XQ2kEY5JMh0K0d9wrxP6+dUP+4k0odJ4RaFEEkFQ6DrDAy7wp5TxokguJy5FJzAQaI0EgOQuRikpf3J9BSCGZgellekjdeySRp7tW8w5p3uV89PRvVNc822RbbYR47YqfsgtVZgwn2wJ7YM3txHp035935+BktOaOdDfYHzuc3LXirrQ==</latexit>? ⇥? 5 = ?

<latexit sha1_base64="d3wYkxsDcr4Y0mRwxyWCFAX19GQ=">AAACLXicbVDLSsNAFJ34flt16WawCoJQEhF1I4huXCpYFZpSbqZXHTqZhJkboYT8gD+jW/0PF4K4de8XOIldqPVs7uHcx5k5UaqkJd9/9UZGx8YnJqemZ2bn5hcWa0vLFzbJjMCmSFRiriKwqKTGJklSeJUahDhSeBn1jsv+5R0aKxN9Tv0U2zHcaHktBZCTOrX1IORhprtoygv5VtHJwyihwqmu8IOqdGp1v+FX4MMkGJA6G+C0U/sMu4nIYtQkFFjbCvyU2jkYkkJhMRNmFlMQPbjBlqMaYrTtvPpNwTcyC5TwFA2Xilci/tzIIba2H0duMga6tX97pfhfr5XR9X47lzrNCLUojUgqrIysMNLFhLwrDRJB+XLkUnMBBojQSA5CODFzuf0ytBSD6Ztu4UIK/kYyTC62G8FuIzjbqR8eDeKaYqtsjW2ygO2xQ3bCTlmTCXbPHtkTe/YevBfvzXv/Hh3xBjsr7Be8jy9B6Kkk</latexit>

1 +? ? = ?

<latexit sha1_base64="YulE7C37y/3tq5LXxTDegyMyxJE=">AAACMHicbVC7TsMwFHV4vykwslhUCBaqBCFgQUKwMIJEAampqhv3AlYdJ7JvkKoon8DPwAr/ARNiZeQLcEIHoJzlHp37OPaJUiUt+f6rNzI6Nj4xOTU9Mzs3v7BYW1q+sElmBDZFohJzFYFFJTU2SZLCq9QgxJHCy6h3XPYv79BYmehz6qfYjuFGy2spgJzUqW2EUUIhDzPdRVMeybeKTl6KhVNd4QdV6dTqfsOvwIdJMCB1NsBpp/YZdhORxahJKLC2FfgptXMwJIXCYibMLKYgenCDLUc1xGjbefWhgq9nFijhKRouFa9E/LmRQ2xtP47cZAx0a//2SvG/Xiuj6/12LnWaEWpRGpFUWBlZYaRLCnlXGiSC8uXIpeYCDBChkRyEcGLmovtlaCkG0zfdwoUU/I1kmFxsN4LdRnC2Uz88GsQ1xVbZGttkAdtjh+yEnbImE+yePbIn9uw9eC/em/f+PTriDXZW2C94H19GH6q0</latexit>? �? ? = ?

<latexit sha1_base64="+kAy74hv1Tso+J7xjq3TxQKZGNc=">AAADIHicfVJNbxMxEPUuX2X5aAoSFy4WCahIKMpGVeGCVMGFY5FIWxFHK68zSax67cWeDUTW/hm4wv/ghjjCz+AX4F0ioB8wp9GbN++NZ5yXSjocDL5F8YWLly5f2biaXLt+4+ZmZ+vWgTOVFTASRhl7lHMHSmoYoUQFR6UFXuQKDvPj5039cAnWSaNf4aqEScHnWs6k4BigbCu6s8xSRlmlp2AbEc8Kjgs386as64zlBhldZs OEoZVczxW8oQlTMEPmE5bDXGrPreWr2itVJ/8Ta3XoA8qK3LzzckZ7gf2owZjUtGXmuX9d92rGksY483/AdpL6d7fBBdi30gHdblToU3p+Q48a2/gM/814WCcM9HT9ioRZOV9gP+t0B/1BG/Rskq6TLlnHftb5waZGVAVoFIo7N04HJU6CKkqhIOhWDkoujvkcxiHVvAA38e0Ba3q/chwNLcFSqWgLwt8dnhfOrYo8MNuFnq414Hm1cYWzJxMvdVkhaNEYoVTQGjlhZfgZQKfSAiJvJgcaLiG45YhgJeVCBLAKX+WEocOC25Wd1mFJ6emVnE0Ohv10t5++3OnuPVuva4PcJffINknJY7JHXpB9MiIiqqMP0cfoU/w+/hx/ib/+osbRuuc2ORHx9593EQIX</latexit>

v1 op? v2 ,
⇢

v1 op v2 if v1, v2 2 Z
?Z? otherwise (v1 = ?Z? or v2 = ?Z?)



Cartesian product of domains
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Cartesian product
D = (D,vD)

<latexit sha1_base64="dI1LRzrLMQslziRrBwDGCDwqjco=">AAACE3icbVDLSgNBEJz1GeMr6tGDg0GIIGFXFL0IQXPwGMFEIRtC76TVIbMPZ3qFsOToJ/gVXvXkTbz6AR78F3fjHjRap6Kqm64uL1LSkG1/WBOTU9Mzs4W54vzC4tJyaWW1ZcJYC2yKUIX60gODSgbYJEkKLyON4HsKL7z+SeZf3KE2MgzOaRBhx4frQF5JAZRK3dKG6wPdCFBJfciPeKW+45pbE3sGCW+79e1uqWxX7RH4X+LkpMxyNLqlT7cXitjHgIQCY9qOHVEnAU1SKBwW3dhgBKIP19hOaQA+mk4yemTIt2IDFPIINZeKj0T8uZGAb8zA99LJLLYZ9zLxP68d09VhJ5FBFBMGIjtEUuHokBFapg0h70mNRJAlRy4DLkADEWrJQYhUjNPKimkfzvj3f0lrt+rsVffP9sq147yZAltnm6zCHHbAauyUNViTCXbPHtkTe7YerBfr1Xr7Hp2w8p019gvW+xdsFJ1t</latexit>

E = (E,vE)

<latexit sha1_base64="Ej0Sfe2hOjqMo/KdWiKwNXU57z0=">AAACE3icbVDLSgNBEJz1GeMr6tGDg0GIIGFXFL0IQQl4jGCikA2hd9LqkNmHM71CWHL0E/wKr3ryJl79AA/+i7txDxqtU1HVTVeXFylpyLY/rInJqemZ2cJccX5hcWm5tLLaMmGsBTZFqEJ96YFBJQNskiSFl5FG8D2FF17/JPMv7lAbGQbnNIiw48N1IK+kAEqlbmnD9YFuBKikPuRHvFLfcc2tiT2DhLfd+na3VLar9gj8L3FyUmY5Gt3Sp9sLRexjQEKBMW3HjqiTgCYpFA6LbmwwAtGHa2ynNAAfTScZPTLkW7EBCnmEmkvFRyL+3EjAN2bge+lkFtuMe5n4n9eO6eqwk8ggigkDkR0iqXB0yAgt04aQ96RGIsiSI5cBF6CBCLXkIEQqxmllxbQPZ/z7v6S1W3X2qvtne+Xacd5Mga2zTVZhDjtgNXbKGqzJBLtnj+yJPVsP1ov1ar19j05Y+c4a+wXr/Qtw5p1w</latexit>

CPO?

<latexit sha1_base64="Pv2xuv3Epr8ZwLd9FIQHwXjZZSg=">AAACEXicbVBLTgJBFOzBH+IPdemmI5i4IjNEo0siG3diIp8IhLxpHtihp2fS/caEEE6hW72HO+PWE3gNT+CALASsVaXqvVSl/EhJS6775aRWVtfWN9Kbma3tnd297P5BzYaxEVgVoQpNwweLSmqskiSFjcggBL7Cuj8oT/z6IxorQ31HwwjbAfS17EkBlEj35cpNvtPyQ8p3sjm34E7Bl4k3Izk2Q6WT/W51QxEHqEkosLbpuRG1R2BICoXjTCu2GIEYQB+bCdUQoG2Ppo3H/CS2QCGP0HCp+FTEvx8jCKwdBn5yGQA92EVvIv7nNWPqXbZHUkcxoRaTIJIKp0FWGJlMgbwrDRLBpDlyqbkAA0RoJAchEjFOtpkLtBSAGZruOBnJW5xkmdSKBe+scH5bzJWuZnOl2RE7ZqfMYxesxK5ZhVWZYJo9sxf26jw5b8678/F7mnJmP4dsDs7nD8HbnfQ=</latexit>

D ⇥ E = ( D ⇥ E , vD⇥E )

<latexit sha1_base64="xKLxITLtD5gXTOOe6/lmSXCWiS8="></latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

how to order pairs?
(d0, e0) vD⇥E (d1, e1) i↵ d0 vD d1 ^ e0 vE e1

<latexit sha1_base64="NnMIpm8WjacJBn5c5bZlbc5Dd8w="></latexit>

example Z? ⇥ Z?

<latexit sha1_base64="queGVEUddc60c+Yn3efz72mxzes=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiCUBKp6LLoxmUF+8AmhMn0tg6dPJi5EUroR/gJfoVbXbkTt134LyYxC209q8M593LuPX4shUbLmhlLyyura+uVjerm1vbOrrm339FRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/fJ373UdQWkThHU5icAM2CsVQcIaZ5JmnTsDwwffT+6mXOn6E06qDIgBdXTQ8s2bVrQJ0kdglqZESLc/8cgYRTwIIkUumdd+2YnRTplBwCVlSoiFmfMxG0M9oyLJcNy2emtLjRDOMaAyKCkkLEX5vpCzQehL42WR+qZ73cvE/r5/g8NJNRRgnCCHPg1BIKII0VyJrC+hAKEBk+eVARUg5UwwRlKCM80xMsvryPuz57xdJ56xuN+rnt41a86pspkIOyRE5ITa5IE1yQ1qkTTh5Ii/klbwZz8a78WF8/owuGeXOAfkDY/YN6Mijqg==</latexit>

(0, 1)
?
vZ?⇥Z? (1, 2)

<latexit sha1_base64="lYxSgYVargvfu/Bu35xrkoYHWkY="></latexit>

(?Z? , 1)
?
vZ?⇥Z? (1, 1)

<latexit sha1_base64="55RwY2XtPb+aw7opR5PD+5CMwGo="></latexit>

(2,?Z?)
?
vZ?⇥Z? (2, 0)

<latexit sha1_base64="7vN6TXXo/F7AIxW+EqkljKnm4UQ="></latexit>

(0,?Z?)
?
vZ?⇥Z? (?Z? , 0)

<latexit sha1_base64="dlTjKyRxI03qPZi8sE2LsiWPrb4="></latexit>
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Cartesian CPO
D ⇥ E = ( D ⇥ E , vD⇥E )

<latexit sha1_base64="xKLxITLtD5gXTOOe6/lmSXCWiS8="></latexit>

is it a partial order?

reflexivity, antisymmetry, transitivity of
follow immediately from those of

vD⇥E

<latexit sha1_base64="chTcxCPtvvqRVTp3Smh04ykzfg4=">AAACC3icbVC7SgNBFJ2NrxhfqxYWNoNBsAq7EtEy+ADLCOYB2SXMTm7ikNlHZu4IYdlP8CtstbITWz/Cwn9xE1No9FSHc+7l3HuCRAqNjvNhFRYWl5ZXiqultfWNzS17e6epY6M4NHgsY9UOmAYpImigQAntRAELAwmtYHgx8Vv3oLSIo1scJ+CHbBCJvuAMc6lr73l6pE2gAWHUTS89FCFoepV17bJTcaagf4k7I2UyQ71rf3q9mJsQIuSSad1xnQT9lCkUXEJW8oyGhPEhG0AnpxHLc/x0+kBGD41mGNMEFBWSTkX4uZGyUOtxGOSTIcM7Pe9NxP+8jsH+mZ+KKDEIEZ8EoZAwDdJcibwZoD2hAJFNLgcqIsqZYoigBGWc56LJqyrlfbjz3/8lzeOKW62c3FTLtfNZM0WyTw7IEXHJKamRa1InDcJJRh7JE3m2HqwX69V6+x4tWLOdXfIL1vsXKKObSA==</latexit>

vD

<latexit sha1_base64="UpPAENmqanHsB73FpGvG/JZiKIM=">AAACA3icbVC7TgJBFJ3FF+ID1NJmIjGxIrsGoyVRC0tM5JEA2cwOF5wwO7vM3DEhG0q/wlYrO2Prh1j4L+4ihYKnOjnn3txzTxBLYdB1P53cyura+kZ+s7C1vbNbLO3tN01kNYcGj2Sk2wEzIIWCBgqU0I41sDCQ0ApGV5nfegBtRKTucBJDL2RDJQaCM0wlv1TsmrGxgQGEsZ9cT/1S2a24M9Bl4s1JmcxR90tf3X7EbQgKuWTGdDw3xl7CNAouYVroWgMx4yM2hE5KFQvB9JJZ8Ck9toZhRGPQVEg6E+H3RsJCYyZhkE6GDO/NopeJ/3kdi4OLXiJUbBEUzw6hkDA7ZLgWaSNA+0IDIsuSAxWKcqYZImhBGeepaNOKCmkf3uL3y6R5WvGqlbPbarl2OW8mTw7JETkhHjknNXJD6qRBOLHkiTyTF+fReXXenPef0Zwz3zkgf+B8fANCj5gV</latexit>

vE

<latexit sha1_base64="PnHB8g/RZIcNOYUcCVz0CiADoxU=">AAACA3icbVC7SgNBFJ2NrxgfiVraDAbBKuxKRMugCJYRzAOSsMxObuKQ2dnNzB0hLCn9Clut7MTWD7HwX9yNKTTxVIdz7uWee4JYCoOu++nkVlbX1jfym4Wt7Z3dYmlvv2kiqzk0eCQj3Q6YASkUNFCghHasgYWBhFYwusr81gNoIyJ1h5MYeiEbKjEQnGEq+aVi14yNDQwgjP3keuqXym7FnYEuE29OymSOul/66vYjbkNQyCUzpuO5MfYSplFwCdNC1xqIGR+xIXRSqlgIppfMgk/psTUMIxqDpkLSmQi/NxIWGjMJg3QyZHhvFr1M/M/rWBxc9BKhYougeHYIhYTZIcO1SBsB2hcaEFmWHKhQlDPNEEELyjhPRZtWVEj78Ba/XybN04pXrZzdVsu1y3kzeXJIjsgJ8cg5qZEbUicNwoklT+SZvDiPzqvz5rz/jOac+c4B+QPn4xtEH5gW</latexit>

is there a bottom element?

let ?D⇥E = (?D,?E)

<latexit sha1_base64="l41+/PP1iEK6o8cAfKu0uP/j/Fs=">AAACFnicbVC7SgNBFJ2Nr7i+Vi1thgQhgoRdiWgjBE3AMoJ5QBLC7OQmDpl9MHNXCEt6P8GvsNXKTmxtLfwXN2sKTTzNHM65lzP3uKEUGm3708gsLa+srmXXzY3Nre0da3evoYNIcajzQAaq5TINUvhQR4ESWqEC5rkSmu7oauo370FpEfi3OA6h67GhLwaCM0yknpXruAH24koHhQeaVifmhVlItcpx+lSPelbeLtop6CJxZiRPZqj1rK9OP+CRBz5yybRuO3aI3ZgpFFzCxOxEGkLGR2wI7YT6LEnuxuktE3oYaYYBDUFRIWkqwu+NmHlajz03mfQY3ul5byr+57UjHJx3Y+GHEYLPp0EoJKRBmiuRlAS0LxQgsunPgQqfcqYYIihBGeeJGCWtmUkfzvz1i6RxUnRKxdObUr58OWsmSw5IjhSIQ85ImVyTGqkTTh7IE3kmL8aj8Wq8Ge8/oxljtrNP/sD4+Aa0qJ4C</latexit>

take any pair (d, e) 2 D ⇥ E

<latexit sha1_base64="6eSjPtbCjqsmgwRTWpZ4IYOQT2Q=">AAACBnicbVDLSgNBEJyNrxhfazx6GQxCBAm7EtFj8AEeI5gHJCHMTjpxyOzsMtMrhiV3v8KrnryJV3/Dg//iJOag0ToVVd1UdwWxFAY978PJLCwuLa9kV3Nr6xubW+52vm6iRHOo8UhGuhkwA1IoqKFACc1YAwsDCY1geD7xG3egjYjUDY5i6IRsoERfcIZW6rr5Yu8QDtpC0Ys2ihAMvey6Ba/kTUH/En9GCmSGatf9bPcinoSgkEtmTMv3YuykTKPgEsa5dmIgZnzIBtCyVDEb00mnt4/pfmIYRjQGTYWkUxF+bqQsNGYUBnYyZHhr5r2J+J/XSrB/2kmFihMExSdBKCRMgwzXwpYCtCc0ILLJ5UBtB5xphghaUMa5FRPbUs724c9//5fUj0p+uXR8XS5UzmbNZMku2SNF4pMTUiFXpEpqhJN78kieyLPz4Lw4r87b92jGme3skF9w3r8A4fyXrA==</latexit>

since
?D vD d

<latexit sha1_base64="GRBEKTZqNJekEHyoYdkwj00PTAA=">AAACCnicbVC7TsNAEDyHVwgvAxINzYkIiSqyURCUEVBQBok8pNiyzpdNOOX8yN0aKQr5A76CFio6RMtPUPAv2MYFBKaandnV7o4fS6HRsj6M0sLi0vJKebWytr6xuWVu77R1lCgOLR7JSHV9pkGKEFooUEI3VsACX0LHH11kfucOlBZReIOTGNyADUMxEJxhKnnmnuNH6F1SR4914mtAGKdV3zOrVs3KQf8SuyBVUqDpmZ9OP+JJACFyybTu2VaM7pQpFFzCrOIkGmLGR2wIvZSGLADtTvP7Z/Qw0QwjGoOiQtJchJ8TUxZoPQn8tDNgeKvnvUz8z+slODhzpyKME4SQZ4tQSMgXaa5EGgzQvlCAyLLLgYqQcqYYIihBGeepmKRJVdI87Pnv/5L2cc2u106u69XGeZFMmeyTA3JEbHJKGuSKNEmLcHJPHskTeTYejBfj1Xj7bi0Zxcwu+QXj/Qt3oZpL</latexit>

?E vE e

<latexit sha1_base64="2le8izGZGgetNR1Ekl5ncV1Ai68=">AAACCnicbVC7TsNAEDyHVwgvAxINzYkIiSqyURCUEQiJMkjkIcWWdb5swinnR+7WSFHIH/AVtFDRIVp+goJ/wTYuIDDV7Myudnf8WAqNlvVhlBYWl5ZXyquVtfWNzS1ze6eto0RxaPFIRqrrMw1ShNBCgRK6sQIW+BI6/ugi8zt3oLSIwhucxOAGbBiKgeAMU8kz9xw/Qu+SOnqsE18DwjitwDOrVs3KQf8SuyBVUqDpmZ9OP+JJACFyybTu2VaM7pQpFFzCrOIkGmLGR2wIvZSGLADtTvP7Z/Qw0QwjGoOiQtJchJ8TUxZoPQn8tDNgeKvnvUz8z+slODhzpyKME4SQZ4tQSMgXaa5EGgzQvlCAyLLLgYqQcqYYIihBGeepmKRJVdI87Pnv/5L2cc2u106u69XGeZFMmeyTA3JEbHJKGuSKNEmLcHJPHskTeTYejBfj1Xj7bi0Zxcwu+QXj/Qt8YJpO</latexit>

then ?D⇥E = (?D,?E) vD⇥E (d, e)

<latexit sha1_base64="9UPIHnJRyQZkleP1BwUV3t9zouM="></latexit>
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Cartesian CPO (ctd)
D ⇥ E = ( D ⇥ E , vD⇥E )

<latexit sha1_base64="xKLxITLtD5gXTOOe6/lmSXCWiS8="></latexit>

is it complete?

{(di, ei)}i2N

<latexit sha1_base64="lhOWg4Qtl279xqdOHu/8KDF4YBY=">AAACEnicbVBNS8NAEN34bf2qehRksQgVpCRS0WPRiydRsCo0JWy2ow5uNmF3IpSQmz/BX+FVT97Eq3/Ag//FpPag1Xd6vDfDvHlhotCS6344Y+MTk1PTM7OVufmFxaXq8sq5jVMjoS1jFZvLUFhQqKFNSAouEwMiChVchLeHpX9xB8ZirM+on0A3Etcar1AKKqSguu5n9V6A2xDglp8HGfqo/UjQTRhmx3keVGtuwx2A/yXekNTYECdB9dPvxTKNQJNUwtqO5ybUzYQhlAryip9aSIS8FdfQKagWEdhuNvgj55upFRTzBAxHxQci/NzIRGRtPwqLyTKiHfVK8T+vk9LVfjdDnaQEWpaHCBUMDllpsCgIeA8NEIkyOXDUXAojiMAgF1IWYlo0Vin68Ea//0vOdxpes7F72qy1DobNzLA1tsHqzGN7rMWO2AlrM8nu2SN7Ys/Og/PivDpv36NjznBnlf2C8/4FFiWd7Q==</latexit>

take a chain we need to find its lub

we prove its lub is
 
G

i2N
di,
G

i2N
ei

!

<latexit sha1_base64="lPKMggEq18gdmRF0yVX11zHtjl8="></latexit>

1. it is an upper bound of the chain
2. it is smaller than or equal to any other upper bound
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Cartesian CPO (ctd)
D ⇥ E = ( D ⇥ E , vD⇥E )

<latexit sha1_base64="xKLxITLtD5gXTOOe6/lmSXCWiS8=">AAACPnicbVDLSgNBEJz1bXxFPXoZDIKChF1R9CKIDxBPEYwGMiH0jq0Ozj6c6RVk2X/yE/wKwYPoyZt49ehuEkSjdSqquumu8mOtLLnukzMwODQ8Mjo2XpqYnJqeKc/OndooMRLrMtKRafhgUasQ66RIYyM2CIGv8cy/3iv8s1s0VkXhCd3F2ArgMlQXSgLlUrt8JAKgKwk63c8EqQDtt3CQ8W2+LPh+V+cHgq8KLuyNTXyLhD ft9NvKBF9plytu1e2A/yVej1RYD7V2+VmcRzIJMCSpwdqm58bUSsGQkhqzkkgsxiCv4RKbOQ0hP9VKO5kzvpRYoIjHaLjSvCPiz40UAmvvAj+fLALZfq8Q//OaCV1stVIVxglhKItDpDR2DllpVF4m8nNlkAiKz5GrkEswQIRGcZAyF5O83VLeh9ef/i85Xat669WN4/XKzm6vmTG2wBbZMvPYJtthh6zG6kyye/bIXtir8+C8Oe/OR3d0wOntzLNfcD6/AFNjrro=</latexit>

{(di, ei)}i2N

<latexit sha1_base64="lhOWg4Qtl279xqdOHu/8KDF4YBY=">AAACEnicbVBNS8NAEN34bf2qehRksQgVpCRS0WPRiydRsCo0JWy2ow5uNmF3IpSQmz/BX+FVT97Eq3/Ag//FpPag1Xd6vDfDvHlhotCS6344Y+MTk1PTM7OVufmFxaXq8sq5jVMjoS1jFZvLUFhQqKFNSAouEwMiChVchLeHpX9xB8ZirM+on0A3Etcar1AKKqSguu5n9V6A2xDglp8HGfqo/UjQTRhmx3keVGtuwx2A/yXekNTYECdB9dPvxTKNQJNUwtqO5ybUzYQhlAryip9aSIS8FdfQKagWEdhuNvgj55upFRTzBAxHxQci/NzIRGRtPwqLyTKiHfVK8T+vk9LVfjdDnaQEWpaHCBUMDllpsCgIeA8NEIkyOXDUXAojiMAgF1IWYlo0Vin68Ea//0vOdxpes7F72qy1DobNzLA1tsHqzGN7rMWO2AlrM8nu2SN7Ys/Og/PivDpv36NjznBnlf2C8/4FFiWd7Q==</latexit>

take a chain
 
G

i2N
di,
G

i2N
ei

!

<latexit sha1_base64="lPKMggEq18gdmRF0yVX11zHtjl8="></latexit>

1.                           is an upper bound of the chain

take a generic element of the chain

we have
dj vD

G

i2N
di

<latexit sha1_base64="SbPslHXXXDXaHCX6upqCFkWOGQs="></latexit>

ej vE

G

i2N
ei

<latexit sha1_base64="ulof45V2ElAMPmOVdo/yh1Z8WHM="></latexit>

(dj , ej)

<latexit sha1_base64="9cpunqCEgY7FLqQ1P59aVT0BYxY=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpSCiyURCUETSUQSIPlFjW+bIJl9zZ1t0aKbLyFbRQ0SFaPoaCf8E2KSAw1WhmVzs7fiSFQdv+sApLyyura8X10sbm1vZOeXevbcJYc2jxUIa66zMDUgTQQoESupEGpnwJHX9ylfmdB9BGhMEtTiNwFRsFYig4w1S6qw688Ql442OvXLFrdg76lzhzUiFzNL3yZ38Q8lhBgFwyY3qOHaGbMI2CS5iV+rGBiPEJG0EvpQFTYNwkDzyjR7FhGNIINBWS5iL83EiYMmaq/HRSMbw3i14m/uf1YhxeuIkIohgh4NkhFBLyQ4ZrkTYBdCA0ILIsOVARUM40QwQtKOM8FeO0mlLah7P4/V/SPq059drZTb3SuJw3UyQH5JBUiUPOSYNckyZpEU4UeSRP5NmaWS/Wq/X2PVqw5jv75Bes9y9wC5Q5</latexit>

thus (dj , ej) vD⇥E

 
G

i2N
di,
G

i2N
ei

!

<latexit sha1_base64="zCQg16ZE1dXw5kotdFAXGRS7se4="></latexit>
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Cartesian CPO (ctd)
D ⇥ E = ( D ⇥ E , vD⇥E )

<latexit sha1_base64="xKLxITLtD5gXTOOe6/lmSXCWiS8=">AAACPnicbVDLSgNBEJz1bXxFPXoZDIKChF1R9CKIDxBPEYwGMiH0jq0Ozj6c6RVk2X/yE/wKwYPoyZt49ehuEkSjdSqquumu8mOtLLnukzMwODQ8Mjo2XpqYnJqeKc/OndooMRLrMtKRafhgUasQ66RIYyM2CIGv8cy/3iv8s1s0VkXhCd3F2ArgMlQXSgLlUrt8JAKgKwk63c8EqQDtt3CQ8W2+LPh+V+cHgq8KLuyNTXyLhD ft9NvKBF9plytu1e2A/yVej1RYD7V2+VmcRzIJMCSpwdqm58bUSsGQkhqzkkgsxiCv4RKbOQ0hP9VKO5kzvpRYoIjHaLjSvCPiz40UAmvvAj+fLALZfq8Q//OaCV1stVIVxglhKItDpDR2DllpVF4m8nNlkAiKz5GrkEswQIRGcZAyF5O83VLeh9ef/i85Xat669WN4/XKzm6vmTG2wBbZMvPYJtthh6zG6kyye/bIXtir8+C8Oe/OR3d0wOntzLNfcD6/AFNjrro=</latexit>

{(di, ei)}i2N

<latexit sha1_base64="lhOWg4Qtl279xqdOHu/8KDF4YBY=">AAACEnicbVBNS8NAEN34bf2qehRksQgVpCRS0WPRiydRsCo0JWy2ow5uNmF3IpSQmz/BX+FVT97Eq3/Ag//FpPag1Xd6vDfDvHlhotCS6344Y+MTk1PTM7OVufmFxaXq8sq5jVMjoS1jFZvLUFhQqKFNSAouEwMiChVchLeHpX9xB8ZirM+on0A3Etcar1AKKqSguu5n9V6A2xDglp8HGfqo/UjQTRhmx3keVGtuwx2A/yXekNTYECdB9dPvxTKNQJNUwtqO5ybUzYQhlAryip9aSIS8FdfQKagWEdhuNvgj55upFRTzBAxHxQci/NzIRGRtPwqLyTKiHfVK8T+vk9LVfjdDnaQEWpaHCBUMDllpsCgIeA8NEIkyOXDUXAojiMAgF1IWYlo0Vin68Ea//0vOdxpes7F72qy1DobNzLA1tsHqzGN7rMWO2AlrM8nu2SN7Ys/Og/PivDpv36NjznBnlf2C8/4FFiWd7Q==</latexit>

take a chain
 
G

i2N
di,
G

i2N
ei

!

<latexit sha1_base64="lPKMggEq18gdmRF0yVX11zHtjl8="></latexit>

2.                           is the least among upper bounds

take a generic upper bound          :

hence

(d, e)

<latexit sha1_base64="3CNx1Bc0hcwtLr5gtSjv7vxQQ3I=">AAAB93icbVBNS8NAFNzUr1q/qh69LBahgpREKnosevFYwbSFNpTN9rUu3WzC7otQQn+DVz15E6/+HA/+F5OYg7bOaZh5jzdv/EgKg7b9aZVWVtfWN8qbla3tnd296v5Bx4Sx5uDyUIa65zMDUihwUaCEXqSBBb6Erj+9yfzuI2gjQnWPswi8gE2UGAvOMJXc+ugMTofVmt2wc9Bl4hSkRgq0h9WvwSjkcQAKuWTG9B07Qi9hGgWXMK8MYgMR41M2gX5KFQvAeEkedk5PYsMwpBFoKiTNRfi9kbDAmFngp5MBwwez6GXif14/xvGVlwgVxQiKZ4dQSMgPGa5F2gLQkdCAyLLkQIWinGmGCFpQxnkqxmktlbQPZ/H7ZdI5bzjNxsVds9a6LpopkyNyTOrEIZekRW5Jm7iEE0GeyDN5sWbWq/Vmvf+Mlqxi55D8gfXxDWCikn8=</latexit>

8i 2 N. (di, ei) vD⇥E (d, e)

<latexit sha1_base64="kPmbXm56d4EzjaVnw3lhzpOPFbU="></latexit>

8i 2 N. di vD d ^ 8i 2 N. ei vE e

<latexit sha1_base64="6Gx1EiykDiiDEfQXFn3LMtWCwSA="></latexit>

by def

i.e.,     is an upper bound of

is an upper bound of

d

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

{ei}i2N

<latexit sha1_base64="LaxJOoNhb3o8WSa/gkNxl2vAse8=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhUUU2CoIygoYKBYkEpDiyzscSVjmfrbs1UmSZT+AraKGiQ7T8AwX/gh1S8JpqNLOrnZ0wUWjJdd+dqemZ2bn5ykJ1cWl5ZbW2tt61cWokdGSsYnMZCgsKNXQIScFlYkBEoYKLcHhc+he3YCzG+pxGCfQjMdB4jVJQIQW1TT+DAP08yNBH7UeCbsIwO83zoFZ3G+4Y/C/xJqTOJmgHtQ//KpZpBJqkEtb2PDehfiYMoVSQV/3UQiLkUAygV1AtIrD9bPxBzndSKyjmCRiOio9F+L6RicjaURQWk2VE+9srxf+8XkrXh/0MdZISaFkeIlQwPmSlwaIa4FdogEiUyYGj5lIYQQQGuZCyENOiq2rRh/f7+7+ku9fwmo39s2a9dTRppsK22DbbZR47YC12wtqswyS7Yw/skT05986z8+K8fo1OOZOdDfYDztsncUecCA==</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

G

i2N
di vD d

<latexit sha1_base64="b0wosOiVnuPvtpoC2pJUAUUNSX4="></latexit>

G

i2N
ei vE e

<latexit sha1_base64="3okT93XGo/ym9mQWYky8fb6sxKE="></latexit>

 
G

i2N
di,
G

i2N
ei

!
vD⇥E (d, e)

<latexit sha1_base64="D7zXwZBD1bQx64qSsI7+cfeBTl0="></latexit>



2222

Cartesian CPO: recap
D ⇥ E = ( D ⇥ E , vD⇥E )

<latexit sha1_base64="xKLxITLtD5gXTOOe6/lmSXCWiS8="></latexit>

(d0, e0) vD⇥E (d1, e1) i↵ d0 vD d1 ^ e0 vE e1

<latexit sha1_base64="NnMIpm8WjacJBn5c5bZlbc5Dd8w="></latexit>

G

i2N
(di, ei) ,

 
G

i2N
di,
G

i2N
ei

!

<latexit sha1_base64="7it52oxZTzi1k2aXCb6pz022hzw="></latexit>

?D⇥E , (?D,?E)

<latexit sha1_base64="BQDkDZAGJHAzMX2lniuxVFjU5X8=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIKihF2J6DH4AI8RjBGSEHrHNg6ZnV1neoWw5CP8BL/Cq568iVcP/ouTNQdffemiqpvqrjBR0pLvv3tj4xOTU9Mzs4W5+YXFpeLyyoWNUyOwLmIVm8sQLCqpsU6SFF4mBiEKFTbC3tFQb9yhsTLW59RPsB1BV8trKYAc1Slut8KYOtlxi2SElp8MCi0yEnRX4W1hMxePd/J2stUplvyynxf/C4IRKLFR1TrFj9ZVLNIINQkF1jYDP6F2BoakUOisUosJiB50semgBndCO8ufGvCN1ALFPEHDpeI5id83Mois7Uehm4yAbuxvbUj+pzVTuj5oZ1InKaEWQyOSCnMjK4x0aSG/kgaJYHg5cqm5AANEaCQHIRyZuvgKLo/g9/d/wcVuOaiU984qperhKJkZtsbW2SYL2D6rslNWY3Um2D17ZE/s2XvwXrxX7+1rdMwb7ayyH+W9fwKhAqJC</latexit>

is                a              ?op? : Z? ⇥ Z? ! Z?

<latexit sha1_base64="yyCKN6J9cFylgZqQ1ee5QUHqU5I="></latexit>

CPO?

<latexit sha1_base64="Pv2xuv3Epr8ZwLd9FIQHwXjZZSg=">AAACEXicbVBLTgJBFOzBH+IPdemmI5i4IjNEo0siG3diIp8IhLxpHtihp2fS/caEEE6hW72HO+PWE3gNT+CALASsVaXqvVSl/EhJS6775aRWVtfWN9Kbma3tnd297P5BzYaxEVgVoQpNwweLSmqskiSFjcggBL7Cuj8oT/z6IxorQ31HwwjbAfS17EkBlEj35cpNvtPyQ8p3sjm34E7Bl4k3Izk2Q6WT/W51QxEHqEkosLbpuRG1R2BICoXjTCu2GIEYQB+bCdUQoG2Ppo3H/CS2QCGP0HCp+FTEvx8jCKwdBn5yGQA92EVvIv7nNWPqXbZHUkcxoRaTIJIKp0FWGJlMgbwrDRLBpDlyqbkAA0RoJAchEjFOtpkLtBSAGZruOBnJW5xkmdSKBe+scH5bzJWuZnOl2RE7ZqfMYxesxK5ZhVWZYJo9sxf26jw5b8678/F7mnJmP4dsDs7nD8HbnfQ=</latexit>
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Projections
⇡1 : D ⇥ E ! D

<latexit sha1_base64="NZYkV/UPwSi9ts1no/SPyDNPiDc=">AAACCXicbVDLSgNBEJyNrxhfq+LJy2AQPIVdiSiegkbwGME8IBvC7KQTh8w+mOkVwpIv8Cu86smbePUrPPgvzq45aLRORVU31V1+LIVGx/mwCguLS8srxdXS2vrG5pa9vdPSUaI4NHkkI9XxmQYpQmiiQAmdWAELfAltf3yZ+e17UFpE4S1OYugFbBSKoeAMjdS397xY9N3zuociAE2vqIcRrfftslNxctC/xJ2RMpmh0bc/vUHEkwBC5JJp3XWdGHspUyi4hGnJSzTEjI/ZCLqGhsyE9dL8/Ck9TDQzqTEoKiTNRfi5kbJA60ngm8mA4Z2e9zLxP6+b4PCsl4owThBCngWhkJAHaa6E6QXoQChAZNnlQEVIOVMMEZSgjHMjJqaokunDnf/+L2kdV9xq5eSmWq5dzJopkn1yQI6IS05JjVyTBmkSTlLySJ7Is/VgvViv1tv3aMGa7eySX7DevwA6S5jz</latexit>

⇡2 : D ⇥ E ! E

<latexit sha1_base64="coU+OtMk+6/OqQZwCJ8UixEQQ6g=">AAACCXicbVDLSgNBEJyNrxhfUfHkZTAInsJuiCieghrwGME8ILsss5NOHDL7YKZXCEu+wK/wqidv4tWv8OC/OIk5aGKdiqpuqruCRAqNtv1p5ZaWV1bX8uuFjc2t7Z3i7l5Lx6ni0OSxjFUnYBqkiKCJAiV0EgUsDCS0g+HVxG8/gNIiju5wlIAXskEk+oIzNJJfPHAT4Vcurl0UIWhapy7GtO4XS3bZnoIuEmdGSmSGhl/8cnsxT0OIkEumddexE/QyplBwCeOCm2pIGB+yAXQNjZgJ87Lp+WN6nGpmUhNQVEg6FeH3RsZCrUdhYCZDhvd63puI/3ndFPvnXiaiJEWI+CQIhYRpkOZKmF6A9oQCRDa5HKiIKGeKIYISlHFuxNQUVTB9OPPfL5JWpexUy6e31VLtctZMnhySI3JCHHJGauSGNEiTcJKRJ/JMXqxH69V6s95/RnPWbGef/IH18Q09eZj1</latexit>

TH. projections are monotone
proof. take (d0, e0) vD⇥E (d1, e1)

<latexit sha1_base64="jRYygUyFu1GYTBzTWxdpQrU6tsA=">AAACH3icbVDLTgJBEJzFF+IL9ehlIjGBaMiuweiR+Eg8YiKPBMhmdmhwwuyDmV4TsuEj/AS/wquevBmvHPwXB+SgYJ0qVdXp7vIiKTTa9thKLS2vrK6l1zMbm1vbO9ndvZoOY8WhykMZqobHNEgRQBUFSmhECpjvSah7/auJX38EpUUY3OMwgrbPeoHoCs7QSG72ON9x7RNw7QJt6YGOPQ0IAze5bqHwQdObUcYkHJNwCm42ZxftKegicWYkR2aouNmvVifksQ8Bcsm0bjp2hO2EKRRcwijTijVEjPdZD5qGBsxsbCfTp0b0KNYMQxqBokLSqQi/JxLmaz30PZP0GT7oeW8i/uc1Y+xetBMRRDFCwCeLUEiYLtJcCdMW0I5QgMgmlwMVAeVMMURQgjLOjRib+jKmD2f++0VSOy06peLZXSlXvpw1kyYH5JDkiUPOSZnckgqpEk6eyAt5JW/Ws/VufVifP9GUNZvZJ39gjb8BkOqhBA==</latexit>

we want to prove ⇡1(d0, e0) vD ⇡1(d1, e1)

<latexit sha1_base64="NHNTEehIuWlKehVmHUSJU2oGzfE=">AAACIXicbVBLS0JBGJ1rL7OX1bLNkAQKJfeGUUupFi0N8gEql7njpw3OfTjz3UAu/op+Qr+iba3aRbuI/kujGZR2VodzvufxIik02va7lVpYXFpeSa9m1tY3Nrey2zs1HcaKQ5WHMlQNj2mQIoAqCpTQiBQw35NQ9/oXY79+B0qLMLjBYQRtn/UC0RWcoZHc7FErEq6T77j2Ibh2gbb0QMeeBoSBm1yOMj+2Y2yn4GZzdtGegM4TZ0pyZIqKm/1sdUIe+xAgl0zrpmNH2E6YQsElmPGxhojxPutB09CA+aDbyeStET2INcOQRqCokHQiwu+OhPlaD33PVPoMb/WsNxb/85oxds/aiQiiGCHg40UoJEwWaa6EyQtoRyhAZOPLgYqAcqYYIihBGedGjE2AGZOHM/v9PKkdF51S8eS6lCufT5NJkz2yT/LEIaekTK5IhVQJJ/fkkTyRZ+vBerFerbfv0pQ17dklf2B9fAH9ZaG/</latexit>

⇡2(d0, e0) vE ⇡2(d1, e1)

<latexit sha1_base64="Zx9OgehgxYnEfMzex8TqAJC+tZI=">AAACIXicbVBLS0JBGJ1rL7OX1bLNkAQKJfeKUUspgpYG+QCVy9zx04bmPpz5biAXf0U/oV/Rtlbtol1E/6XRDEo7q8M53/N4kRQabfvdSi0sLi2vpFcza+sbm1vZ7Z26DmPFocZDGaqmxzRIEUANBUpoRgqY70loeLfnY79xB0qLMLjGYQQdn/UD0ROcoZHc7FE7Em4p33XtQ3DtAm3rgY49DQgDN7kYZX5sx9hOwc3m7KI9AZ0nzpTkyBRVN/vZ7oY89iFALpnWLceOsJMwhYJLMONjDRHjt6wPLUMD5oPuJJO3RvQg1gxDGoGiQtKJCL87EuZrPfQ9U+kzvNGz3lj8z2vF2DvtJCKIYoSAjxehkDBZpLkSJi+gXaEAkY0vByoCypliiKAEZZwbMTYBZkwezuz386ReKjrl4vFVOVc5myaTJntkn+SJQ05IhVySKqkRTu7JI3kiz9aD9WK9Wm/fpSlr2rNL/sD6+AICYqHC</latexit>

⇡1(d0, e0) = d0

<latexit sha1_base64="blsP2D5LJZvmGtB1xd5m9UdMed4=">AAACCXicbVDLSsNAFJ3UV62vqLhyM1iEClISqehGKLpxWcE+oA1hMr2tg5MHMzdCCf0Cv8KtrtyJW7/Chf9iErPQ1rM6nHMv99zjRVJotKxPo7SwuLS8Ul6trK1vbG6Z2zsdHcaKQ5uHMlQ9j2mQIoA2CpTQixQw35PQ9e6vMr/7AEqLMLjFSQSOz8aBGAnOMJVcc28QCdeuDV3rGFzriF7QlFZcs2rVrRx0ntgFqZICLdf8GgxDHvsQIJdM675tRegkTKHgEqaVQawhYvyejaGf0oD5oJ0kjz+lh7FmGNIIFBWS5iL83kiYr/XE99JJn+GdnvUy8T+vH+Po3ElEEMUIAc8OoZCQH9JcibQXoEOhAJFlyYGKgHKmGCIoQRnnqRinRWV92LPfz5POSd1u1E9vGtXmZdFMmeyTA1IjNjkjTXJNWqRNOEnIE3kmL8aj8Wq8Ge8/oyWj2Nklf2B8fAM1QZet</latexit>

⇡1(d, e) = d

<latexit sha1_base64="S5HXJuQ08VfM1IdmOdP8jNrI15I=">AAACA3icbVDLSsNAFJ3UV62PRl26GSxCBSmJVHQjFN24rGAf0IYwmdzWoZMHMzdCKV36FW515U7c+iEu/BeTmIVWz+pwzr3cc48XS6HRsj6M0tLyyupaeb2ysbm1XTV3drs6ShSHDo9kpPoe0yBFCB0UKKEfK2CBJ6HnTa4yv3cPSosovMVpDE7AxqEYCc4wlVyzOoyFa9f9YziiF9SvuGbNalg56F9iF6RGCrRd83PoRzwJIEQumdYD24rRmTGFgkuYV4aJhpjxCRvDIKUhC0A7szz4nB4mmmFEY1BUSJqL8HNjxgKtp4GXTgYM7/Sil4n/eYMER+fOTIRxghDy7BAKCfkhzZVIGwHqCwWILEsOVISUM8UQQQnKOE/FJK0o68Ne/P4v6Z407Gbj9KZZa10WzZTJPjkgdWKTM9Ii16RNOoSThDySJ/JsPBgvxqvx9j1aMoqdPfILxvsXmjKVxA==</latexit>

⇡2(d, e) = e

<latexit sha1_base64="AuWag6ZvuINuJiUqjp/zreN79N8=">AAACA3icbVC7SgNBFJ2NrxgfWbW0GQxCBAm7IaKNELSxjGAekCzL7OQmDpl9MHNXCCGlX2GrlZ3Y+iEW/ou76xaaeKrDOfdyzz1eJIVGy/o0Ciura+sbxc3S1vbObtnc2+/oMFYc2jyUoep5TIMUAbRRoIRepID5noSuN7lO/e4DKC3C4A6nETg+GwdiJDjDRHLN8iASbr06PIUTekmh5JoVq2ZloMvEzkmF5Gi55tdgGPLYhwC5ZFr3bStCZ8YUCi5hXhrEGiLGJ2wM/YQGzAftzLLgc3oca4YhjUBRIWkmwu+NGfO1nvpeMukzvNeLXir+5/VjHF04MxFEMULA00MoJGSHNFciaQToUChAZGlyoCKgnCmGCEpQxnkixklFaR/24vfLpFOv2Y3a2W2j0rzKmymSQ3JEqsQm56RJbkiLtAknMXkiz+TFeDRejTfj/We0YOQ7B+QPjI9vnVuVxg==</latexit>

vD d1

<latexit sha1_base64="uAruGrk+Ys1ex476fs2AUcWiY10=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWQjEJQRUFAGiTykxLLOl0045fzI3RoUWan5Clqo6BAt30HBv2AbF5Aw1WhmVzs7XiSFRsv6NEpLyyura+X1ysbm1vaOWd1t6zBWHFo8lKHqekyDFAG0UKCEbqSA+Z6Ejje+zPzOPSgtwuAWpxE4PhsFYig4w1RyzWpfT3TsaUCYuFd04NquWbPqVg66SOyC1EiBpmt+9Qchj30IkEumdc+2InQSplBwCbNKP9YQMT5mI+ilNGA+aCfJo8/oYawZhjQCRYWkuQi/NxLmaz31vXTSZ3in571M/M/rxTg8dxIRRDFCwLNDKCTkhzRXIu0E6EAoQGRZcqAioJwphghKUMZ5KsZpSZW0D3v++0XSPq7bJ/XTm5Na46Jopkz2yQE5IjY5Iw1yTZqkRTh5IE/kmbwYj8ar8Wa8/4yWjGJnj/yB8fENw/yYRQ==</latexit>

(d0, e0) vD⇥E (d1, e1)

<latexit sha1_base64="jRYygUyFu1GYTBzTWxdpQrU6tsA=">AAACH3icbVDLTgJBEJzFF+IL9ehlIjGBaMiuweiR+Eg8YiKPBMhmdmhwwuyDmV4TsuEj/AS/wquevBmvHPwXB+SgYJ0qVdXp7vIiKTTa9thKLS2vrK6l1zMbm1vbO9ndvZoOY8WhykMZqobHNEgRQBUFSmhECpjvSah7/auJX38EpUUY3OMwgrbPeoHoCs7QSG72ON9x7RNw7QJt6YGOPQ0IAze5bqHwQdObUcYkHJNwCm42ZxftKegicWYkR2aouNmvVifksQ8Bcsm0bjp2hO2EKRRcwijTijVEjPdZD5qGBsxsbCfTp0b0KNYMQxqBokLSqQi/JxLmaz30PZP0GT7oeW8i/uc1Y+xetBMRRDFCwCeLUEiYLtJcCdMW0I5QgMgmlwMVAeVMMURQgjLOjRib+jKmD2f++0VSOy06peLZXSlXvpw1kyYH5JDkiUPOSZnckgqpEk6eyAt5JW/Ws/VufVifP9GUNZvZJ39gjb8BkOqhBA==</latexit>

= ⇡1(d1, e1)

<latexit sha1_base64="bOqkkVAqmA6NEQCTUDTdJbmi/8g=">AAACBHicbVDLSsNAFJ3UV42vqEs3g0WoICWRim6EohuXFewD2hAm09s6dPJg5qZQSrd+hVtduRO3/ocL/8UkZqHVszqccy/33OPHUmi07Q+jtLS8srpWXjc3Nre2d6zdvbaOEsWhxSMZqa7PNEgRQgsFSujGCljgS+j44+vM70xAaRGFdziNwQ3YKBRDwRmmkmdZl2Y/Fp5THXjOCXjOsWdV7Jqdg/4lTkEqpEDTsz77g4gnAYTIJdO659gxujOmUHAJc7OfaIgZH7MR9FIasgC0O8uTz+lRohlGNAZFhaS5CD83ZizQehr46WTA8F4vepn4n9dLcHjhzkQYJwghzw6hkJAf0lyJtBKgA6EAkWXJgYqQcqYYIihBGeepmKQdmWkfzuL3f0n7tObUa2e39UrjqmimTA7IIakSh5yTBrkhTdIinEzII3kiz8aD8WK8Gm/foyWj2Nknv2C8fwGCQJZK</latexit>

*

<latexit sha1_base64="KR/khARZ36ZPXf4W2iRevyFHgFc=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsog4SRSYkXryyaccn7obg2KQn6CFio6RMvPUPAv2MYFJEw1mtnVzo4fK2nItj+t0tLyyupaeb2ysbm1vVPd3WuZKNECXRGpSHd8MKhkiC5JUtiJNULgK2z746vMb9+jNjIKb2kSoxfAKJRDKYBSqdNzY9A6euhXa3bdzsEXiVOQGivQ7Fe/eoNIJAGGJBQY03XsmLwpaJJC4azSSwzGIMYwwm5KQwjQeNM874wfJQYo4jFqLhXPRfy9MYXAmEngp5MB0J2Z9zLxP6+b0PDCm8owTghDkR0iqTA/ZISWaRHIB1IjEWTJkcuQC9BAhFpyECIVk7SZStqHM//9Immd1J3T+tnNaa1xWTRTZgfskB0zh52zBrtmTeYywRR7Ys/sxXq0Xq036/1ntGQVO/vsD6yPb/9qlKM=</latexit>

the case of      is analogous⇡2

<latexit sha1_base64="x9uXjAhkiMkQT5xFRvG2G4+ZwXI=">AAAB93icbVBNT8JAFNziF+IX6tHLRmLiibQEo0eiF4+YWCCBhmyXB27Ybje7ryaE8Bu86smb8erP8eB/sa09KDinycx7efMm1FJYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Nk4MB5/HMja9kFmQQoGPAiX0tAEWhRK64fQm87uPYKyI1T3ONAQRmygxFpxhKvkDLYaNYbXm1t0cdJV4BamRAu1h9WswinkSgUIumbV9z9UYzJlBwSUsKoPEgmZ8yibQT6liEdhgnodd0LPEMoypBkOFpLkIvzfmLLJ2FoXpZMTwwS57mfif109wfBXMhdIJguLZIRQS8kOWG5G2AHQkDCCyLDlQoShnhiGCEZRxnopJWksl7cNb/n6VdBp1r1m/uGvWWtdFM2VyQk7JOfHIJWmRW9ImPuFEkCfyTF6cmfPqvDnvP6Mlp9g5Jn/gfHwDKZmS/w==</latexit>
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Projections (ctd)

TH. projections are continuous
proof. take

we want to prove
{(di, ei)}i2N

<latexit sha1_base64="lhOWg4Qtl279xqdOHu/8KDF4YBY=">AAACEnicbVBNS8NAEN34bf2qehRksQgVpCRS0WPRiydRsCo0JWy2ow5uNmF3IpSQmz/BX+FVT97Eq3/Ag//FpPag1Xd6vDfDvHlhotCS6344Y+MTk1PTM7OVufmFxaXq8sq5jVMjoS1jFZvLUFhQqKFNSAouEwMiChVchLeHpX9xB8ZirM+on0A3Etcar1AKKqSguu5n9V6A2xDglp8HGfqo/UjQTRhmx3keVGtuwx2A/yXekNTYECdB9dPvxTKNQJNUwtqO5ybUzYQhlAryip9aSIS8FdfQKagWEdhuNvgj55upFRTzBAxHxQci/NzIRGRtPwqLyTKiHfVK8T+vk9LVfjdDnaQEWpaHCBUMDllpsCgIeA8NEIkyOXDUXAojiMAgF1IWYlo0Vin68Ea//0vOdxpes7F72qy1DobNzLA1tsHqzGN7rMWO2AlrM8nu2SN7Ys/Og/PivDpv36NjznBnlf2C8/4FFiWd7Q==</latexit>

⇡1

 
G

i2N
(di, ei)

!
=
G

i2N
⇡1(di, ei)

<latexit sha1_base64="uUPyplkqhpZaFH+qS/RRwPGS8XQ="></latexit>

⇡1

 
G

i2N
(di, ei)

!
= ⇡1

 
G

i2N
di,
G

i2N
ei

!

<latexit sha1_base64="8pkF2MROlgVOttEw4PuP1y+Hz7k=">AAACgHicfVFda9RAFJ3EVmtsdbUvgi9jl8IWZJtIRREKpb74VLbQ7RY2S5jM3t297GQyztwIJew/8A/60D/RX9AkBvql3qfDOffcz9QodBSGvz3/ydr602cbz4MXm1svX3Vevzl3eWElDGWucnuRCgcKNQwJScGFsSCyVMEoXX6r9dFPsA5zfUaXBiaZmGucoRRUUUnnV2wwiWIFM+rFKc7dD1mYpMQYdZwJWqRpebJa9aYJfo AE94LY4nxBezw4DO44g39ba+d/5Krobc2k0w37YRP8MYha0GVtDJLOVTzNZZGBJqmEc+MoNDQphSWUClZBXDgwQi7FHMYV1CIDNymbq634buEE5dyA5ah4Q8JdRyky5y6ztMqs53UPtZr8mzYuaPZlUqI2BYGWdSNCBU0jJy1W7wA+RQtEop4cOGouhRVEYJELKSuyqP5T3yN6uP1jcP6xHx30P50edI+O28tssHdsh/VYxD6zI/adDdiQSXbtvfXeezu+7/f8fT/6k+p7rWeb3Qv/6w3zrMI7</latexit>

=
G

i2N
di

<latexit sha1_base64="DPQr1RkZ3x2Iuq/RBMwjqCzgTwQ=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkqshGQdAgRdBQIZAIIMWRdb4sYZXz2dytkSIrJZ/AV9BCRYdo+QAK/gU7pOA11WhmVzs7YaLQkuu+O6WJyanpmfJsZW5+YXGpurxybuPUSGjJWMXmMhQWFGpoEZKCy8SAiEIFF2H/sPAvbsFYjPUZDRLoRKKn8QqloFwKquv73A+xZ29kmgQZ+qj9SNB1GGbHw2E3wKBac+vuCPwv8cakxsY4CaoffjeWaQSapBLWtj03oU4mDKFUMKz4qYVEyL7oQTunWkRgO9nokSHfTK2gmCdgOCo+EuH7RiYiawdRmE8WKe1vrxD/89opXe11MtRJSqBlcYhQweiQlQbzhoB30QCRKJIDR82lMIIIDHIhZS6meWWVvA/v9/d/yfl23WvUd04btebBuJkyW2MbbIt5bJc12RE7YS0m2R17YI/sybl3np0X5/VrtOSMd1bZDzhvn3QenrQ=</latexit>

=
G

i2N
⇡1(di, ei)

<latexit sha1_base64="YLLtDdB+xPFYNQXV+pUv2973TDs=">AAACHnicbVDLSsRAEJz4dn2tevQyuAgqsiSi6EUQvXgSBVeFzRIms+3aOJmMMx1Bwv6Dn+BXeNWTN/GqB//FZN2DrzoVVd10dcVGoSPff/cGBoeGR0bHxisTk1PTM9XZuVOXZlZCQ6YqteexcKBQQ4OQFJwbCyKJFZzFV/ulf3YD1mGqT+jWQCsRHY0XKAUVUlRd3amEMXbctcxMlGOIOkwEXcZxftjthgajYLkd4RpEuBJVa37d74H/JUGf1FgfR1H1I2ynMktAk1TCuWbgG2rlwhJKBd1KmDkwQl6JDjQLqkUCrpX3furypcwJSrkBy1HxngjfN3KROHebxMVkGdj99krxP6+Z0cV2K0dtMgIty0OECnqHnLRYlAW8jRaIRJkcOGouhRVEYJELKQsxK9qrFH0Ev7//S07X68FGffN4o7a7129mjC2wRbbMArbFdtkBO2INJtkde2CP7Mm79569F+/1a3TA6+/Msx/w3j4B24iiew==</latexit>

by def
of lub

by def
of ⇡1

<latexit sha1_base64="1nRIx21E53WPoa0NpaS+VWXkXN4=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkxIrOl0045Xw+3a2RIivfQAsVHaLlcyj4F2zjAgJTjWZ2tbMTaiksuu6HU1lZXVvfqG7WtrZ3dvfq+wddGyeGg89jGZt+yCxIocBHgRL62gCLQgm9cHad+70HMFbE6g7nGoKITZWYCM4wk/yhFiNvVG+4TbcA/Uu8kjRIic6o/jkcxzyJQCGXzNqB52oMUmZQcAmL2jCxoBmfsSkMMqpYBDZIi7ALepJYhjHVYKiQtBDh50bKImvnUZhNRgzv7bKXi/95gwQnl0EqlE4QFM8PoZBQHLLciKwFoGNhAJHlyYEKRTkzDBGMoIzzTEyyWmpZH97y939J96zptZrnt61G+6pspkqOyDE5JR65IG1yQzrEJ5wI8kieyLMzd16cV+fte7TilDuH5Bec9y8oCpL+</latexit>

by def
of ⇡1

<latexit sha1_base64="1nRIx21E53WPoa0NpaS+VWXkXN4=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkxIrOl0045Xw+3a2RIivfQAsVHaLlcyj4F2zjAgJTjWZ2tbMTaiksuu6HU1lZXVvfqG7WtrZ3dvfq+wddGyeGg89jGZt+yCxIocBHgRL62gCLQgm9cHad+70HMFbE6g7nGoKITZWYCM4wk/yhFiNvVG+4TbcA/Uu8kjRIic6o/jkcxzyJQCGXzNqB52oMUmZQcAmL2jCxoBmfsSkMMqpYBDZIi7ALepJYhjHVYKiQtBDh50bKImvnUZhNRgzv7bKXi/95gwQnl0EqlE4QFM8PoZBQHLLciKwFoGNhAJHlyYEKRTkzDBGMoIzzTEyyWmpZH97y939J96zptZrnt61G+6pspkqOyDE5JR65IG1yQzrEJ5wI8kieyLMzd16cV+fte7TilDuH5Bec9y8oCpL+</latexit>

the case of      is analogous⇡2

<latexit sha1_base64="x9uXjAhkiMkQT5xFRvG2G4+ZwXI=">AAAB93icbVBNT8JAFNziF+IX6tHLRmLiibQEo0eiF4+YWCCBhmyXB27Ybje7ryaE8Bu86smb8erP8eB/sa09KDinycx7efMm1FJYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Nk4MB5/HMja9kFmQQoGPAiX0tAEWhRK64fQm87uPYKyI1T3ONAQRmygxFpxhKvkDLYaNYbXm1t0cdJV4BamRAu1h9WswinkSgUIumbV9z9UYzJlBwSUsKoPEgmZ8yibQT6liEdhgnodd0LPEMoypBkOFpLkIvzfmLLJ2FoXpZMTwwS57mfif109wfBXMhdIJguLZIRQS8kOWG5G2AHQkDCCyLDlQoShnhiGCEZRxnopJWksl7cNb/n6VdBp1r1m/uGvWWtdFM2VyQk7JOfHIJWmRW9ImPuFEkCfyTF6cmfPqvDnvP6Mlp9g5Jn/gfHwDKZmS/w==</latexit>

⇡1 : D ⇥ E ! D

<latexit sha1_base64="NZYkV/UPwSi9ts1no/SPyDNPiDc=">AAACCXicbVDLSgNBEJyNrxhfq+LJy2AQPIVdiSiegkbwGME8IBvC7KQTh8w+mOkVwpIv8Cu86smbePUrPPgvzq45aLRORVU31V1+LIVGx/mwCguLS8srxdXS2vrG5pa9vdPSUaI4NHkkI9XxmQYpQmiiQAmdWAELfAltf3yZ+e17UFpE4S1OYugFbBSKoeAMjdS397xY9N3zuociAE2vqIcRrfftslNxctC/xJ2RMpmh0bc/vUHEkwBC5JJp3XWdGHspUyi4hGnJSzTEjI/ZCLqGhsyE9dL8/Ck9TDQzqTEoKiTNRfi5kbJA60ngm8mA4Z2e9zLxP6+b4PCsl4owThBCngWhkJAHaa6E6QXoQChAZNnlQEVIOVMMEZSgjHMjJqaokunDnf/+L2kdV9xq5eSmWq5dzJopkn1yQI6IS05JjVyTBmkSTlLySJ7Is/VgvViv1tv3aMGa7eySX7DevwA6S5jz</latexit>

⇡2 : D ⇥ E ! E

<latexit sha1_base64="coU+OtMk+6/OqQZwCJ8UixEQQ6g=">AAACCXicbVDLSgNBEJyNrxhfUfHkZTAInsJuiCieghrwGME8ILsss5NOHDL7YKZXCEu+wK/wqidv4tWv8OC/OIk5aGKdiqpuqruCRAqNtv1p5ZaWV1bX8uuFjc2t7Z3i7l5Lx6ni0OSxjFUnYBqkiKCJAiV0EgUsDCS0g+HVxG8/gNIiju5wlIAXskEk+oIzNJJfPHAT4Vcurl0UIWhapy7GtO4XS3bZnoIuEmdGSmSGhl/8cnsxT0OIkEumddexE/QyplBwCeOCm2pIGB+yAXQNjZgJ87Lp+WN6nGpmUhNQVEg6FeH3RsZCrUdhYCZDhvd63puI/3ndFPvnXiaiJEWI+CQIhYRpkOZKmF6A9oQCRDa5HKiIKGeKIYISlHFuxNQUVTB9OPPfL5JWpexUy6e31VLtctZMnhySI3JCHHJGauSGNEiTcJKRJ/JMXqxH69V6s95/RnPWbGef/IH18Q09eZj1</latexit>

⇡1(d, e) = d

<latexit sha1_base64="S5HXJuQ08VfM1IdmOdP8jNrI15I=">AAACA3icbVDLSsNAFJ3UV62PRl26GSxCBSmJVHQjFN24rGAf0IYwmdzWoZMHMzdCKV36FW515U7c+iEu/BeTmIVWz+pwzr3cc48XS6HRsj6M0tLyyupaeb2ysbm1XTV3drs6ShSHDo9kpPoe0yBFCB0UKKEfK2CBJ6HnTa4yv3cPSosovMVpDE7AxqEYCc4wlVyzOoyFa9f9YziiF9SvuGbNalg56F9iF6RGCrRd83PoRzwJIEQumdYD24rRmTGFgkuYV4aJhpjxCRvDIKUhC0A7szz4nB4mmmFEY1BUSJqL8HNjxgKtp4GXTgYM7/Sil4n/eYMER+fOTIRxghDy7BAKCfkhzZVIGwHqCwWILEsOVISUM8UQQQnKOE/FJK0o68Ne/P4v6Z407Gbj9KZZa10WzZTJPjkgdWKTM9Ii16RNOoSThDySJ/JsPBgvxqvx9j1aMoqdPfILxvsXmjKVxA==</latexit>

⇡2(d, e) = e

<latexit sha1_base64="AuWag6ZvuINuJiUqjp/zreN79N8=">AAACA3icbVC7SgNBFJ2NrxgfWbW0GQxCBAm7IaKNELSxjGAekCzL7OQmDpl9MHNXCCGlX2GrlZ3Y+iEW/ou76xaaeKrDOfdyzz1eJIVGy/o0Ciura+sbxc3S1vbObtnc2+/oMFYc2jyUoep5TIMUAbRRoIRepID5noSuN7lO/e4DKC3C4A6nETg+GwdiJDjDRHLN8iASbr06PIUTekmh5JoVq2ZloMvEzkmF5Gi55tdgGPLYhwC5ZFr3bStCZ8YUCi5hXhrEGiLGJ2wM/YQGzAftzLLgc3oca4YhjUBRIWkmwu+NGfO1nvpeMukzvNeLXir+5/VjHF04MxFEMULA00MoJGSHNFciaQToUChAZGlyoCKgnCmGCEpQxnkixklFaR/24vfLpFOv2Y3a2W2j0rzKmymSQ3JEqsQm56RJbkiLtAknMXkiz+TFeDRejTfj/We0YOQ7B+QPjI9vnVuVxg==</latexit>
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Exercise: smashed prod
D = (D,vD)

<latexit sha1_base64="dI1LRzrLMQslziRrBwDGCDwqjco=">AAACE3icbVDLSgNBEJz1GeMr6tGDg0GIIGFXFL0IQXPwGMFEIRtC76TVIbMPZ3qFsOToJ/gVXvXkTbz6AR78F3fjHjRap6Kqm64uL1LSkG1/WBOTU9Mzs4W54vzC4tJyaWW1ZcJYC2yKUIX60gODSgbYJEkKLyON4HsKL7z+SeZf3KE2MgzOaRBhx4frQF5JAZRK3dKG6wPdCFBJfciPeKW+45pbE3sGCW+79e1uqWxX7RH4X+LkpMxyNLqlT7cXitjHgIQCY9qOHVEnAU1SKBwW3dhgBKIP19hOaQA+mk4yemTIt2IDFPIINZeKj0T8uZGAb8zA99LJLLYZ9zLxP68d09VhJ5FBFBMGIjtEUuHokBFapg0h70mNRJAlRy4DLkADEWrJQYhUjNPKimkfzvj3f0lrt+rsVffP9sq147yZAltnm6zCHHbAauyUNViTCXbPHtkTe7YerBfr1Xr7Hp2w8p019gvW+xdsFJ1t</latexit>

E = (E,vE)

<latexit sha1_base64="Ej0Sfe2hOjqMo/KdWiKwNXU57z0=">AAACE3icbVDLSgNBEJz1GeMr6tGDg0GIIGFXFL0IQQl4jGCikA2hd9LqkNmHM71CWHL0E/wKr3ryJl79AA/+i7txDxqtU1HVTVeXFylpyLY/rInJqemZ2cJccX5hcWm5tLLaMmGsBTZFqEJ96YFBJQNskiSFl5FG8D2FF17/JPMv7lAbGQbnNIiw48N1IK+kAEqlbmnD9YFuBKikPuRHvFLfcc2tiT2DhLfd+na3VLar9gj8L3FyUmY5Gt3Sp9sLRexjQEKBMW3HjqiTgCYpFA6LbmwwAtGHa2ynNAAfTScZPTLkW7EBCnmEmkvFRyL+3EjAN2bge+lkFtuMe5n4n9eO6eqwk8ggigkDkR0iqXB0yAgt04aQ96RGIsiSI5cBF6CBCLXkIEQqxmllxbQPZ/z7v6S1W3X2qvtne+Xacd5Mga2zTVZhDjtgNXbKGqzJBLtnj+yJPVsP1ov1ar19j05Y+c4a+wXr/Qtw5p1w</latexit>

CPO?

<latexit sha1_base64="Pv2xuv3Epr8ZwLd9FIQHwXjZZSg=">AAACEXicbVBLTgJBFOzBH+IPdemmI5i4IjNEo0siG3diIp8IhLxpHtihp2fS/caEEE6hW72HO+PWE3gNT+CALASsVaXqvVSl/EhJS6775aRWVtfWN9Kbma3tnd297P5BzYaxEVgVoQpNwweLSmqskiSFjcggBL7Cuj8oT/z6IxorQ31HwwjbAfS17EkBlEj35cpNvtPyQ8p3sjm34E7Bl4k3Izk2Q6WT/W51QxEHqEkosLbpuRG1R2BICoXjTCu2GIEYQB+bCdUQoG2Ppo3H/CS2QCGP0HCp+FTEvx8jCKwdBn5yGQA92EVvIv7nNWPqXbZHUkcxoRaTIJIKp0FWGJlMgbwrDRLBpDlyqbkAA0RoJAchEjFOtpkLtBSAGZruOBnJW5xkmdSKBe+scH5bzJWuZnOl2RE7ZqfMYxesxK5ZhVWZYJo9sxf26jw5b8678/F7mnJmP4dsDs7nD8HbnfQ=</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

<latexit sha1_base64="BVnkPqEFx2eGGM0vjKEiUC1FRog="></latexit>

D ⌦ E = ( D ⌦ E , vD⌦E )

<latexit sha1_base64="RHcLLwzE5+wUNl9oED4pBq6o4Yk="></latexit>

D ⌦ E , {(d, e) | (d, e) 2 D ⇥ E, d = ?D , e = ?E}

how to order pairs?

bottom element?

complete order?


