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How to
prove an existential statement?

<latexit sha1_base64="TnumFhDMi2ZRvTPqvLw8Wv2w54w="></latexit>

9x. P (x)

exhibit a witness
<latexit sha1_base64="lWK9yhzArrDVf34cud/91HasE8Y="></latexit>

9n 2 N. n2  n
<latexit sha1_base64="uanpVDvRubDkb+5Ko1mgZchYxT4="></latexit>

n = 0

disprove a universal statement?
<latexit sha1_base64="8eCS7YarytQcIDau+Pax+a9E+xI="></latexit>

¬8x. P (x)

exhibit a counterexample to P

<latexit sha1_base64="P+84eFAQcP2r0ZL6FzmDKVPg04E="></latexit>

⌘ 9x. ¬P (x)

<latexit sha1_base64="Ja4AmjNCDKHr3gwVh2Xu6nUHXhg="></latexit>

8n 2 N. n2  n
<latexit sha1_base64="xxMCK25FKNIvgKVllfXaAn6XNLM="></latexit>

n = 2

prove a universal statement?
use induction!

<latexit sha1_base64="il5H0W2qVPFBOAUieQXANzcqhlY="></latexit>

8x. P (x)



55

What is common to
natural numbers 

lists 

trees 

grammar languages 

terms of a signature 

theorems of a logic system 

derivations 

computations

generated by  
finite applications 
of some given rules

base cases 

inductive cases
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What is common to
natural numbers 

lists 

trees 

grammar languages 

terms of a signature 

theorems of a logic system 

derivations 

computations

base case inductive case
0 succ

nil cons

nil node
productions with only 
terminal symbols

productions with non 
terminal symbols

constants operators

axioms inference rules

axioms inference rules

single step concatenation
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A famous proof
Every non prime number greater than 1 can be written as 
the product of two or more prime numbers

<latexit sha1_base64="WOjWe+ASc+vgA7+QWBo4VJ+GQ3A="></latexit>

base case (n = 2): 2 is prime

<latexit sha1_base64="KwLVWacfLG4LT0a7ZFP3bg12o+g="></latexit>

inductive case: taken a generic n, we assume the property holds for all numbers
from 2 to n and prove it holds for n+ 1:

• if n+ 1 is prime we are done;

• otherwise, let n + 1 = a · b for some 1 < a, b  n. By inductive hypothesis,
a and b can be written as product of prime numbers. Let a = p1 · · · pk and
b = q1 · · · qh. Then n+1 = p1 · · · pk · q1 · · · qh can be written as the product
of k + h primes.
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A far less known proof
All cats are the same colour

<latexit sha1_base64="4RYbNFuIsck4mgwQL6LjLX0TjNM="></latexit>

base case (n = 1): trivial

<latexit sha1_base64="mxnjDOCF+pur+JjDCc6Yyl94x8g="></latexit>n<latexit sha1_base64="mxnjDOCF+pur+JjDCc6Yyl94x8g="></latexit>n

<latexit sha1_base64="oHxVfC1MV4v2d0s2L0pYgYCevUQ="></latexit>

n+ 1

… …

<latexit sha1_base64="+NLmKiSINxnJOTj2k1BpZRyjGbg="></latexit>

inductive case: taken a generic n, we assume the property holds for all groups
with k  n cats and prove it holds for any group with n+ 1 cats as well.

Take n+1 cats and place them along a line (this is the hardest part of the proof!).

By inductive hypothesis, the first n cats are the same colour.

By inductive hypothesis, the last n cats are the same colour.

Since the cats in the middle of the line belongs to both groups, by transitivity all
n+ 1 cats are the same colour.

<latexit sha1_base64="+NLmKiSINxnJOTj2k1BpZRyjGbg="></latexit>

inductive case: taken a generic n, we assume the property holds for all groups
with k  n cats and prove it holds for any group with n+ 1 cats as well.

Take n+1 cats and place them along a line (this is the hardest part of the proof!).

By inductive hypothesis, the first n cats are the same colour.

By inductive hypothesis, the last n cats are the same colour.

Since the cats in the middle of the line belongs to both groups, by transitivity all
n+ 1 cats are the same colour.

<latexit sha1_base64="+NLmKiSINxnJOTj2k1BpZRyjGbg="></latexit>

inductive case: taken a generic n, we assume the property holds for all groups
with k  n cats and prove it holds for any group with n+ 1 cats as well.

Take n+1 cats and place them along a line (this is the hardest part of the proof!).

By inductive hypothesis, the first n cats are the same colour.

By inductive hypothesis, the last n cats are the same colour.

Since the cats in the middle of the line belongs to both groups, by transitivity all
n+ 1 cats are the same colour.

<latexit sha1_base64="+NLmKiSINxnJOTj2k1BpZRyjGbg="></latexit>

inductive case: taken a generic n, we assume the property holds for all groups
with k  n cats and prove it holds for any group with n+ 1 cats as well.

Take n+1 cats and place them along a line (this is the hardest part of the proof!).

By inductive hypothesis, the first n cats are the same colour.

By inductive hypothesis, the last n cats are the same colour.

Since the cats in the middle of the line belongs to both groups, by transitivity all
n+ 1 cats are the same colour.
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Ingredients
<latexit sha1_base64="VP5FvPh8sQ5eNczszdE0l4oJqFw="></latexit>

a set of elements A (possibily infinite)

<latexit sha1_base64="89Tmqr5ovVLpBDXiRO+7bk1ARLI="></latexit>

a binary relation of precedence � ✓ A⇥A
<latexit sha1_base64="az/5pLLNIA3h7KZRxE4sy8hibKU="></latexit>

a � b reads a precedes b

<latexit sha1_base64="awC3D92hc+o3umL4Ph0+vnUSvN0="></latexit>

a predicate P : A ! B
<latexit sha1_base64="rtN6EavgLQsdW9IuSX3F3nl0M7g="></latexit>

we want to prove 8a 2 A. P (a)

<latexit sha1_base64="9vS+efZzA7L/n62KxaxNJVme4D4="></latexit>

also written a ! b

<latexit sha1_base64="wgnGYlg8ucqs4Fpxo7jSo3Cqwy0=">AAACzXicbVE9b9RAEN0zHwnh6wIlzSonpNCc7BRAgxRBQ0eQuCTS2TqN1+Njld212R1fOC2mhZ7/QQt/hX/D2rjgLpnq6c28efOR10o6iuM/o+jGzVu3d3bv7N29d//Bw/H+o1NXNVbgTFSqsuc5OFTS4IwkKTyvLYLOFZ7lF2+6/NkKrZOV+UDrGjMNSyNLKYACtRgf+NSV/NBUxA0KdA6sVGtOFoyTJFf4rF2MJ/E07oNfBc kAJmyIk8X+6EdaVKLRaEgocG6exDVlHixJobDdSxuHNYgLWOI8QAMaXeb7ZVr+tHFAFa/Rcql4T+L/Cg/aubXOQ6UG+ui2cx15XW7eUPky89LUDaERnRFJhb2REzasapEX0iIRdJMjl4YLsECEVnIQIpBNONuGoSMNdm2LsJTBS1FpDabwaYElfmp92k1hUfk0b6QqAuLpKpzBSjDL4J1WwZX7V227pc+Dp27nSeZTws/UX8HnqsGhpyv9JAmqDdHqOpHFou1rwxuT7addBadH0+T5NH5/NDl+PTx0lz1hB+yQJewFO2Zv2QmbMcG+s5/sF/sdvYua6Ev09V9pNBo0j9lGRN/+AvID59Q=</latexit>

(not necessarily transitive)

<latexit sha1_base64="JCdTrKw3oh2yGYXAmF+iP7UcXRY="></latexit>

to use induction, we must guarantee to reach some base cases!
<latexit sha1_base64="JVmurovcGQ0U1yq3tYu67mHYX58="></latexit>

no infinite descending chain is allowed in �

<latexit sha1_base64="ckGwUWjdYRsCvdIEMESQ6lO7o5E="></latexit>

also written b � a
<latexit sha1_base64="N1jCAl81jsJqJ3UEikl81a/opgc="></latexit>

(graph notation)

<latexit sha1_base64="O6zMaUivmFjESKlsoKh0V1bPSCA="></latexit>

(well-founded relation)
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Graph of a relation
<latexit sha1_base64="vRG2brD+d847SulSwe1j9ATn0As="></latexit>

A = B⇤

…

<latexit sha1_base64="79hm63l/rTxZK8g3GCk63lEvx3M="></latexit>

u � w if u appears in w (with u 6= ✏ and u 6= w)

Example:
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Infinite descending chain



Example
<latexit sha1_base64="YYt7cS/h5FgdSL0Ojank7EV/cko="></latexit>

A = {mon, tue,wed, thu, fri, sat, sun}

1313

Infinite descending chain
<latexit sha1_base64="jQwC5pSXDZ2tx0p803eTFiYgnAw="></latexit>

an infinite sequence {ai}i2N of elements in A
<latexit sha1_base64="1c+bgIeWDx9RV/+R0RXouCTi7js="></latexit>

such that 8i 2 N. ai � ai+1

<latexit sha1_base64="WzxFb86DjjfutwQhHYHInYUNegA="></latexit>

the sequence can also be seen as a function a : N ! A
<latexit sha1_base64="ksnJAMMyXVd1pRHZ/zTfKGRrNxE="></latexit>

a(n) = an

<latexit sha1_base64="fONR9ts7zx8Pcxe4Qi5P5b4QxF4="></latexit>

a(n) = nth day past
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Well-founded relation

A relation is called well-founded  
if it has no infinite descending chain

<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N
<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n � m if m = n+ 1
<latexit sha1_base64="sohyyPdopvfhPdfuJFIOcMZChGI="></latexit>Z

<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n � m if m = n+ 1
<latexit sha1_base64="+i/VchdDsp7XXnATGcA13Mr4nQ8="></latexit>

n � m if n < m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N

<latexit sha1_base64="+i/VchdDsp7XXnATGcA13Mr4nQ8="></latexit>

n � m if n < m
<latexit sha1_base64="sohyyPdopvfhPdfuJFIOcMZChGI="></latexit>Z

<latexit sha1_base64="7fio6s3K2ZzHYbrW2EEE9WrOPXg="></latexit>

n � m if n  m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N

<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N
<latexit sha1_base64="slLvKVJ/jH7bK6DmJKHPNVx6ESs="></latexit>

n � m if n = m
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Transitive closure
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

� ✓ A⇥Aa binary relation
<latexit sha1_base64="CLcIzVjOxvGhNlW3HulB/COsS8w="></latexit>

�+ ✓ A⇥Aits transitive closure

is the least relation generated by the following rules
<latexit sha1_base64="4fbbWPJpD2Ar+n+aT8u4+tUIEDA="></latexit>

a � b

a �+ b

<latexit sha1_base64="KetEHpkh8O0uceTl6ZTEvzcn+HM="></latexit>

a �+ b b �+ c

a �+ c

by the first rule, it is obvious that
<latexit sha1_base64="yV8lE3Xe7JGyDi0YsvP9EPzKmBM="></latexit>

� ✓ �+

it can be proved that 
<latexit sha1_base64="LC03+2q6apY3qVEI0x6pKAR7G9w="></latexit>

(�+)+ =�+
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<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

� ✓ A⇥Aa binary relation

is the least relation generated by the following rules

it is obvious that

it can be proved that 

its transitive and reflexive closure
<latexit sha1_base64="wkp0/va7MvE823skVvOEPThDMiw="></latexit>

�⇤ ✓ A⇥A

<latexit sha1_base64="ohCywDWD0IaKrMcISfo//1pIu/8="></latexit>

a 2 A

a �⇤ a

<latexit sha1_base64="w96IUhkhCO8B5x60p90XB2neGrc="></latexit>

a �⇤ b b �⇤ c

a �⇤ c

<latexit sha1_base64="rZjO8CbeAJs0YHUlay5k9IxNjwc="></latexit>

a � b

a �⇤ b

<latexit sha1_base64="WEwSrqZaIk/D80/l85qM9pHUG1Q="></latexit>

� ✓ �+✓ �⇤

<latexit sha1_base64="y7TgC2l/m9NKUGH7YDlWQBBNy1I="></latexit>

(�⇤)⇤ =�⇤

Transit. and refl. closure
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Closures and paths
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

� ✓ A⇥Aa binary relation

<latexit sha1_base64="PTvCda4B11CVsha/DMbu/yEpOm8="></latexit>

a �+ b i↵ there is a non-empty path from a to b in the graph of �

<latexit sha1_base64="hbX1XIoJAyXGMfShl3MYnoIjhIo="></latexit>

a �⇤ b i↵ there is a possibly empty path from a to b in the graph of �

<latexit sha1_base64="D9mqF+8sWZsl07+zknLTAhvMxT4="></latexit>

9k > 0, {ci}i2[0,k]. a = c0 � c1 � · · · � ck = b

<latexit sha1_base64="DXi3X2/7Mw8+fuBOrPBOnLzM4Xs="></latexit>

9k � 0, {ci}i2[0,k]. a = c0 � c1 � · · · � ck = b
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Closures

<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N
<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n � m if m = n+ 1
<latexit sha1_base64="sohyyPdopvfhPdfuJFIOcMZChGI="></latexit>Z

<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n � m if m = n+ 1
<latexit sha1_base64="+i/VchdDsp7XXnATGcA13Mr4nQ8="></latexit>

n � m if n < m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N

<latexit sha1_base64="7fio6s3K2ZzHYbrW2EEE9WrOPXg="></latexit>

n � m if n  m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N

<latexit sha1_base64="fQbpTTffaNJFw2e8c7I8XKeiVo8="></latexit>

�+
<latexit sha1_base64="9KF0Wkwktpv2fDIDcsSSM5rFoZc="></latexit>

�⇤

<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>N
<latexit sha1_base64="slLvKVJ/jH7bK6DmJKHPNVx6ESs="></latexit>

n � m if n = m

<latexit sha1_base64="szuj0eD9CEDbdrdK5yU4gUuUfMg="></latexit>

n < m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n  m
<latexit sha1_base64="szuj0eD9CEDbdrdK5yU4gUuUfMg="></latexit>

n < m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n  m
<latexit sha1_base64="szuj0eD9CEDbdrdK5yU4gUuUfMg="></latexit>

n < m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n  m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n  m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n  m
<latexit sha1_base64="JRsX4GdclRFAsZt3k2dIYmdU5jI="></latexit>n = m <latexit sha1_base64="JRsX4GdclRFAsZt3k2dIYmdU5jI="></latexit>n = m
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Get ready for theorems: 
proofs included

on the right, you see 
one of the oldest 
surviving fragments of 
Euclid's Elements, a 
textbook used for 
millennia to teach 
proof-writing 
techniques 
(source: wikipedia)
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Theorem
A relation is well-founded iff its transitive closure is well-founded

<latexit sha1_base64="TdsnY8WDw7vf1qbq+nAAfu3i1GA=">AAAC5HicbVHLbtQwFPWEVymvKSzZWIyQkJCiBCEeQkgVbFgWxLSVxmHkODdTq7YT7JsZRlb+gF3FFr6GLaz5G5yQBTPtXR3fe46PfW5eK+kwSf6MokuXr1y9tnN998bNW7fvjPfuHrqqsQKmolKVPc65AyUNTFGiguPaAte5gqP89G03P1qCdbIyH3FdQ6b5wshSCo6hNR+/ZIEuPj2mTHM8caVfxWXcsleUfZCLE+TWVqvu1L E2OfPxJImTvuh5kA5gQoY6mO+NzlhRiUaDQaG4c7M0qTHz3KIUCtpd1jiouTjlC5gFaLgGl/n+jy192DiOFa3BUqlo34T/FZ5r59Y6D8z+lduzrnnRbNZg+SLz0tQNghGdEUoFvZETVobwgBbSAiLvXg5UGiq45YhgJeVChGYT0twwdKi5XdsifMrASlRac1N4VkAJn1vf52hBeZY3UhUBUbYMMVjJzSJ4syq4Uv+6bbf0efDU7SzNPEP4gn0KPlcNDHeG3UzSoNoQLS8SWSjanhvWmG4v7Tw4fBKnz+Lk/dPJ/pthoTvkPnlAHpGUPCf75B05IFMiyA/yk/wiv6My+hqdRd/+UaPRoLlHNir6/heRb/CK</latexit>

�+ w.f. ) � w.f.
<latexit sha1_base64="ZdEpc/PFgFNw8yjAxG59fchbMLA=">AAADPHicfVFNixNBEO0Zv9b4ldWjCI2JHyCEmT2oCMKiF48rmN2FdAw9PTVJsz3dY3dN1tDMjxD/j//Duzfxqld7xoAmu1inR9V7/apfZZWSDpPkaxRfuHjp8pWdq71r12/cvNXfvX3oTG0FjIVRxh5n3IGSGsYoUcFxZYGXmYKj7OR1Oz9agnXS6He4qmBa8rmWhRQcQ2vW/8S0kToHjT3PXEFNtpSmdi8Yo1yvaA5OgM6lnl Ox4FLTwlg6ZMFCDKl0lP+P8f7JsHsmp7ioHZXYKgqpJQLNQPDawV9mOzsdFaNm1h8ko6QrehakazAg6zqY7UafWW5EXYZPCMWdm6RJhVPPLUqhoOmxYFRxccLnMAlQ8xLc1HfZNfRB7TgaWoGlUtGuCf8qPC+dW5VZYJYcF2571jbPm01qLJ5PvdRVjaBFa4RSQWfkhJXhKEBzaQGRt5sDDdkJbjkiWEm5CKliHa60Yeiw5HZl8/ApDafClGWI17McCvjQeNZuYUF5ltVS5QFRtgwxWMn1PHgzE1ypf9k0W/oseJbNJJ16hvARuxR8pmpYv+kKP0iDakO0PE9kIW86bjhjun20s+Bwb5Q+HSVv9wb7r9YH3SF3yX3ymKTkGdknb8gBGRNBfkX3oofRo/hL/C3+Hv/4Q42jteYO2aj4528wUA6+</latexit>

obvious:
any descending chain for � is a descending chain for �+

and thus it is finite because �+ is w.f.
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Theorem
A relation is well-founded iff its transitive closure is well-founded

<latexit sha1_base64="FsAbyUM92wOOKxkvJFlyeUkfDSM="></latexit>

� w.f. ) �+ w.f.
<latexit sha1_base64="HYe6KcNzCEJyADJD/hJZ87b9GJg="></latexit>

⌘ ¬(�+ w.f.) ) ¬(� w.f.)

<latexit sha1_base64="Rn2L7T12PqTTDtejTaytv8tuENQ="></latexit>

by contraposition:
we assume �+ is not w.f. and prove � is not w.f.

<latexit sha1_base64="TwkL6r4Lh8Nxs7qZjqoaRpIz/Xw="></latexit>

a0 �+ a1 �+ a2 �+ · · ·

<latexit sha1_base64="PJMm1qX9iWpxzaVW15wx4ZPiteQ="></latexit>

take an infinite descending chain for �+

<latexit sha1_base64="PTvCda4B11CVsha/DMbu/yEpOm8="></latexit>

a �+ b i↵ there is a non-empty path from a to b in the graph of �
<latexit sha1_base64="7WOEmPHWRcnYdXALab34iBkTy4I="></latexit>

a0 � · · · � a1 � · · · � a2 � · · ·
<latexit sha1_base64="PCoyo5ac0zvmT++9DHaWpLG+6g8="></latexit>

thus we get an infinite descending chain for �
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Acyclic relation
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

� ✓ A⇥Aa binary relation

<latexit sha1_base64="iGSy//caM5fsIVrM1eAwaUxZ80E="></latexit>

� has a cycle if a �+ a for some a 2 A

<latexit sha1_base64="qJ3urhK8EuL+hYJjVzvNMJ7X7Mg="></latexit>

note that � is acyclic i↵ �+ is such

<latexit sha1_base64="UR3qMQ9YOoBKPQfFZ7JE4+pZCpc="></latexit>

We say that � is acyclic if it has no cycle



2323

Theorem
Well-founded relations are acyclic

<latexit sha1_base64="qlayBM046Dz/347flo6AaAQfg9A="></latexit>

by contraposition:
we prove that if � has a cycle then it is not well-founded

<latexit sha1_base64="oc5W5zk1svmuUMmOL4595OgPrjA="></latexit>

take a 2 A such that a �+ a
<latexit sha1_base64="3aRcQtw1TbzgPql0IEVmNCbd5aI="></latexit>

then we have an infinite descending chain for �+

<latexit sha1_base64="hmNZi4UQszxpOOymukoXYvX9OMM="></latexit>

a �+ a �+ a �+ · · ·
<latexit sha1_base64="O5PQHM++VqL1tEWzmc/V/WlEsWk="></latexit>

therefore �+ is not w.f.
<latexit sha1_base64="r/oLfFh1bx3VPjDaOI6UbkuhgJ8="></latexit>

by the previous theorem, � is not w.f.
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Theorem
<latexit sha1_base64="9suHKYSBko0oUd0FxULiDX+39bA="></latexit>

If A is finite and � acyclic, then � is well-founded

the proof exploits the pigeonhole principle
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Pigeonhole principle 
(aka drawer principle)

<latexit sha1_base64="kgxxixu6SiT6GyvrKu2e4Ung6m0="></latexit>

If n items are put into m < n slots,
<latexit sha1_base64="JB9PuDEwlj/eBOuESszEIQqTfmM="></latexit>

then at least one slot must contain more than one item

in the picture: ten pigeons and nine holes
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Theorem
<latexit sha1_base64="9suHKYSBko0oUd0FxULiDX+39bA="></latexit>

If A is finite and � acyclic, then � is well-founded

<latexit sha1_base64="kbHlX7M5B6vaMU4B63s7K2R+zHw="></latexit>

by contraposition:
we prove that if � is not well-founded then it has a cycle

<latexit sha1_base64="5UgR7brMDwWeL/NTKhuJisr9+68="></latexit>

take an infinite descending chain for �
<latexit sha1_base64="g2HR3dG8JPzMP8oHkwabWc/u9oA="></latexit>

a0 � a1 � a2 � · · ·
<latexit sha1_base64="hM07arlY8iedDxIymn7gLeiv/CI="></latexit>

let k = |A| and consider a0, ..., ak (they are k + 1 elements)
<latexit sha1_base64="pYnImOzqyCxNnocIrULX03x2QvQ="></latexit>

by the pigeonhole principle, ai = aj for some 0  i < j  k
<latexit sha1_base64="of/iKX42gafd5kcjqh/n1v5Agdw="></latexit>

ai � ai+1 � · · · � aj�1 � aj = ai
<latexit sha1_base64="9iByseNxEQzw9gpoKRWA9So3HKs="></latexit>

thus ai �+ ai and � has a cycle
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Minimal elements
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

� ✓ A⇥Aa binary relation
<latexit sha1_base64="2xDbJoJ855rMW8bw7j7qhtE0mlY="></latexit>

let Q ✓ A and m 2 Q

<latexit sha1_base64="gXRLVcTmxrQinaIxICnj0UO8bBQ="></latexit>

m is minimal in Q if none of the elements in Q precedes m

<latexit sha1_base64="dZgmWTJzoE21w5DIUyL4auGTJxk="></latexit>

8x 2 Q. x 6� m
<latexit sha1_base64="a1FQOp+du00BQ2hZUbBJyhmcLNM="></latexit>

⌘ ¬9x 2 Q. x � m

<latexit sha1_base64="8BVQc21BaNhZbeS44oB8pGIK5z4="></latexit>

Q has no minimal element means 8m 2 Q. 9x 2 Q. x � m
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Minimal elements
<latexit sha1_base64="ccIBDfLomwL0j/Mu9y2bhSaen5Y="></latexit>N, <

<latexit sha1_base64="Vp4/b1N8/dk+joH7q5FBW65GgeE="></latexit>Z, <

<latexit sha1_base64="cojRiCdwgbnbvmTUiLvaPGb+IuE="></latexit>

}(N),⇢
<latexit sha1_base64="smv11U+gJNXNyxVSnsfOpAjMgiY="></latexit>

? ⇢ Q ✓ }(N)

<latexit sha1_base64="m4w8O5TwfkW6fGOpd3oBOm8ERMU="></latexit>

? ⇢ Q ✓ N

<latexit sha1_base64="IksSkgNWEMnHgdjJu9Kaus0FVbo="></latexit>

? ⇢ Q ✓ Z

minimal 
element? unique?
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Lemma
<latexit sha1_base64="vq0Oj/3J+ddtPRhzhv8GHlfkr6o="></latexit>

� is w.f. i↵ any non empty Q ✓ A has a minimal element
<latexit sha1_base64="nbnzS76KIhO2A+ex0lXYgggw7MY="></latexit>

� has an infinite descending chain i↵
<latexit sha1_base64="N+KkXYD5X5yy83Fu2AtlIN/bgSE="></latexit>

there is a (non empty) Q ✓ A with no minimal element

<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1�
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2�
<latexit sha1_base64="J3eLMaa3vzC8qyQ+TBuElVsZj44=">AAAC9HicfVE9b9RAEN0zHwnH1wVKmhUnJKqTHaFAEymCBrqAuCTS2Tqt1+PLKvthdscXjpV/BS0dooVfQ0EDf4W144K7REz1NPPevtk3eSWFwzj+NYiuXb9xc2v71vD2nbv37o92Hhw5U1sOU26ksSc5cyCFhikKlHBSWWAql3Ccn71q58dLsE4Y/R5XFWSKLbQoBWcYWvPRmxThI3JhuYTCp6UxqA2CE5+AJs0wfScWp8isNe d0+B/qbjOcj8bxJO6KXgZJD8akr8P5zuBzWhheK9DIJXNulsQVZp5ZFMEimNcOKsbP2AJmAWqmwGW++3NDn9SOoaEVWCok7Zrwr8Iz5dxK5YGpGJ66zVnbvGo2q7F8kXmhqxpB89YIhYTOyHErQphAC2EBkbWbAxWacmYZIlhBGeehWYd01wwdKmZXtgif0nDOjVJMhwwLKOFD49N2CwvSp3ktZBEQTZchBiuYXgTv1ARX6vebZkOfB0/VzJLMX9ymTcHnsob+TVf6cRJUa6LlVSILRdNxwxmTzaNdBke7k2RvEr99Nj542R90mzwij8lTkpDn5IC8JodkSjj5QX6S3+RPtIy+RF+jbxfUaNBrHpK1ir7/BZQ1+JA=</latexit>

1� ) 2�
<latexit sha1_base64="BcLeL1ODMgZD5V+aOZgHM0ItJF0="></latexit>

Take an infinite descending chain {ai}i2N
<latexit sha1_base64="jOXtf5jP/T347C3ogLXpCvGKijY="></latexit>

the set Q = {ai | i 2 N} has no minimal element
<latexit sha1_base64="8pQ8sJWmjrlGa5ns96B3iyNh2Pk="></latexit>

(if it had one, say ak, then ak+1 � ak!)

<latexit sha1_base64="p+ZBznZuJ5N95gNEVTqs4ZEgS3E="></latexit>⌘
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Lemma
<latexit sha1_base64="vq0Oj/3J+ddtPRhzhv8GHlfkr6o="></latexit>

� is w.f. i↵ any non empty Q ✓ A has a minimal element
<latexit sha1_base64="nbnzS76KIhO2A+ex0lXYgggw7MY="></latexit>

� has an infinite descending chain i↵
<latexit sha1_base64="N+KkXYD5X5yy83Fu2AtlIN/bgSE="></latexit>

there is a (non empty) Q ✓ A with no minimal element

<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1�
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2�

<latexit sha1_base64="p+ZBznZuJ5N95gNEVTqs4ZEgS3E="></latexit>⌘

<latexit sha1_base64="x4rBFYi0aMiD044P705xbslco5Y=">AAAC9HicfVE9b9RAEN0zHwnH1wVKmhUnJKqTHaFAEymCBrqAuCTS2Tqt1+PLKvthdscXjpV/BS0dooVfQ0EDf4W144K7REz1NPPevtk3eSWFwzj+NYiuXb9xc2v71vD2nbv37o92Hhw5U1sOU26ksSc5cyCFhikKlHBSWWAql3Ccn71q58dLsE4Y/R5XFWSKLbQoBWcYWvPRmxThI3JhuYTCp6UxqA2CE5+A7jbD9J1YnCKz1p zT4X+oSTOcj8bxJO6KXgZJD8akr8P5zuBzWhheK9DIJXNulsQVZp5ZFMEimNcOKsbP2AJmAWqmwGW++3NDn9SOoaEVWCok7Zrwr8Iz5dxK5YGpGJ66zVnbvGo2q7F8kXmhqxpB89YIhYTOyHErQphAC2EBkbWbAxWacmYZIlhBGeehWYd01wwdKmZXtgif0nDOjVJMhwwLKOFD49N2CwvSp3ktZBEQTZchBiuYXgTv1ARX6vebZkOfB0/VzJLMX9ymTcHnsob+TVf6cRJUa6LlVSILRdNxwxmTzaNdBke7k2RvEr99Nj542R90mzwij8lTkpDn5IC8JodkSjj5QX6S3+RPtIy+RF+jbxfUaNBrHpK1ir7/BZRg+JA=</latexit>

2� ) 1�
<latexit sha1_base64="57VPpICIX8DS3VtBSvB4gzWf5Oo="></latexit>

Take ? ⇢ Q ✓ A with no minimal element
<latexit sha1_base64="TbbtNEROK5UZQqCYIj2Co4sflyI="></latexit>

Since Q 6= ? we can pick a0 2 Q
<latexit sha1_base64="PrrXWbXz3iJ5ecsNQb0aDH9M4Sc="></latexit>

Since a0 cannot be minimal, we can take a1 2 Q s.t. a1 � a0
<latexit sha1_base64="luRQvQ17ONYZqjZ6Bqz9gojk4FU="></latexit>

Since a1 cannot be minimal, we can take a2 2 Q s.t. a2 � a1
<latexit sha1_base64="Vxgxwx7sy6bawW7BqWV8EIrOjB8="></latexit>...

<latexit sha1_base64="a4zNBs/oBHhH26brlDfmh9qsdvE="></latexit>

Since ak cannot be minimal, we can take ak+1 2 Q s.t. ak+1 � ak
<latexit sha1_base64="Vxgxwx7sy6bawW7BqWV8EIrOjB8="></latexit>...
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Theorem [w.f. induction]
<latexit sha1_base64="K5TIACPdWwOJMKNBKd7fNqnebfk="></latexit>

Let � ✓ A⇥A be w.f.
<latexit sha1_base64="BvWJ695oofUrQzMD3c53gQ3593I="></latexit>

( 8a 2 A. P (a) ) , ( 8a 2 A. (8b � a. P (b)) ) P (a) )

<latexit sha1_base64="G32bfMJugP3vOaCAwImTMVraWEE="></latexit>

Set H(a)
M
= 8b � a. P (b)

<latexit sha1_base64="9GgTLQgjysFeLeS/zY0MLgKvzto="></latexit>

Set S(a)
M
= H(a) ) P (a)

<latexit sha1_base64="xU+D0vMOtidV7ZUgta5LguCTybg="></latexit>

( 8a 2 A. P (a) ) , ( 8a 2 A. S(a) )
<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1�
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2�

<latexit sha1_base64="J3eLMaa3vzC8qyQ+TBuElVsZj44=">AAAC9HicfVE9b9RAEN0zHwnH1wVKmhUnJKqTHaFAEymCBrqAuCTS2Tqt1+PLKvthdscXjpV/BS0dooVfQ0EDf4W144K7REz1NPPevtk3eSWFwzj+NYiuXb9xc2v71vD2nbv37o92Hhw5U1sOU26ksSc5cyCFhikKlHBSWWAql3Ccn71q58dLsE4Y/R5XFWSKLbQoBWcYWvPRmxThI3JhuYTCp6UxqA2CE5+AJs0wfScWp8isNe d0+B/qbjOcj8bxJO6KXgZJD8akr8P5zuBzWhheK9DIJXNulsQVZp5ZFMEimNcOKsbP2AJmAWqmwGW++3NDn9SOoaEVWCok7Zrwr8Iz5dxK5YGpGJ66zVnbvGo2q7F8kXmhqxpB89YIhYTOyHErQphAC2EBkbWbAxWacmYZIlhBGeehWYd01wwdKmZXtgif0nDOjVJMhwwLKOFD49N2CwvSp3ktZBEQTZchBiuYXgTv1ARX6vebZkOfB0/VzJLMX9ymTcHnsob+TVf6cRJUa6LlVSILRdNxwxmTzaNdBke7k2RvEr99Nj542R90mzwij8lTkpDn5IC8JodkSjj5QX6S3+RPtIy+RF+jbxfUaNBrHpK1ir7/BZQ1+JA=</latexit>

1� ) 2�
<latexit sha1_base64="P3Mkf/t7fUCazZpIFRv8vGU8R+M="></latexit>

Assume 8a. P (a)
<latexit sha1_base64="hAfVelgtYweoi2DpSApUBe5BW4c="></latexit>

Take a generic a 2 A
<latexit sha1_base64="2DwAYOZOWiIBTlpjeK3xb0UF0og=">AAADIHicfVHLbhMxFPUMr5LySGHJxiJCSjfRDKqADVIFmy7DI22lOIo8npvUqu2Z2tcpkTVfwR/wNewQS+BncIaoatqKuzo+5x4f+96iVtJhlv1K0lu379y9t3W/s/3g4aPH3Z0nh67yVsBIVKqyxwV3oKSBEUpUcFxb4LpQcFScvl/pRwuwTlbmMy5rmGg+N3ImBcdITbv+U5/v0g6DMy8XtH8QT+yjnJ8gt7Y6p8N43r1QmY E5bVsWAP/VmOZ4UswCYnPRcombdnvZIGuLXgf5GvTIuobTneQrKyvhNRgUijs3zrMaJ4FblEJB02HeQc3FKZ/DOELDNbhJaOfT0BfecaxoDZZKRVsSLjsC184tdRE7V290V7UVeZM29jh7MwnS1B7BiFUQSgVtkBNWxsEDLaUFRL56OVBpqOCWI4KVlAsRSR83sRHoUHO7tGX8lIFzUWnNTRlYCTM4a0I7RQsqsMJLVUZE2SKOwUpu5jGbVTGVhrdNc8VfxEzdjPNJYAhfsJ1CKJSH9Z1uFnp5dG2YFjeZLJRN2xvXmF9d2nVw+HKQvxpkH/Z6++/WC90iz8hz0ic5eU32yQEZkhER5E+SJJ1kO/2Wfk9/pD//tabJ2vOUbFT6+y+GvwG7</latexit>

S(a) ⌘ (H(a) ) P (a)) ⌘ (¬H(a) _ P (a)) ⌘ (¬H(a) _ tt) ⌘ tt
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Theorem [w.f. induction]
<latexit sha1_base64="K5TIACPdWwOJMKNBKd7fNqnebfk="></latexit>

Let � ✓ A⇥A be w.f.

<latexit sha1_base64="GeRkjrkL9BPpknbMTimPfnqXOcg="></latexit>

¬ 1� ) ¬ 2�<latexit sha1_base64="p+ZBznZuJ5N95gNEVTqs4ZEgS3E="></latexit>⌘
<latexit sha1_base64="x4rBFYi0aMiD044P705xbslco5Y=">AAAC9HicfVE9b9RAEN0zHwnH1wVKmhUnJKqTHaFAEymCBrqAuCTS2Tqt1+PLKvthdscXjpV/BS0dooVfQ0EDf4W144K7REz1NPPevtk3eSWFwzj+NYiuXb9xc2v71vD2nbv37o92Hhw5U1sOU26ksSc5cyCFhikKlHBSWWAql3Ccn71q58dLsE4Y/R5XFWSKLbQoBWcYWvPRmxThI3JhuYTCp6UxqA2CE5+A7jbD9J1YnCKz1p zT4X+oSTOcj8bxJO6KXgZJD8akr8P5zuBzWhheK9DIJXNulsQVZp5ZFMEimNcOKsbP2AJmAWqmwGW++3NDn9SOoaEVWCok7Zrwr8Iz5dxK5YGpGJ66zVnbvGo2q7F8kXmhqxpB89YIhYTOyHErQphAC2EBkbWbAxWacmYZIlhBGeehWYd01wwdKmZXtgif0nDOjVJMhwwLKOFD49N2CwvSp3ktZBEQTZchBiuYXgTv1ARX6vebZkOfB0/VzJLMX9ymTcHnsob+TVf6cRJUa6LlVSILRdNxwxmTzaNdBke7k2RvEr99Nj542R90mzwij8lTkpDn5IC8JodkSjj5QX6S3+RPtIy+RF+jbxfUaNBrHpK1ir7/BZRg+JA=</latexit>

2� ) 1�
<latexit sha1_base64="PtZIFBXUHrLF8xYLfiTAKjtUJ5I=">AAAC53icbVFNbxMxEHWWr1K+UjhysUiRyiXa7QE4gFTgwjGVmrZSvIq83tmtFdu7sWcDkbW/gQMS4gq/hivc+Dc42xxI2jk9vZnnN36T1Uo6jOO/vejGzVu37+zc3b13/8HDR/29x6euaqyAsahUZc8z7kBJA2OUqOC8tsB1puAsm31Y9c8WYJ2szAkua0g1L40spOAYqGn/jWeuoCd8BnT/mOVQwJz5OZOGvmNa5pQZKOnoYP 6CtQHOKVtwayq8kKbcb6f9QTyMu6JXQbIGA7Ku0XSv95XllWg0GBSKOzdJ4hpTzy1KoaDdZY2DmosZL2ESoOEaXOq7b7b0eeM4VrQGS6WiHQn/KzzXzi11FiY1xwu33VuR1/UmDRavUy9N3SAYsTJCqaAzcsLKkB/QXFpA5KvNgYZ4BLccEaykXIhANiHQDUOHmtulzcOnDHwSldbc5P4y4taz1RYWlGdZI1UeUBctWslNGbxZFVypf9u2W/oseOp2kqSeIXzGLgWfqQbWb7rCD5Kg2hAtrhNZyNtuNpwx2T7aVXB6OExeDuPjw8HR+/VBd8hT8owckIS8IkfkIxmRMRHkJ/lFfpM/kYy+RN+i75ejUW+teUI2KvrxD3qJ8Tk=</latexit>

Take Q
M
= {q 2 A | ¬P (q)} 6= ?

<latexit sha1_base64="Caw7NoHPbUYwhFvJzMCBF/4oY2E=">AAAC73icbVFNbxMxEHWWj5bylcKRi0UWiQOKdnsALpUq4MCxEaStFEfRrHc2sWp7t7Y3JbL2V3DghrjCr+Fafg3eJQeSdk5Pb+bNm4+sksK6JLnqRbdu37m7s3tv7/6Dh48e9/efnNiyNhzHvJSlOcvAohQax044iWeVQVCZxNPs/H2bP12isaLUn92qwqmCuRaF4OACNet/8MwW9JPQHGnMgpTHVFh6OSyGr6hboKbxKKYLsB SoElookBQlKtSOxooJTUdxM+sPkmHSBb0O0jUYkHUcz/Z7X1le8rptwyVYO0mTyk09GCe4xGaP1RYr4Ocwx0mAGhTaqe/WbeiL2oIraYWGCkk7Ev9XeFDWrlQWKhW4hd3OteRNuUntirdTL3RVO9S8NXJCYmdkuRHhjkhzYdA5aCdHGtbnYMA5NIIC54Gsw2E3DK1TYFYmD0tpvOSlUqBzz3Is8KLxrJ3CoPQsq4XMA6JsGc5gBOh58GZlcKX+sGm29FnwVM0knXrm8IvrruAzWeO6py38IA2qDdHyJpHBvOlqwxvT7addBycHw/T1MBkdDI7erR+6S56R5+QlSckbckQ+kmMyJpz8Ir/JFfkTXUTfou/Rj3+lUW+teUo2Ivr5F5G78is=</latexit>

Since � is w.f., then Q has a minimal element m 2 Q
<latexit sha1_base64="7XRCkj8s/XinV1GWLEY34QogCfw=">AAAC2XicbVHLbhMxFHWGVymvFJZsLBKkdBPNdAFskCrYsCOVSFtpPIpsz02wansGPwKRNQt2iG35GrbwE/wNnmEWJO1dHZ17j4/vuayWwro0/TNIbty8dfvO3t39e/cfPHw0PHh8aitvOMx5JStzzqgFKTTMnXASzmsDVDEJZ+zibds/W4OxotIf3KaGQtGVFkvBqYvUYjgNxC7xe7YWlbdyg8dEwwrPJupwjCcMOPUW8FgRof HJ+LBZDEfpNO0KXwVZD0aor9niYHBJyop7BdpxSa3Ns7R2RaDGCS6h2SfRoKb8gq4gj1BTBbYI3WINfu4tdRWuwWAhcUfC/4pAlbUbxeKkou6j3e215HW93LvlqyIIXXsHmrdGTkjojCw3IiYGuBQGnKPtzwHH/Tk11DkwAlPOI+ljhFuG1ilqNqaMS2n4zCulqC4DKWEJn5pA2l8YkIEwL2QZESbrGIMRVK+iN6miKw6vm2ZHz6KnavKsCMTBF9elEJj00L9pl2GURdWWaH2dyEDZdLPxjNnu0a6C06Np9mKanhyNjt/0B91DT9EzNEEZeomO0Ts0Q3PE0Q/0E/1Cv5M8+Zp8S77/G00GveYJ2qrk8i+sr+o5</latexit>

Obviously ¬P (m) (because m 2 Q)

<latexit sha1_base64="7eyVMBVch9w0VLOMfbmHz1Iw3to=">AAAC5XicbVFNbxMxEHWWr1K+UjhysUiQOKBotwdASEgVXDi2grSV4iia9c4Gq7Z3sWcDkbX8A04grvBruMKVf4Oz5EDSzunpzbx585HXWnlK0z+95NLlK1ev7VzfvXHz1u07/b27x75qnMSxrHTlTnPwqJXFMSnSeFo7BJNrPMnPXq3yJwt0XlX2LS1rnBqYW1UqCRSpWf95EL7kb5SVyIdmyJXnRlllQD/mQ1FWDrTmuYg9JT ejT7mwFQll+dGwnfUH6Sjtgp8H2RoM2DoOZ3u9L6KoZGPQktTg/SRLa5oGcKSkxnZXNB5rkGcwx0mEFgz6aeiWbPnDxgNVvEbHleYdif8rAhjvlyaPlQbond/OrciLcpOGymfToGzdEFq5MiKlsTPy0ql4PeSFckgEq8mRx/UlOCBCpzhIGckmnnPD0JMBt3RFXMriB1kZA7YIosAS37dBrKZwqIPIG6WLiLhYxDM4BXYevUUVXXl40bZb+jx6mnaSTYMg/EjdFUKuG1z39GUYZFG1IVpcJHJYtF1tfGO2/bTz4Hh/lD0ZpUf7g4OX64fusPvsAXvEMvaUHbDX7JCNmWQ/2E/2i/1O5snn5Gvy7V9p0ltr7rGNSL7/BYjA76U=</latexit>

Since m is minimal, 8b � m. b 62 Q
<latexit sha1_base64="ACMlPvPGVTYdMyVUyYjiJrkemoQ="></latexit>

i.e. 8b � m. P (b) ⌘ H(m)
<latexit sha1_base64="ivNE76UDOb9/+Zp91fdNx4fTS4o="></latexit>

Thus H(m) ^ ¬P (m) ⌘ ¬(H(m) ) P (m)) ⌘ ¬S(m)
<latexit sha1_base64="Xa/ZzkEJOgP+Iy2MIfnBeCMOlS4="></latexit>

i.e. 9a 2 A. ¬S(a)

<latexit sha1_base64="F088+/yN/fFB7aKWAhr722F8AmQ="></latexit>

Assume 9a 2 A. ¬P (a)

<latexit sha1_base64="G32bfMJugP3vOaCAwImTMVraWEE="></latexit>

Set H(a)
M
= 8b � a. P (b)

<latexit sha1_base64="9GgTLQgjysFeLeS/zY0MLgKvzto="></latexit>

Set S(a)
M
= H(a) ) P (a)

<latexit sha1_base64="xU+D0vMOtidV7ZUgta5LguCTybg="></latexit>

( 8a 2 A. P (a) ) , ( 8a 2 A. S(a) )
<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1�
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2�
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w.f. induction principle
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

� ✓ A⇥Aa w.f. relation

<latexit sha1_base64="h9e3YP2fcvriQzMMuMntf1P92cU="></latexit>

8a 2 A. ( (8b � a. P (b)) ) P (a) )

8a 2 A. P (a)

<latexit sha1_base64="BkxNrQ/jhZopwmlH4ejrjrt0yFk="></latexit>

Advantage: when proving P (a) for a generic a,

we can exploit the assumption 8b � a. P (b)!
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Weak mathematical 
induction

<latexit sha1_base64="h9e3YP2fcvriQzMMuMntf1P92cU="></latexit>

8a 2 A. ( (8b � a. P (b)) ) P (a) )

8a 2 A. P (a)
<latexit sha1_base64="20LaNaqRRor+OyHQDM7jtWbV6vg=">AAACtXicbVFNb9QwEPWGj5by1cKRi8UKidMqQYhyqVTgwgkViW0rbaJq7EwWq7YT7MmWlZVfgcQV/hb/BifkwG47p6c38/zGb0Sjlac0/TNJbt2+c3dn997e/QcPHz3eP3hy6uvWSZzLWtfuXIBHrSzOSZHG88YhGKHxTFx+6PtnK3Re1fYLrRssDCytqpQEilT+7ig3QF+FCJ+6i/1pOkuH4tdBNoIpG+vk4mDyIy9r2Rq0JD V4v8jShooAjpTU2O3lrccG5CUscRGhBYO+CMPSHX/ReqCaN+i40nwg8X9FAOP92og42a/ot3s9eVNv0VL1tgjKNi2hlb0RKY2DkZdOxTSQl8ohEfSbI1eWS3BAhE5xkDKSbYxnw9CTAbd2ZfyUxStZGwO2DHmJFX7rwhCiQx1y0SpdRsTzVYzBKbDL6J3X0ZWHo67b0ovoabpFVoSc8DsNKQShWxzf9FWYZlG1IVrdJHJYdsNsPGO2fbTr4PTVLHszSz+/nh6/Hw+6y56x5+wly9ghO2Yf2QmbM8ka9pP9Yr+Tw6RIyqT6N5pMRs1TtlFJ/Rf1n949</latexit>

A = N
<latexit sha1_base64="5l6Hz64yvaRJ7nNK5D/cizHbeGE=">AAAC0XicbVFNbxMxEHWWr1K+UjhysYhARaBoFyFAQpUquHBCRZC2UryKbO8ktWp7F3s2EFkrIa5w459whT/Cv8G77IGkndPTzHt+4zei0spjmv4ZJBcuXrp8Zevq9rXrN27eGu7cPvRl7SRMZKlLdyy4B60sTFChhuPKATdCw5E4fd3Oj5bgvCrtB1xVkBu+sGquJMfYmg0fsEiX7OUeC7v2sX2UPWRGFdQyZZnheCJEeNuwZj YcpeO0K3oWZD0Ykb4OZjuDH6woZW3AotTc+2mWVpgH7lBJDc02qz1UXJ7yBUwjtNyAz0P3oYberz3HklbgqNK0a8L/isCN9ysjIrNd0m/O2uZ5s2mN8xd5ULaqEaxsjVBp6Iy8dComBbRQDhB5uzlQZankjiOCU5RLGZt1jG7N0KPhbuWK+CkLn2RpDLdFYAXM4WMTuhgd6MBErXQREWXLGINT3C6iNyujKw17TbOhF9HTNNMsDwzhM3YpBKFr6N/08zDKompNtDxP5KBoOm48Y7Z5tLPg8Mk4ezZO3z0d7b/qD7pF7pJ7ZJdk5DnZJ2/IAZkQSb6Tn+QX+Z28T1bJl+TrP2oy6DV3yFol3/4C59Doig==</latexit>

� = {(n, n+ 1) | n 2 N}
<latexit sha1_base64="gA6zIx2udPWs/XYxF+xNmH57EzY="></latexit>

(immediate precedence relation)
<latexit sha1_base64="LVGKavHjcglSWJ57YyS7PEIf5mU=">AAAERXicdVJNb9NAEHUTPkr5auHIZUUMSgUKdg+AVEWq4MIxIPohZaNqdz1OVl2v3d11SliZP8GJX8Rv4EdwQ1xhbAI0aboHazxv3r6ZfcMLJa2Lom9rrfaVq9eur9/YuHnr9p27m1v3DmxeGgH7Ile5OeLMgpIa9p10Co4KAyzjCg75yesaP5yCsTLX792sgFHGxlqmUjCHqeOttS+e2pRsUA5jqb10kMmPUG3QOiIyJSHrR+ </latexit>

• if a = 0, then there is no b � 0, hence (8b � 0. P (b)) ⌘ tt and
( (8b � 0. P (b)) ) P (0) ) ⌘ tt ) P (0) ⌘ P (0)

• if a = n+ 1, then there is only one b such that b � n+ 1,
namely b = n then
( (8b � n+ 1. P (b)) ) P (n+ 1) ) ⌘ P (n) ) P (n+ 1)

<latexit sha1_base64="LVGKavHjcglSWJ57YyS7PEIf5mU=">AAAERXicdVJNb9NAEHUTPkr5auHIZUUMSgUKdg+AVEWq4MIxIPohZaNqdz1OVl2v3d11SliZP8GJX8Rv4EdwQ1xhbAI0aboHazxv3r6ZfcMLJa2Lom9rrfaVq9eur9/YuHnr9p27m1v3DmxeGgH7Ile5OeLMgpIa9p10Co4KAyzjCg75yesaP5yCsTLX792sgFHGxlqmUjCHqeOttS+e2pRsUA5jqb10kMmPUG3QOiIyJSHrR+ </latexit>

• if a = 0, then there is no b � 0, hence (8b � 0. P (b)) ⌘ tt and
( (8b � 0. P (b)) ) P (0) ) ⌘ tt ) P (0) ⌘ P (0)

• if a = n+ 1, then there is only one b such that b � n+ 1,
namely b = n then
( (8b � n+ 1. P (b)) ) P (n+ 1) ) ⌘ P (n) ) P (n+ 1)
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Weak mathematical 
induction principle

<latexit sha1_base64="E/ekcIkIApeGg1ENWoWzC0FlzEA="></latexit>

P (0) 8n 2 N. ( P (n) ) P (n+ 1) )

8n 2 N. P (n)

<latexit sha1_base64="13KOCMGVz9Zwie+uHROBoDzF/LE="></latexit>

Weak: we can exploit P (n),

for proving P (n+ 1)!
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Weak induction: example
<latexit sha1_base64="BRVfibQDXpxAuaxCi/HJtDwcYkM="></latexit>

Prove that: 8n 2 N. 9k 2 N. n3 � n = 3k
<latexit sha1_base64="JCoYTu+Bt7OWDByODB2e9FxcUiA="></latexit>

Let P (n)
M
= 9k 2 N. n3 � n = 3k

<latexit sha1_base64="yLLbhWPYmdvFjW0ti6HRjQ7HpQU=">AAACh3icbZFNbxMxEIad5asNXykce7FIkcqBsNug0gOVWrhwQkEibaU4RLPeSWrF9i62NxBZmx/Dr+m13Pg3eLc50JY5vXpnrHfmcVpIYV0c/2lFd+7eu/9gY7P98NHjJ087W89ObF4ajkOey9ycpWBRCo1DJ5zEs8IgqFTiaTr/WPdPF2isyPVXtyxwrGCmxVRwcMGadN57Zqd0YPIF0p3BbvxqxTKc4vcVw58h3dI5E5opcO dp6j9XvVX8rf86poe0P9+pJp1u3IubordFshZdsq7BZKvVZ1nOS4XacQnWjpK4cGMPxgkusWqz0mIBfA4zHAWpQaEd++bMir4sLbicFmiokLQx8d8XHpS1S5WGyXphe7NXm//rjUo3PRh7oYvSoeZ1kBMSmyDLjQj8kGbCoHNQb45UaMrBgHNoBAXOg1kGoNcCrVNgliYLR2n8wXOlQGf+im7lG6QGpWdpKWQWFGWLgMEI0LOQzcKHGOoPq6pqB8zJTai3xcleL9nvvf2y1z36sAa+QbbJC7JLEvKOHJFPZECGhJNf5IJckt/RZvQm2o8Orkaj1vrNc3KtouO/IyHGog==</latexit>

Prove P (0)
M
= 9k 2 N. 03 � 0 = 3k

<latexit sha1_base64="KcOCpnu0JXzephNqHxQEpLl/rRk="></latexit>

trivial: take k = 0
<latexit sha1_base64="KYUVGnm6OV3tSJfUecgqjz20TZI=">AAACinicbVFNbxMxEHWWrxIKpHDkYpEiJUKKsgHxIYSogAMnFBBpK8VRNOudTa36Y7G9qSJr+Tf8Gq5w4N/gXXKgLXN6fm9Gb+Y5K6Vwfjz+3UmuXL12/cbOze6t3dt37vb27h06U1mOM26ksccZOJRC48wLL/G4tAgqk3iUnb5r9KM1WieM/uI3JS4UrLQoBAcfqWXvTWCuoFNr1kj3WWEsSEk1E5op8CdZFj7Wo290MB3oIf ssVicerDVnNL4fp8Phfr3s9cejcVv0Mki3oE+2NV3udZ6w3PBKofZcgnPzdFz6RQDrBZdYd1nlsAR+CiucR6hBoVuE9tKaPqoceENLtFRI2pL470QA5dxGZbGz2d9d1Bryf9q88sWLRRC6rDxq3hh5IbE1ctyKGCHSXFj0HprNkQpNOVjwHq2gwHkkq5jpOUPnFdiNzeNRGs+4UQp0HliOBX6tQ5uwRRlYVgmZR0TZOsZgBehV9GbxTywNr+u67saY04uhXgaHk1H6bPT006R/8HYb+A55QB6SAUnJc3JAPpApmRFOvpMf5Cf5lewmk+Rl8upva9LZztwn5yp5/wfaA8fM</latexit>

Prove 8n 2 N. (P (n) ) P (n+ 1))
<latexit sha1_base64="XElIwUjCfoAmJXbmimQGMB8t96w="></latexit>

Take a generic n 2 N
<latexit sha1_base64="OSORr6a8xW6gFX2LvR5paAXhiVA="></latexit>

Assume P (n)
M
= 9k1 2 N. n3 � n = 3k1

<latexit sha1_base64="uFY+5bpCaU6OzyvNDYXoLSVrFoo="></latexit>

Prove P (n+ 1)
M
= 9k 2 N. (n+ 1)3 � (n+ 1) = 3k

<latexit sha1_base64="lX7DVtIyzpBd9O0BzNFAM8mvCII="></latexit>

Observe (n+ 1)3 � (n+ 1) = n3 + 3n2 + 3n+ 1� n� 1
<latexit sha1_base64="K2cPX92uNLGZDd4dgdz+T4iLK3s="></latexit>

= (n3 � n) + 3n2 + 3n
<latexit sha1_base64="kS8XnpFQP/vdHOyFsbRqri7YtcU="></latexit>

= 3k1 + 3n2 + 3n
<latexit sha1_base64="Rbc2Mruos485XbzkmoWC+NbS0w0="></latexit>

= 3(k1 + n2 + n)
<latexit sha1_base64="0YZlFt2RzuRP4dulM98CNmWzVJc="></latexit>

Take k = k1 + n2 + n

<latexit sha1_base64="YmCdEasfcGaoJJl4KsfJFUxEYfA="></latexit>

(by P (n))
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Strong mathematical 
induction principle

<latexit sha1_base64="h9e3YP2fcvriQzMMuMntf1P92cU="></latexit>

8a 2 A. ( (8b � a. P (b)) ) P (a) )

8a 2 A. P (a)
<latexit sha1_base64="20LaNaqRRor+OyHQDM7jtWbV6vg=">AAACtXicbVFNb9QwEPWGj5by1cKRi8UKidMqQYhyqVTgwgkViW0rbaJq7EwWq7YT7MmWlZVfgcQV/hb/BifkwG47p6c38/zGb0Sjlac0/TNJbt2+c3dn997e/QcPHz3eP3hy6uvWSZzLWtfuXIBHrSzOSZHG88YhGKHxTFx+6PtnK3Re1fYLrRssDCytqpQEilT+7ig3QF+FCJ+6i/1pOkuH4tdBNoIpG+vk4mDyIy9r2Rq0JD V4v8jShooAjpTU2O3lrccG5CUscRGhBYO+CMPSHX/ReqCaN+i40nwg8X9FAOP92og42a/ot3s9eVNv0VL1tgjKNi2hlb0RKY2DkZdOxTSQl8ohEfSbI1eWS3BAhE5xkDKSbYxnw9CTAbd2ZfyUxStZGwO2DHmJFX7rwhCiQx1y0SpdRsTzVYzBKbDL6J3X0ZWHo67b0ovoabpFVoSc8DsNKQShWxzf9FWYZlG1IVrdJHJYdsNsPGO2fbTr4PTVLHszSz+/nh6/Hw+6y56x5+wly9ghO2Yf2QmbM8ka9pP9Yr+Tw6RIyqT6N5pMRs1TtlFJ/Rf1n949</latexit>

A = N
<latexit sha1_base64="dAqEWn+wSOj+GUiwYWOMrGnheIM=">AAACtXicbVFNb9QwEPWGr1K+WjhysVghcVolCLVIpVIFF45FYttK66iaOJPFqu0Ee7KwsvIrkLjC3+Lf4IQc2G3n9DTznt/4TdFo5SlN/0ySW7fv3L23c3/3wcNHj5/s7T8983XrJM5lrWt3UYBHrSzOSZHGi8YhmELjeXH1oZ+fr9B5VdvPtG4wN7C0qlISKLaEiGQpjo7FEX93uTdNZ+lQ/DrIRjBlY51e7k9+iLKWrUFLUo P3iyxtKA/gSEmN3a5oPTYgr2CJiwgtGPR5GJbu+MvWA9W8QceV5kMT/1cEMN6vTRGZBuiL3571zZtmi5aqt3lQtmkJreyNSGkcjLx0KqaBvFQOiaDfHLmyXIIDInSKg5Sx2cZ4Ngw9GXBrV8ZPWfwma2PAlkGUWOHXLoh+C4c6iKJVuoyIi1WMwSmwy+gt6ujKw3HXbemL6Gm6RZYHQfidhhRCoVsc3/RVmGZRtSFa3SRyWHYDN54x2z7adXD2epYdzNJPb6Yn78eD7rDn7AV7xTJ2yE7YR3bK5kyyhv1kv9jv5DDJkzKp/lGTyah5xjYqqf8CP8DdfA==</latexit>� = <

<latexit sha1_base64="oda1Gc6pXhHVyx4/kFgHdcYmmYU="></latexit>

(strictly-less-than relation)
<latexit sha1_base64="G7fImm3gnaGT6q/8YcD1URwxPtY=">AAAEJHicbVJNb9NAEHUSCiVAP+DIZUWMlIgqsnsApKpSBReOAdEPKRtV6/U4XXW9dnfXScvK/An+A7+GG+LABf4KY2Nok2YP1vObefNmdybKpTA2CH622p07a3fvrd/vPnj4aGNza/vxkckKzeGQZzLTJxEzIIWCQyushJNcA0sjCcfR+dsqfjwDbUSmPtqrHCYpmyqRCM4sUqfbrUtHTUK6NIKpUE5YSMUnKLu0QkQkxGf7gb9DmCERJJmGHWLPQFUfDUQYojLiRxQ9OanyMMaBUuL36R7pU1QwKcm/hOHnUT8aDOgHM T2zTOtsTkb9YED3BhQuCjGr//wFc/Ui9BtPf7kexpqK5IaeziGeAsIQ6RpTHmfW/OfVwCdMxdhld2Wb12UXG0X+Rqv9a69b9VcI8Vag4usHLk+3esEwqA+5DcIG9LzmjHBWX2ic8SIFZblkxozDILcTx7QVXFYzKwzkjJ+zKYwRKpaCmbh6R0ryvDDMZiQHTYQkNQk3FY6lxlylEWamzJ6Z5VhFroqNC5u8njih8sLi7CsjKyTURoZrMav2JBYarGVV57g0inCmmbWgBWGcI1ngNi4YGpsyfaVjvJSCOc/SFAfmaAwJXJSOVl1okI5GhZAxIkJn+AxaMDVFb5qhK3H7Zbmkj9AzLcfhxFELl7Z+BRfJApqaJnG9EFULotkqkYa4rHNxjOHy0G6Do91h+HIYvN/tHbxpBrruPfWeeX0v9F55B947b+Qderz1u73W3mhvdr52vnW+d378TW23Gs0Tb+F0fv0BAJBUOQ==</latexit>

• if a = 0, as before, then there is no b � 0, hence
( (8b � 0. P (b)) ) P (0) ) ⌘ P (0)

• if a = n+ 1, then (8b � n+ 1. P (b)) ⌘ P (0) ^ P (1) ^ · · · ^ P (n) and
( (8b � n+ 1. P (b)) ) P (n+ 1) ) ⌘ (P (0) ^ · · · ^ P (n)) ) P (n+ 1)



3838

Strong mathematical 
induction

<latexit sha1_base64="Arq56n4mr7Drb5DTW8Sje69PMEM="></latexit>

P (0) 8n 2 N. ( (P (0) ^ · · · ^ P (n)) ) P (n+ 1) )

8n 2 N. P (n)

<latexit sha1_base64="O8vBJKOX16dsbYnHxyVaszAa9Ik="></latexit>

Strong: we can exploit more hypotheses than P (n),

for proving P (n+ 1)!



3939

Strong induction: example
<latexit sha1_base64="fWlNlBIEvwS7rOfOYu7Oz4T8YQM="></latexit>

Prove that: 8n � 8. 9a, b 2 N. n = 3a+ 5b
<latexit sha1_base64="72kgcBKWomkI91ZLD5BImnzElQ8="></latexit>

Let P (n)
M
= 9a, b 2 N. n = 3a+ 5b

<latexit sha1_base64="uh38TtoDvNj10MfWAMILi46MV+c=">AAACiHicbZFNbxMxEIad5auErxSOXCxSpCJQtNtSGg6RqnLhhIJE2kpxFI29k2DV9m5tbyCyNn+GX8MVTvwbnG0OtGVOr94Z6515zEslnU/TP63k1u07d+9t3W8/ePjo8ZPO9tMTV1RW4EgUqrBnHBwqaXDkpVd4VloEzRWe8vMP6/7pAq2ThfnilyVONMyNnEkBPlrTziAwN6NDWyyQ7gx3+69WLMcZXqwYfo/pjsIbzqRhGv xXzsOnurfq0wHdh9cHfKeedrppL22K3hTZRnTJpobT7dY+ywtRaTReKHBunKWlnwSwXgqFdZtVDksQ5zDHcZQGNLpJaO6s6cvKgS9oiZZKRRsT/30RQDu31DxOrvd113tr83+9ceVn/UmQpqw8GrEO8lJhE+SElREg0lxa9B7WmyOVhgqw4D1aSUGIaFaR6JVA5zXYpc3jUQa/iUJrMHm4xFuHhqhFFRivpMqjomwRMVgJZh6zWfwRS8Ogrut2xJxdh3pTnOz1sne9t5/3ukfHG+Bb5Dl5QXZJRg7JEflIhmREBPlBfpJf5HfSTtLkMHl/OZq0Nm+ekSuVHP8FDXTHCg==</latexit>

Prove P (8)
M
= 9a, b 2 N. 8 = 3a+ 5b

<latexit sha1_base64="KgkRm/FoH3E0vB632E/yoJAxQ7I="></latexit>

trivial: take a = 1, b = 1
<latexit sha1_base64="hxibG/OfveXHlKfxKpgD0Atls1M=">AAACm3icbVFNa9tAEF2rX6n75bTHUljqFGwKRkpL4kshNJdSelBLnQS8xoxWI2XJalfZXdkYIf+s/pdCr+3v6MrxoUk6p8d7M7yZN0kphXVh+LMT3Ll77/6DnYfdR4+fPH3W231+YnVlOE64ltqcJWBRCoUTJ5zEs9IgFInE0+TiuNVPF2is0Oq7W5U4KyBXIhMcnKfmvbhmNqOx0QukeyzTBqSkiuV4ScejNR3Eg/GQLTHNkf FUO3uFaTxQwzX7JvJzB8bo5doTb6PhcK+Z9/rhKNwUvQ2iLeiTbcXz3c47lmpeFagcl2DtNApLN6vBOMElNl1WWSyBX0COUw8VFGhn9eb0hr6pLDhNSzRUSLoh8d+JGgprV0XiOwtw5/am1pL/06aVy8azWqiycqh4a+SExI2R5Ub4TJGmwqBz0G6OVCjKwYBzaAQFzj1Z+ZCvGVpXgFmZ1B+lcMl1UYBKa5ZihpdNzdotDMqaJZWQqUeULXwMRoDKvTfzTzK0/tA0TdfHHN0M9TY42R9FB6P3X/f7Rx+3ge+Ql+Q1GZCIHJIj8onEZEI4+UF+kd/kT/AqOA4+B1+uWoPOduYFuVbB5C/o3c5C</latexit>

Prove 8n � 8. (P (8) ^ · · · ^ P (n) ) P (n+ 1))
<latexit sha1_base64="S1RdsLZ6v/WDxcQu9yKhD1npVlI="></latexit>

Assume P (8) ^ · · · ^ P (n)

<latexit sha1_base64="VCYY3zeqEv9m3vYTGVmE1qN4XDE="></latexit>

Observe n+ 1 = (n+ 1� 3) + 3 = (n� 2) + 3
<latexit sha1_base64="PnWHSDyxLlhyMd2aKLRnFDoXE4c="></latexit>

= (3a1 + 5b1) + 3
<latexit sha1_base64="pkJ6HGmJh/qE3VrXMgStReixs/w="></latexit>

= 3(a1 + 1) + 5b1

<latexit sha1_base64="kEUksms42a7zogVmwwGdm+7kht0="></latexit>

(by P (n� 2))

<latexit sha1_base64="abJ0W93ZdFKVFRjTytyTKeKBltM="></latexit>

Prove P (9) and P (10)!
<latexit sha1_base64="hHx2s23R75HHnKvDHwGm8ooZktI=">AAACbnicbZDNThRBEMd7xw9w/QJNvBhjx40Jp8kMEvRiJHrxiIkLJDsbUtNTu3Toj6G7GrLpzAP4NF7lUXgLH8GedQ8C1umff1XlX/WrWyU9FcXVILtz9979tfUHw4ePHj95urH57MDb4ASOhVXWHdXgUUmDY5Kk8Kh1CLpWeFiffun7h+fovLTmOy1anGqYGzmTAihZxxujWPkZrwPlec4b2fAL5Fp6z73VSCfSzD91aarIi2 Xx26JciRFb1f7x5uBd1VgRNBoSCryflEVL0wiOpFDYDavgsQVxCnOcJGlAo5/G5Tcdfxs8kOUtOi4VX5r470YE7f1C12lSA534m73e/F9vEmj2YRqlaQOhEX0QSYXLIC+cTJgwIXBIBP3lyKXhAhwQoZMchEhmSNyuBXrS4BauSU8ZvBBWazBNrBqc4VkXq/4KhypWdZCqSYpX5wmDk2DmKbuyKZXHj13XDRPm8ibU2+JgOy93851v26O9zyvg6+wle8O2WMnesz32le2zMRPsB/vJfrHLwe/sRfYqe/13NBusdp6za5Vt/QF2Gb6B</latexit>

but... did we miss something?

<latexit sha1_base64="iiRrlKghSI2XWBl1QNxNmolYVOE="></latexit>

Prove P (n+ 1)
M
= 9a, b 2 N. n+ 1 = 3a+ 5b

<latexit sha1_base64="ntrO1G34t2squRSlQy8lxhCnnKc="></latexit>

Take a = a1 + 1, b = b1
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Immediate subterms
<latexit sha1_base64="rIDWw5hSjrjIEoltAKuhhkSEADw="></latexit>

a signature {⌃n}n2N
<latexit sha1_base64="+7eIbW/FpOeoz8IRbP1/0qsizb8="></latexit>

Take A = T⌃ (closed terms)
<latexit sha1_base64="9IPFLb7MYLhRhSZsAmjotrOcS6c="></latexit>

� = {(ti, f(t1, ..., tn)) | f 2 ⌃n, i 2 [1, n]}
<latexit sha1_base64="NWE6mWV35yBj0nsTp98IXJYKH6M="></latexit>

(immediate subterm relation)

<latexit sha1_base64="3eytPG0mDN7gdhWQWZaKvCVVgLY="></latexit>

⌃0 = {0}
<latexit sha1_base64="VrNg7GdFmisd6hFhqEq25gGKqe8="></latexit>

⌃1 = {succ}
<latexit sha1_base64="SV+GuOswybGBRDY3/pUDM/DvKh0="></latexit>

⌃2 = {plus}
<latexit sha1_base64="JCvJkLV4VVKhWZuiy7tkK5Bohqk="></latexit>

0 � succ(0) � plus(0, succ(0))
<latexit sha1_base64="2tbC5DeoRlZlRdPpC4Cfs7b9Ik8="></latexit>

0 � plus(0, succ(0))
<latexit sha1_base64="SjaXbjtXIAtc4S28LkyE+ct1X/k="></latexit>

0 6� plus(succ(0), succ(0))

Example
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Lemma
<latexit sha1_base64="tC1mYX5tIRVsi21lkdz6fAyGiZg="></latexit>

T⌃,� is w.f.

<latexit sha1_base64="d3fQCMnjlgm/Fg4DwbC2Uae+x9s="></latexit>

Let depth : T⌃ ! N defined as:

<latexit sha1_base64="pEWotP40ftl9v0tV4oXhiemCJXs="></latexit>

depth(c)
M
= 1 if c 2 ⌃0

depth(f(t1, ..., tn))
M
= 1 +maxi2[1,n] depth(ti) if f 2 ⌃n

<latexit sha1_base64="obXObD1SF7R2YvLmBXcUpRqpe58="></latexit>

By definition, if t � t0 then depth(t) < depth(t0)

<latexit sha1_base64="AHSyc0/nEKALCFBLdvuY5gJROT4="></latexit>

Any descending chain in � induces a descending chain in <
<latexit sha1_base64="i0/ALRm9gf4EejFAmjS428AN83E="></latexit>

Since < is w.f., so is �
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Structural induction 
principle

<latexit sha1_base64="O2KEZ7JT2fifO017XEqGj8S8BnI="></latexit>

8n 2 N. 8f 2 ⌃n. 8t1, ..., tn 2 T⌃. (P (t1) ^ · · · ^ P (tn)) ) P (f(t1, ..., tn))

8t 2 T⌃. P (t)
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Corollary
<latexit sha1_base64="T5sj528IENOPiRt843/YzoUxz9U="></latexit>

T⌃,�+ is w.f.

<latexit sha1_base64="fSVLjhf26Kwo2sHOrJ6UPuSZCHs="></latexit>

Because �+ is the transitive closure of a w.f. relation

<latexit sha1_base64="3eytPG0mDN7gdhWQWZaKvCVVgLY="></latexit>

⌃0 = {0}
<latexit sha1_base64="VrNg7GdFmisd6hFhqEq25gGKqe8="></latexit>

⌃1 = {succ}
<latexit sha1_base64="SV+GuOswybGBRDY3/pUDM/DvKh0="></latexit>

⌃2 = {plus}
Example

<latexit sha1_base64="cHNt1lsJrt5ammsiLQPEu5tdqgk="></latexit>

0 �+ succ(0) �+ plus(0, succ(0))
<latexit sha1_base64="6slYJiKvKKK9hpoL2nBB45syip4="></latexit>

0 �+ plus(0, succ(0))
<latexit sha1_base64="PJxnpoBvKHKKQ5kD5CCjf4siYt8="></latexit>

0 �+ plus(succ(0), succ(0))
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Termination of 
arithmetic expressions

<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="3aKT+zvuGm7pv9wVZz1vGahAJvU="></latexit>

op 2 {+,⇥,�}

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="Nqw/lZFgtnszX7WzoofAQBPucPY="></latexit>

P (a)
M
= 8� 2 M. 9m 2 Z. ha,�i �! m

<latexit sha1_base64="Tf6eyI8pBM/YSzJ25JKWZgL44ks="></latexit>

n 2 Z

<latexit sha1_base64="OmqjCHZpZWpXQnuB+YTGyFWsk5o="></latexit>

x 2 Ide
<latexit sha1_base64="F33hCTYTidzMsMewq4QT/Zd6PSY="></latexit>

M M
= {� | � : Ide ! Z}

<latexit sha1_base64="H7fyBqzON93oOgl4228ctmTLDmU="></latexit>

8a. P (a) ?
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Structural induction 
principle

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="ULxLh3wVO7Qi3yCisR+naeQ0ZmU="></latexit>

8a. P (a)
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Base case
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="iA19E1J3Hm9EIDD3YEBfBOFK/Dw="></latexit>

Take a generic x 2 Ide

<latexit sha1_base64="QfeZdiMpRZUEAmtQDl2TydXq1J0=">AAAC13icbVHLbhMxFPUMrxIeTWGDxMY0RSoSimaKBGyQKtiwDBJpiuIouuO5mVq1PYPtyUPWwA6xYMPn8Rt8AZ4kC/q4q+P70Dk+J6uksC5J/kTxjZu3bt/Zudu5d//Bw93u3qMTW9aG45CXsjSnGViUQuPQCSfxtDIIKpM4ys4/tPPRHI0Vpf7sVhVOFBRazAQHF1rT7i/P7IyOkC5AO+pKWplyjvRgcLh8wXKc4VfKZqUBKS mzolDQ/8ZwGXRZyhwu3VqBz2SNjVdNGErQhUS6fLlZZ2bzZrLUhRHFmQNjysV1xwfNtNtL+sm66FWQbkGPbGsw3YtesbzktULtuARrx2lSuYkH4wSX2HRYbbECfg4FjgPUoNBO/Jq3oc9rC+2P0VAh6bqJ/194UNauVBY2Fbgze3nWNq+bjWs3ezvxQle1Q81bIieCBy2R5UaEPJDmwqBz0CpHKjTlYMA5NIIC56FZh4AuEFqnwKxMHj6lccFLpUDnfpNR41mrwqD0LKuFzAOibB5sMGLrf0jVUP+uaZpOsDm9bOpVcHLUT1/3k09HveP3W8N3yFOyTw5JSt6QY/KRDMiQcPI3ehI9i/bjL/H3+Ef8c7MaR9ubx+RCxb//AbN96Cg=</latexit>

We want to prove P (x)
M
= 8�. 9m. hx,�i �! m

<latexit sha1_base64="MN1YLr8QxLXj4RPhlQJF58tSKSo=">AAACoXicbZFLb9NAEMfX5lXCoykcEdKIBIkDiuwegAtSBRc4IAXUtJWyUTReT5xV9mF21y2V5S/JjW/CkXWaA7TM6b/z2Jn5TVEr6UOW/UrSW7fv3L23d3/w4OGjx/vDgycn3jZO0ExYZd1ZgZ6UNDQLMig6qx2hLhSdFpuPffz0nJyX1hyHy5oWGisjV1JgiK7lULXcr+AYNwQIFRlyUsCYe1lp5NIA1xjWRdF+6caApgRhjZ clOQhrgsqiiskKTaUIfrzelbntmytrKierdUDn7AXocbccjrJJtjW4KfKdGLGdTZcHyXNeWtFoMkEo9H6eZ3VYtOiCFIq6AW881Sg2WNE8SoOa/KLdYungZeMxWKjjtFLB1kl/V7Sovb/URczst/TXY73zf7F5E1bvFq00dRPIiL5RkBFA38gLJyNvglI6CgH7yQkiSIEOQ4h4AYWIziYeYMANXQirdSTb8pJW9L1rt8QdxcMUjVRlVMDP48JOXmHmNv4P7fuu6wYRaH4d301xcjjJ30yyr4ejow87tHvsGXvBXrGcvWVH7BObshkT7Cf7nSRJmo7Sz+k0/XaVmia7mqfsH0vnfwD30dAF</latexit>

Take a generic � 2 M and consider the goal hx,�i �! m

the only 
variable

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)

<latexit sha1_base64="znOzuIGDg0OsF0QrridbbW605vU=">AAACQHicbVBNTxRBEO1BUVhRQY6EpOPGxNNmhoN6MSF48YiJCyTbE1LTU7t26O4Zuqsxm878Dq/6V/wX/gNuxCsne5Y98GGdXt6rqlf1qlYrT3n+J1t59Hj1ydO19cGzjecvXm5uvTryTXASx7LRjTupwKNWFsekSONJ6xBMpfG4OvvU68cX6Lxq7Feat1gamFk1VRIoUWUUfsoP5twFjd3p5jAf5YviD0GxBEO2rMPTrWxX1I 0MBi1JDd5PirylMoIjJdPCgQgeW5BnMMNJghYM+jIuru74m+CBGt6i40rzBYm3JyIY7+emSp0G6Ju/r/Xk/7RJoOmHMirbBkIreyNSGhdGXjqV4kBeK4dE0F+OXFkuwQEROsVBykSGlM9AWPwuG2PA1lHUOMXzLorez6GOogpK1wlxcZEedgrsLLmIJu3n8WPXdYMUaHE/vofgaG9UvBvlX/aG+wfLaNfYDnvN3rKCvWf77DM7ZGMm2Tn7wX6yX9nv7DK7yv7etK5ky5ltdqey639w3LBj</latexit>

By rule
<latexit sha1_base64="QKyvaTk70e7lqvz1H5jlIJL7dT4="></latexit>

we have

<latexit sha1_base64="AW6cNqXIN5mrkLZPrktFE34/OTQ="></latexit>

And we are done (taking m = �(x))

<latexit sha1_base64="Ut0R/FC55aBwp9hLwfC3jB727vo="></latexit>

hx,�i �! m -[m=�(x)] ⇤
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Base case

the only 
variable

<latexit sha1_base64="znOzuIGDg0OsF0QrridbbW605vU=">AAACQHicbVBNTxRBEO1BUVhRQY6EpOPGxNNmhoN6MSF48YiJCyTbE1LTU7t26O4Zuqsxm878Dq/6V/wX/gNuxCsne5Y98GGdXt6rqlf1qlYrT3n+J1t59Hj1ydO19cGzjecvXm5uvTryTXASx7LRjTupwKNWFsekSONJ6xBMpfG4OvvU68cX6Lxq7Feat1gamFk1VRIoUWUUfsoP5twFjd3p5jAf5YviD0GxBEO2rMPTrWxX1I 0MBi1JDd5PirylMoIjJdPCgQgeW5BnMMNJghYM+jIuru74m+CBGt6i40rzBYm3JyIY7+emSp0G6Ju/r/Xk/7RJoOmHMirbBkIreyNSGhdGXjqV4kBeK4dE0F+OXFkuwQEROsVBykSGlM9AWPwuG2PA1lHUOMXzLorez6GOogpK1wlxcZEedgrsLLmIJu3n8WPXdYMUaHE/vofgaG9UvBvlX/aG+wfLaNfYDnvN3rKCvWf77DM7ZGMm2Tn7wX6yX9nv7DK7yv7etK5ky5ltdqey639w3LBj</latexit>

By rule
<latexit sha1_base64="QKyvaTk70e7lqvz1H5jlIJL7dT4="></latexit>

we have

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="DHfYDC+e+ZUSH8IcclDG2ufMIqc="></latexit>

Take a generic n 2 Z
<latexit sha1_base64="3fSE8yQnRjMoHNkR5wxKCyxAcco=">AAAC13icbVHLbhMxFPUMrxIeTWGDxMY0RSoSiiZFAjZIFWxYBom0RXEU3fHcTK36MdiepJE1sEMs2PB5/AZfgCfJgj7u6vg+dI7PySspnM+yP0l64+at23e27nbu3X/wcLu78+jImdpyHHEjjT3JwaEUGkdeeIknlUVQucTj/OxDOz+eo3XC6M9+WeFEQanFTHDwsTXt/grMzegx0gVoT72hlTVzpHvDff2CFTjDr5TNjAUpKX OiVND/xvA86nKUeTz3KwUhlzU2QTVxKEGXEql+uV5ndv1m0ujSivLUg7Vmcd3xXjPt9rJ+tip6FQw2oEc2NZzuJK9YYXitUHsuwbnxIKv8JID1gktsOqx2WAE/gxLHEWpQ6CZhxdvQ57WD9sdoqZB01cT/LwIo55Yqj5sK/Km7PGub183GtZ+9nQShq9qj5i2RF9GDlshxK2IeSAth0XtolSMVmnKw4D1aQYHz2KxjQBcInVdgl7aIn9K44EYp0EVYZ9QE1qqwKAPLayGLiCibRxus2PgfU7U0vGuaphNtHlw29So4OugPXvezTwe9w/cbw7fIU7JL9smAvCGH5CMZkhHh5G/yJHmW7KZf0u/pj/TnejVNNjePyYVKf/8DhwnoFA==</latexit>

We want to prove P (n)
M
= 8�. 9m. hn,�i �! m

<latexit sha1_base64="wOGVWt/R30Z0L1RSbtqyhVTAcP8=">AAACoXicbZFLb9NAEMfX5tESXikcEdKIBIkDipweoBekCi5wQAqoaStlo2i8njir7MPsrltVlr8kN74JR9ZuDtAyp//OY2fmN3mlpA9Z9itJ79y9d39v/8Hg4aPHT54OD56dels7QXNhlXXnOXpS0tA8yKDovHKEOld0lm8/dfGzC3JeWnMSripaaiyNXEuBIbpWQ9Vwv4YT3BIglGTISQFj7mWpkUsDXGPY5HnztR0DmgKENV 4W5CBsCEqLKiYrNKUiMG93Za5/c2VN6WS5CeicvQQ9blfDUTbJeoPbYroTI7az2eogeckLK2pNJgiF3i+mWRWWDboghaJ2wGtPFYotlrSI0qAmv2x6LC28rj0GC1WcVironfR3RYPa+yudx8xuS38z1jn/F1vUYX20bKSp6kBGdI2CjAC6Rl44GXkTFNJRCNhNThBBCnQYQsQLKER01vEAA27oUlitI9mGF7SmH23TE3cUD5PXUhVRAb+ICzt5jZnb+D80H9q2HUSg05v4bovTw8n03ST7djg6/rhDu89esFfsDZuy9+yYfWYzNmeC/WS/kyRJ01H6JZ2l369T02RX85z9Y+niD+Rnz/s=</latexit>

Take a generic � 2 M and consider the goal hn,�i �! m

<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="7uNSvq91LpSr+1wLgPjYkoGpoQI="></latexit>

And we are done (taking m = n)

<latexit sha1_base64="l8YBSgoR/5FzD/4gQJ1mqPy+QoY="></latexit>

hn,�i �! m -[m=n] ⇤
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Inductive case
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1

<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="c0YK0LxS6xS5iN91P+sldrFc5Ic="></latexit>

P (a1)
M
= 8�. 9m1. ha1,�i �! m1

<latexit sha1_base64="XvuTOpeOyysOBcH4LGXm5xkOTvs=">AAADC3icfVLLbtNAFLXNq4RHU1iyGZGCioQiu0jABqmCDQsWQSJJpTiKrsfX7qjzMDPjpNHI/AFfww6xYMNH8DeMnUjQh7iro3Pv3Mc5k1WcGRvHv8Po2vUbN2/t3O7duXvv/m5/78HEqFpTHFPFlT7OwCBnEseWWY7HlUYQGcdpdvquzU+XqA1T8pNdVzgXUEpWMArWU4v+T5eagkyRrEBaYhWptFoi2R8dwCJOBdgTjdx1wB ROVU0Di+RZmmOBn0laKA2ck9SwUsDwS4pnfmNDUotnttvNZbzGxonGJznIkiP5T9/nm0ap3lSmXMlSs/LEgtZqdVXb/WbRH8TDuAtyGSRbMAi2MVrshS/SXNFaoLSUgzGzJK7s3IG2jHJsemltsAJ6CiXOPJQg0MxdN7chT2oDrUqoCeOkI/HfFw6EMWuR+crutou5lrwqN6tt8XrumKxqi5K2gyzzGrSDDNXMe4gkZxqthXZzJEwSChqsRc0IUOrJ2pt6bqCxAvRa5/4oiSuqhACZu417jftrQ1YznntE0qWXQbOt/v4naOLeNE3T8zInF0W9DCaHw+TlMP54ODh6uxV8J3gUPA4OgiR4FRwF74NRMA5o+DT8EI7DSfQ1+hZ9j35sSqNw++ZhcC6iX38A0bX98Q==</latexit>

We want to prove P (a0 op a1)
M
= 8�. 9m. ha0 op a1,�i �! m
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Inductive case (ctd)

<latexit sha1_base64="znOzuIGDg0OsF0QrridbbW605vU=">AAACQHicbVBNTxRBEO1BUVhRQY6EpOPGxNNmhoN6MSF48YiJCyTbE1LTU7t26O4Zuqsxm878Dq/6V/wX/gNuxCsne5Y98GGdXt6rqlf1qlYrT3n+J1t59Hj1ydO19cGzjecvXm5uvTryTXASx7LRjTupwKNWFsekSONJ6xBMpfG4OvvU68cX6Lxq7Feat1gamFk1VRIoUWUUfsoP5twFjd3p5jAf5YviD0GxBEO2rMPTrWxX1I 0MBi1JDd5PirylMoIjJdPCgQgeW5BnMMNJghYM+jIuru74m+CBGt6i40rzBYm3JyIY7+emSp0G6Ju/r/Xk/7RJoOmHMirbBkIreyNSGhdGXjqV4kBeK4dE0F+OXFkuwQEROsVBykSGlM9AWPwuG2PA1lHUOMXzLorez6GOogpK1wlxcZEedgrsLLmIJu3n8WPXdYMUaHE/vofgaG9UvBvlX/aG+wfLaNfYDnvN3rKCvWf77DM7ZGMm2Tn7wX6yX9nv7DK7yv7etK5ky5ltdqey639w3LBj</latexit>

By rule
<latexit sha1_base64="QKyvaTk70e7lqvz1H5jlIJL7dT4="></latexit>

we have

<latexit sha1_base64="/hx9i1LCLimHzxlNZImlc4FQJD4=">AAACvHicbZFNb9QwEIad8FWWj27pESpZ7CJxQKukB+ilqIILF6QiddtKm1U0cWaz1voj2M5WlZUzv5EfwX/ASSMBLXN6NfOOx/NMUQtuXZL8jOJ79x88fLTzePTk6bPnu+O9F+dWN4bhnGmhzWUBFgVXOHfcCbysDYIsBF4Um89d/WKLxnKtztx1jUsJleIrzsCFVD7+4TO7omewQQq0QoWGMzrNLK8kZFzRTIJbF4X/2k4pqJ IyrSwv0VC3RlppEMEsQFUi9OdJ7zYofC/syuu6bSFP3w0PmhtnJrSqDK/WDozRV1RO23w8SWZJH/SuSAcxIUOc5nvRQVZq1khUjgmwdpEmtVt6MI4zge0oayzWwDZQ4SJIBRLt0vfEWvqmseA0rcMiXNA+iX93eJDWXssiOPtNbte65P9qi8atjpaeq7pxqFg3yPGwcTfIMsPDKZCW3KBz0P0caWDMwIBzgTwFxkKyCbcZZQqvmJYyQPdZiSv83vo/eIuGizIomm3DwoYPXHV4n/rjtm1HAWh6G99dcX44S9/Pkm+Hk5NPA9od8pK8Jm9JSj6QE/KFnJI5YeRXtB+9ig7ij3EZb2J5Y42joWef/BPx9jeTnNqU</latexit>

Take a generic � 2 M and consider the goal ha0 op a1,�i �! m

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="O0V1kHWyqv73LeOm0NQt+22zTaA="></latexit>

ha0 op a1,�i �! m -[m=m0opm1] ha0,�i �! m0 , ha1,�i �! m1

<latexit sha1_base64="f/FgQYRDlZWIVkjFwoJSUHuGu7k=">AAAC2nichVHLbtQwFHXCq6Q8prBESBYTJBbVKOkCEAipKhuWRWLaSuNR5Dh3Mlb9CPbNVKMoG3aILb/AR/E3ONNZlBaJK1k+PsfH1z4uGyU9ZtnvKL51+87dezv3k90HDx89Hu09OfG2dQKmwirrzkruQUkDU5So4KxxwHWp4LQ8/zjopytwXlrzBdcNzDWvjVxIwTFQxegXM1aaCgwmHfMLerSmYdkKlCugy3VjcQke/D4Nsw PKw0h1ke3rIk+pn+CEMZoyxU2tghoE5mWtOXMbhilraifrJXLn7AUNzpRyU1215P+z5GlfjMbZJNsUvQnyLRiTbR0Xe9FzVlnR6vAwobj3szxrcN5xh1Io6BPWemi4OOc1zAI0XIOfd5s8e/qy9RwtbcBRqeiGhKuOjmvv17oMOzXHpb+uDeS/tFmLi7fzTpqmRTBiaIQyhDA08sKFyEO8lXSAyIebQ/gLKrjjiOAk5UIEsg0/lzADF8JqHbLsWAUL+Np3bOjnQHWsbKWqAqJsFR7s5GXUzIbzafeh7/skBJpfj+8mODmY5K8n2eeD8eHRNtod8oy8IK9ITt6QQ/KJHJMpEdFulEfvovcxi7/F3+Mfl1vjaOt5Sv6q+OcfYPzj1g==</latexit>

By inductive hypotheses, there are m0,m1 s.t.
ha0,�i �! m0 and ha1,�i �! m1

<latexit sha1_base64="Me1+/KRsuahPA4v/AS8BtA4yPho="></latexit>

And we are done (taking m = m0 op m1)


