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Bisimulation revisited
(S,L,!)

<latexit sha1_base64="4yMzhUlzPUGfkQ5s2InDo36CGWo=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpSFFko0hAF0FDQREEeaAkis6XTTjlfLbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1s+MGUhi07U8rt7S8srqWXy9sbG5t7xR391rGDzWHJvelrzsuMyCFgiYKlNAJNDDPldB2J5eJ334EbYSv7nAaQN9jYyVGgjOMpfvybeW60kP/eFAs2VU7BV0kTkZKJENjUPzqDX0eeqCQS2ZM17ED7EdMo+ASZoVeaCBgfMLG0I2pYh6YfpQGntGj0DD0aQCaCklTEX5vRMwzZuq58aTH8MHMe4n4n9cNcXTWj4QKQgTFk0MoJKSHDNcibgLoUGhAZElyoEJRzjRDBC0o4zwWw7iaQtyHM//9ImmdVJ1a9fymVqpfZM3kyQE5JGXikFNSJ1ekQZqEE488kWfyYs2sV+vNev8ZzVnZzj75A+vjG/Dak+w=</latexit>

labelled transitions
labels

states

↵ p q = {µ | p µ�! q}

<latexit sha1_base64="6+xGQMOQiaElYE0LFWlrU2CrIDc=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0JqAch6MWjgkmEbAi9Y5sMzu5OZnp9sCb/4Cf4FV715E28evBf3I05+KpTUdVNd1WglbTkuu/O2PjE5NT0zGxhbn5hcam4vFK3cWIE1kSsYnMWgEUlI6yRJIVn2iCEgcJGcHmY+40rNFbG0SndamyF0InkhRRAmdQubvmgdBcGetDj+9xP/TAZ3A20f2Nkp0tgTHyda33e8/vtYsktu0Pwv8QbkRIb4bhd/PDPY5GEGJFQYG3TczW1UjAkhcJ+wU8sahCX0MFmRiMI0bbSYag+30gsUMw1Gi4VH4r4fSOF0NrbMMgmQ6Cu/e3l4n9eM6GL3VYqI50QRiI/RFLh8JAVRmZtIT+XBokg/xy5jLgAA0RoJAchMjHJ6itkfXi/0/8l9e2yVynvnVRK1YNRMzNsja2zTeaxHVZlR+yY1Zhg9+yRPbFn58F5cV6dt6/RMWe0s8p+wHn/BAOppGA=</latexit>

↵ : S ! S ! }(L)

<latexit sha1_base64="DcsrySbk/Tu88xOLxrLZN5mM58A=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAI2oRdCfiogjYWFhFNFLIh3B1vkiGzu8PMXSWE+Al+ha1WdmLrP1j4L24eha9TDIdz7uXMPYFW0pLrfjiZqemZ2bnsfG5hcWl5Jb+6VrNxYgRWRaxicx2ARSUjrJIkhdfaIISBwqugezL0r27RWBlHl9TT2AihHcmWFECp1Mxv+KB0B474hU/x+PHv9M7ZbjNfcIvuCPwv8SakwCaoNPOf/k0skhAjEgqsrXuupkYfDEmhcJDzE4saRBfaWE9pBCHaRn90wYBvJxbSaI2GS8VHIn7f6ENobS8M0skQqGN/e0PxP6+eUOug0ZeRTggjMQwiqXAUZIWRaTXIb6RBIhj+HLmMuAADRGgkByFSMUm7yqV9eL+v/0tqe0WvVDw8LxXKx5NmsmyTbbEd5rF9VmanrMKqTLB79sie2LPz4Lw4r87beDTjTHbW2Q847192U5os</latexit>

� : S ⇥ }(S) ! }(L)

<latexit sha1_base64="kNYMZWXylmJqVvdz4+GB8SoFZ3c=">AAACFHicbVC7TsNAEDzzDOEVoKQ5ESFBE9koEo8qgoaCAgQBpDiK1pdNOHFnW3drUBSl5RP4Clqo6BAtPQX/wsWk4DXVaGZXsztRqqQl33/3xsYnJqemCzPF2bn5hcXS0vK5TTIjsC4SlZjLCCwqGWOdJCm8TA2CjhReRNcHQ//iBo2VSXxGvRSbGrqx7EgB5KRWiYdd0Br2+GlIUqPl4W26cboZUpKzo81WqexX/Bz8LwlGpMxGOG6VPsJ2IjKNMQkF1jYCP6VmHwxJoXBQDDOLKYhr6GLD0RhcarOffzLg65kFF52i4VLxXMTvG33Q1vZ05CY10JX97Q3F/7xGRp2dZl/GaUYYi2EQSYV5kBVGuoqQt6VBIhhejlzGXIABIjSSgxBOzFxnRddH8Pv7v+R8qxJUK7sn1XJtf9RMga2yNbbBArbNauyQHbM6E+yOPbBH9uTde8/ei/f6NTrmjXZW2A94b59RbJ1M</latexit>

�(p, I) = {µ | 9q 2 I. p
µ�! q}

<latexit sha1_base64="T6A8pYckbdwWxZrCCW+RW+iU8vk="></latexit>

alternative presentation of transitions

generalization to sets of targets

�(p, I) =
[

q2I

↵ p q

<latexit sha1_base64="2OdYPaOZJ+L9erObozBMTrpuhSY=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEIECbsiqAch6EVvCiYRsiH0jm0cnNkdZ3qFsMRP8BP8Cq968iZeBQ/+i5uYg686FVXddFdFRklHvv/ujYyOjU9MTk0XZmbn5heKi0t1l6RWYE0kKrFnEThUMsYaSVJ4ZiyCjhQ2oquDvt+4QetkEp9S12BLQyeWF1IA5VK7WA47oDWUzcbROt/jYSQ7IjXt7DqUMT/qhaDMJdya2+t2seRX/AH4XxIMSYkNcdwufoTniUg1xiQUONcMfEOtDCxJobBXCFOHBsQVdLCZ0xg0ulY2SNTja6kDSrhBy6XiAxG/b2SgnevqKJ/UQJfut9cX//OaKV3stDIZm5QwFv1DJBUODjlhZV4V8nNpkQj6nyPPaxBggQit5CBELqZ5d4W8j+B3+r+kvlkJtiq7J1ul6v6wmSm2wlZZmQVsm1XZITtmNSbYHXtgj+zJu/eevRfv9Wt0xBvuLLMf8N4+Aae1oVc=</latexit>

source
set of targets
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↵ p q = {µ | p µ�! q}

<latexit sha1_base64="6+xGQMOQiaElYE0LFWlrU2CrIDc=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0JqAch6MWjgkmEbAi9Y5sMzu5OZnp9sCb/4Cf4FV715E28evBf3I05+KpTUdVNd1WglbTkuu/O2PjE5NT0zGxhbn5hcam4vFK3cWIE1kSsYnMWgEUlI6yRJIVn2iCEgcJGcHmY+40rNFbG0SndamyF0InkhRRAmdQubvmgdBcGetDj+9xP/TAZ3A20f2Nkp0tgTHyda33e8/vtYsktu0Pwv8QbkRIb4bhd/PDPY5GEGJFQYG3TczW1UjAkhcJ+wU8sahCX0MFmRiMI0bbSYag+30gsUMw1Gi4VH4r4fSOF0NrbMMgmQ6Cu/e3l4n9eM6GL3VYqI50QRiI/RFLh8JAVRmZtIT+XBokg/xy5jLgAA0RoJAchMjHJ6itkfXi/0/8l9e2yVynvnVRK1YNRMzNsja2zTeaxHVZlR+yY1Zhg9+yRPbFn58F5cV6dt6/RMWe0s8p+wHn/BAOppGA=</latexit>

↵ : S ! S ! }(L)

<latexit sha1_base64="DcsrySbk/Tu88xOLxrLZN5mM58A=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAI2oRdCfiogjYWFhFNFLIh3B1vkiGzu8PMXSWE+Al+ha1WdmLrP1j4L24eha9TDIdz7uXMPYFW0pLrfjiZqemZ2bnsfG5hcWl5Jb+6VrNxYgRWRaxicx2ARSUjrJIkhdfaIISBwqugezL0r27RWBlHl9TT2AihHcmWFECp1Mxv+KB0B474hU/x+PHv9M7ZbjNfcIvuCPwv8SakwCaoNPOf/k0skhAjEgqsrXuupkYfDEmhcJDzE4saRBfaWE9pBCHaRn90wYBvJxbSaI2GS8VHIn7f6ENobS8M0skQqGN/e0PxP6+eUOug0ZeRTggjMQwiqXAUZIWRaTXIb6RBIhj+HLmMuAADRGgkByFSMUm7yqV9eL+v/0tqe0WvVDw8LxXKx5NmsmyTbbEd5rF9VmanrMKqTLB79sie2LPz4Lw4r87beDTjTHbW2Q847192U5os</latexit>

� : S ⇥ }(S) ! }(L)

<latexit sha1_base64="kNYMZWXylmJqVvdz4+GB8SoFZ3c=">AAACFHicbVC7TsNAEDzzDOEVoKQ5ESFBE9koEo8qgoaCAgQBpDiK1pdNOHFnW3drUBSl5RP4Clqo6BAtPQX/wsWk4DXVaGZXsztRqqQl33/3xsYnJqemCzPF2bn5hcXS0vK5TTIjsC4SlZjLCCwqGWOdJCm8TA2CjhReRNcHQ//iBo2VSXxGvRSbGrqx7EgB5KRWiYdd0Br2+GlIUqPl4W26cboZUpKzo81WqexX/Bz8LwlGpMxGOG6VPsJ2IjKNMQkF1jYCP6VmHwxJoXBQDDOLKYhr6GLD0RhcarOffzLg65kFF52i4VLxXMTvG33Q1vZ05CY10JX97Q3F/7xGRp2dZl/GaUYYi2EQSYV5kBVGuoqQt6VBIhhejlzGXIABIjSSgxBOzFxnRddH8Pv7v+R8qxJUK7sn1XJtf9RMga2yNbbBArbNauyQHbM6E+yOPbBH9uTde8/ei/f6NTrmjXZW2A94b59RbJ1M</latexit>

�(p, I) =
[

q2I

↵ p q

<latexit sha1_base64="2OdYPaOZJ+L9erObozBMTrpuhSY=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEIECbsiqAch6EVvCiYRsiH0jm0cnNkdZ3qFsMRP8BP8Cq968iZeBQ/+i5uYg686FVXddFdFRklHvv/ujYyOjU9MTk0XZmbn5heKi0t1l6RWYE0kKrFnEThUMsYaSVJ4ZiyCjhQ2oquDvt+4QetkEp9S12BLQyeWF1IA5VK7WA47oDWUzcbROt/jYSQ7IjXt7DqUMT/qhaDMJdya2+t2seRX/AH4XxIMSYkNcdwufoTniUg1xiQUONcMfEOtDCxJobBXCFOHBsQVdLCZ0xg0ulY2SNTja6kDSrhBy6XiAxG/b2SgnevqKJ/UQJfut9cX//OaKV3stDIZm5QwFv1DJBUODjlhZV4V8nNpkQj6nyPPaxBggQit5CBELqZ5d4W8j+B3+r+kvlkJtiq7J1ul6v6wmSm2wlZZmQVsm1XZITtmNSbYHXtgj+zJu/eevRfv9Wt0xBvuLLMf8N4+Aae1oVc=</latexit>

• q1

<latexit sha1_base64="nV8xtzTCNxSH1N5F6hMQnLC9Ip0=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlIjhWdL5twyvls7tZIkRX4Clqo6BAt30LBv2AbF5Aw1WhmVzs7fiSFQdv+tEpLyyura+X1ysbm1vZOdXevY8JYc2jzUIa65zMDUihoo0AJvUgDC3wJXX9ymfnde9BGhOoGpxF4ARsrMRKcYSq5fT+WEvDhbuAMqjW7buegi8QpSI0UaA2qX/1hyOMAFHLJjHEdO0IvYRoFlzCr9GMDEeMTNgY3pYoFYLwkjzyjR7FhGNIINBWS5iL83khYYMw08NPJgOGtmfcy8T/PjXF05iVCRTGC4tkhFBLyQ4ZrkXYBdCg0ILIsOVChKGeaIYIWlHGeinFaTiXtw5n/fpF0TupOo35+3ag1L4pmyuSAHJJj4pBT0iRXpEXahJOQPJFn8mI9Wq/Wm/X+M1qyip198gfWxzcuiJXc</latexit>

• q2

<latexit sha1_base64="gV3EsPv4rZE/omJfComOhxc+LTo=">AAAB/XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUCegiaCiDRB6SY0Xnyyaccn5wt4cUWYGvoIWKDtHyLRT8C7ZxAQlTjWZ2tbPjx1JotO1Pa2l5ZXVtvbRR3tza3tmt7O13dGQUhzaPZKR6PtMgRQhtFCihFytggS+h608uM797D0qLKLzBaQxewMahGAnOMJXcvm+kBHy4G9QHlapds3PQReIUpEoKtAaVr/4w4iaAELlkWruOHaOXMIWCS5iV+0ZDzPiEjcFNacgC0F6SR57RY6MZRjQGRYWkuQi/NxIWaD0N/HQyYHir571M/M9zDY7OvESEsUEIeXYIhYT8kOZKpF0AHQoFiCxLDlSElDPFEEEJyjhPRZOWU077cOa/XySdes1p1M6vG9XmRdFMiRySI3JCHHJKmuSKtEibcBKRJ/JMXqxH69V6s95/RpesYueA/IH18Q0wF5Xd</latexit>

• qn

<latexit sha1_base64="SpseZrUXbI6ZlgHUsK2nGXbWgIQ=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlIjhWdL5twyvls7tZIkRX4Clqo6BAt30LBv2AbF5Aw1WhmVzs7fiSFQdv+tEpLyyura+X1ysbm1vZOdXevY8JYc2jzUIa65zMDUihoo0AJvUgDC3wJXX9ymfnde9BGhOoGpxF4ARsrMRKcYSq5fT+WEvDhbqAG1Zpdt3PQReIUpEYKtAbVr/4w5HEACrlkxriOHaGXMI2CS5hV+rGBiPEJG4ObUsUCMF6SR57Ro9gwDGkEmgpJcxF+byQsMGYa+OlkwPDWzHuZ+J/nxjg68xKhohhB8ewQCgn5IcO1SLsAOhQaEFmWHKhQlDPNEEELyjhPxTgtp5L24cx/v0g6J3WnUT+/btSaF0UzZXJADskxccgpaZIr0iJtwklInsgzebEerVfrzXr/GS1Zxc4++QPr4xuNm5YZ</latexit>

I

<latexit sha1_base64="Nty3RtoZEbBYW4UYuTFj0KZH1qM=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoIEukQiJlFjR+bIJp5zP1t0eUmTlC2ihokO0fBAF/4JtXEDCVKOZXe3sBLEUBl330ymtrK6tb5Q3K1vbO7t71f2DexNZzaHDIxnpXsAMSKGggwIl9GINLAwkdIPpdeZ3H0EbEak7nMXgh2yixFhwhqnUvh1Wa27dzUGXiVeQGinQGla/BqOI2xAUcsmM6XtujH7CNAouYV4ZWAMx41M2gX5KFQvB+EkedE5PrGEY0Rg0FZLmIvzeSFhozCwM0smQ4YNZ9DLxP69vcXzhJ0LFFkHx7BAKCfkhw7VIGwA6EhoQWZYcqFCUM80QQQvKOE9Fm1ZSSfvwFr9fJvdnda9Rv2w3as2ropkyOSLH5JR45Jw0yQ1pkQ7hBMgTeSYvjnVenTfn/We05BQ7h+QPnI9vQSiRXg==</latexit>

p •

<latexit sha1_base64="W2ghlaH+v6yaIJ19AFEOeuuannM=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGiTxQYkXnyyaccj6f7tZIkRV+ghYqOkTLx1DwL9jGBSRMNZrZ1c5OoKWw6LqfTmlpeWV1rbxe2djc2t6p7u61bRQbDi0eych0A2ZBCgUtFCihqw2wMJDQCSZXmd95AGNFpG5xqsEP2ViJkeAMU+lOP/aDWErAQbXm1t0cdJF4BamRAs1B9as/jHgcgkIumbU9z9XoJ8yg4BJmlX5sQTM+YWPopVSxEKyf5IFn9Ci2DCOqwVAhaS7C742EhdZOwyCdDBne23kvE//zejGOzv1EKB0jKJ4dQiEhP2S5EWkTQIfCACLLkgMVinJmGCIYQRnnqRin1VTSPrz57xdJ+6TundYvbk5rjcuimTI5IIfkmHjkjDTINWmSFuEkJE/kmbw4M+fVeXPef0ZLTrGzT/7A+fgG+xKVNw==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

a1

�����
����!

<latexit sha1_base64="n8+wv1k0OAkeVpZtCC579JzNZFM=">AAACEnicbVDLTgJBEJzFF+IL9WhiJhITT2TXkKg3ohePmMgjAUJ6hwYmzD6Y6VXJhpuf4Fd41ZM349Uf8OC/uDwOCtapUtWd7io3VNKQbX9ZqaXlldW19HpmY3Nreye7u1cxQaQFlkWgAl1zwaCSPpZJksJaqBE8V2HV7V+N/eodaiMD/5aGITY96PqyIwVQIrWyh40HLbs9Aq2D+7gxGETQ5tBypmzUyubsvD0BXyTOjOTYDKVW9rvRDkTkoU9CgTF1xw6pGYMmKRSOMo3IYAiiD12sJ9QHD00znuQY8ePIAAU8RM2l4hMRf2/E4Bkz9Nxk0gPqmXlvLP7n1SPqnDdj6YcRoS/Gh0gqnBwyQsukIORtqZEIxp8jlz4XoIEIteQgRCJGSWOZpA9nPv0iqZzmnUL+4qaQK17OmkmzA3bETpjDzliRXbMSKzPBHtkze2Gv1pP1Zr1bH9PRlDXb2Wd/YH3+AAb2nn4=</latexit>

ak
���������!

<latexit sha1_base64="1usIhhsxnlb5pK647l+K2ef7peY=">AAACEnicbVDLTgJBEJzFF+IL9WhiJhITT2TXkKg3ohePmMgjAUJ6hwYmzD6Y6VXJhpuf4Fd41ZM349Uf8OC/uDwOCtapUtWd7io3VNKQbX9ZqaXlldW19HpmY3Nreye7u1cxQaQFlkWgAl1zwaCSPpZJksJaqBE8V2HV7V+N/eodaiMD/5aGITY96PqyIwVQIrWyh40HLbs9Aq2D+7gxGETQ5tDqT9molc3ZeXsCvkicGcmxGUqt7HejHYjIQ5+EAmPqjh1SMwZNUigcZRqRwRBEH7pYT6gPHppmPMkx4seRAQp4iJpLxSci/t6IwTNm6LnJpAfUM/PeWPzPq0fUOW/G0g8jQl+MD5FUODlkhJZJQcjbUiMRjD9HLn0uQAMRaslBiESMksYySR/OfPpFUjnNO4X8xU0hV7ycNZNmB+yInTCHnbEiu2YlVmaCPbJn9sJerSfrzXq3PqajKWu2s8/+wPr8AWLynrg=</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

�(p, I)

<latexit sha1_base64="DNzAIFQp5WkqoEAnSEx2zKww+kg=">AAAB/XicdVDLSgNBEJz1bXxFPXoZDEIECTtBNLmJXvSmYDSQhNA7aePgzO4y0ytIEL/Cq568iVe/xYP/4myMoKJ1Kqq66eqKUq0cheFbMDY+MTk1PTNbmJtfWFwqLq+cuSSzEhsy0YltRuBQqxgbpEhjM7UIJtJ4Hl0d5P75NVqnkviUblLsGOjH6kJJIC+12n0wBsrp1tFmt1gKK2EYCiF4TsTuTuhJvV6rihoXueVRYiMcd4vv7V4iM4MxSQ3OtUSYUmcAlpTUeFtoZw5TkFfQx5anMRh0ncEw8i3fyBxQwlO0XGk+FPH7xgCMczcm8pMG6NL99nLxL6+V0UWtM1BxmhHGMj9ESuPwkJNW+S6Q95RFIsiTI1cxl2CBCK3iIKUXM19Owffx9TT/n5xVK2K7Uj/ZLu3tj5qZYWtsnZWZYLtsjx2yY9ZgkiXsnj2wx+AueAqeg5fP0bFgtLPKfiB4/QA6O5VE</latexit>

p
�(p,I)����! I

<latexit sha1_base64="wUVSH7QmlTXwIRfpEgcZdsPqpvg=">AAACEHicbVDLSgNBEJz1GeMr6lEPg0FQkLArAfUW9GJuCkaFJITeSScOzuwOM71qWHLxE/wKr3ryJl79Aw/+i5uYg686FVXddFeFRklHvv/ujY1PTE5N52bys3PzC4uFpeUzFydWYE3EKrYXIThUMsIaSVJ4YSyCDhWeh1eHA//8Gq2TcXRKPYNNDd1IdqQAyqRWYc00bq3sXhJYG9+kjS5oDZtmu7rV59VWoeiX/CH4XxKMSJGNcNwqfDTasUg0RiQUOFcPfEPNFCxJobCfbyQODYgr6GI9oxFodM10mKLPNxIHFHODlkvFhyJ+30hBO9fTYTapgS7db28g/ufVE+rsNVMZmYQwEoNDJBUODzlhZVYP8ra0SASDz5HLiAuwQIRWchAiE5Osr3zWR/A7/V9ytlMKyqX9k3KxcjBqJsdW2TrbZAHbZRV2xI5ZjQl2xx7YI3vy7r1n78V7/Rod80Y7K+wHvLdPME2c1w==</latexit>
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↵ p q = {µ | p µ�! q}

<latexit sha1_base64="6+xGQMOQiaElYE0LFWlrU2CrIDc=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0JqAch6MWjgkmEbAi9Y5sMzu5OZnp9sCb/4Cf4FV715E28evBf3I05+KpTUdVNd1WglbTkuu/O2PjE5NT0zGxhbn5hcam4vFK3cWIE1kSsYnMWgEUlI6yRJIVn2iCEgcJGcHmY+40rNFbG0SndamyF0InkhRRAmdQubvmgdBcGetDj+9xP/TAZ3A20f2Nkp0tgTHyda33e8/vtYs ktu0Pwv8QbkRIb4bhd/PDPY5GEGJFQYG3TczW1UjAkhcJ+wU8sahCX0MFmRiMI0bbSYag+30gsUMw1Gi4VH4r4fSOF0NrbMMgmQ6Cu/e3l4n9eM6GL3VYqI50QRiI/RFLh8JAVRmZtIT+XBokg/xy5jLgAA0RoJAchMjHJ6itkfXi/0/8l9e2yVynvnVRK1YNRMzNsja2zTeaxHVZlR+yY1Zhg9+yRPbFn58F5cV6dt6/RMWe0s8p+wHn/BAOppGA=</latexit>

�(p, I) =
[

q2I

↵ p q

<latexit sha1_base64="2OdYPaOZJ+L9erObozBMTrpuhSY=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEIECbsiqAch6EVvCiYRsiH0jm0cnNkdZ3qFsMRP8BP8Cq968iZeBQ/+i5uYg686FVXddFdFRklHvv/ujYyOjU9MTk0XZmbn5heKi0t1l6RWYE0kKrFnEThUMsYaSVJ4ZiyCjhQ2oquDvt+4QetkEp9S12BLQyeWF1IA5VK7WA47oDWUzcbROt/jYSQ7IjXt7DqUMT/qhaDMJdya2+t2seRX/AH4XxIMSYkNcdwufoTniUg1xiQUONcMfEOtDCxJobBXCFOHBsQVdLCZ0xg0ulY2SNTja6kDSrhBy6XiAxG/b2SgnevqKJ/UQJfut9cX//OaKV3stDIZm5QwFv1DJBUODjlhZV4V8nNpkQj6nyPPaxBggQit5CBELqZ5d4W8j+B3+r+kvlkJtiq7J1ul6v6wmSm2wlZZmQVsm1XZITtmNSbYHXtgj+zJu/eevRfv9Wt0xBvuLLMf8N4+Aae1oVc=</latexit>

take the equivalence ⌘R induced by a relation R

<latexit sha1_base64="j547CFmYOsWIXy+ELGNKIfsbT+0=">AAACSHicbVA9TxtBEN0zSSDOBw6UNCPsSKmsOxSJpEPQUBKEAclnWXPrMay895HdWSTrdH8sP4F/QIFEC1U6RMfexYoCZKq3773ZmXlJoZXlMLwKWkuvXr9ZXnnbfvf+w8fVzqe1Y5s7I2kgc52b0wQtaZXRgBVrOi0MYZpoOklme7V+ckHGqjw74nlBoxTPMjVVEtlT485RGdspMM4I+JyAfjp1gZoySdCLm9e4jFPk82RaHl ZVD1Q2cZImkMwBwZBu/vHev55eBeNON+yHTcFLEC1AVyzqYNy5jie5dCllLDVaO4zCgkclGlZSU9WOnaUC5QzPaOhhhinZUdlcX8FnZ5FzKMiA0tCQ9G9Hiam18zTxznpJ+1yryf9pQ8fTb6NSZYVjH0g9iJWmZpCVRvlYCSbKEDPWm5PPBiQaZCajAKX0pPP5tH0e0fPrX4LjrX70tf/9x1Z3Z3eRzIrYEJvii4jEttgR++JADIQUv8SNuBV3wWXwO7gPHv5YW8GiZ108qVbrEcHzsns=</latexit>

(if R is a bisimulation, then ⌘R is a bisimulation)

<latexit sha1_base64="jDfvjwADnB/CxEaQErXUZfxA5nk=">AAACTHicbVBNSxxBEO1ZEz/WfKx6zKXJKijIMiOCehO9eDQhqwu7y1LT1mhhT8+ku1qQYf+aP8G7B29e9eRNBGcmC0nUd3q894qqenGuyXEY3gSNqQ8fp2dm55rznz5/+dpaWDxymbcKuyrTme3F4FCTwS4Ta+zlFiGNNR7H5/uVf3yB1lFmfvFljsMUTg0lpIBLadTqFQOXyFVK5PIgBT6Lk+LneFmSkyBjcpR6XSfXJZ+hKU P429PFqPgbfi+9NpajVjvshDXkWxJNSFtMcDhq3Q5OMuVTNKw0ONePwpyHBVgmpXHcHHiHOahzOMV+SQ2k6IZF3cBYrngHnMkcrSQtaxH/nSggde4yjctkdbh77VXie17fc7I9LMjkntGoahGTxnqRU5bKalGekEVmqC5HSUYqsMCMliQoVYq+7KRZ9hG9/v4tOdroRJudnR8b7d29STOz4pv4LlZFJLbErjgQh6IrlLgSd+JePATXwWPwFDz/iTaCycyS+A+N6RfHNrNq</latexit>

take the set of equivalence classes induced by ⌘R: S|⌘R

<latexit sha1_base64="x0AUkzcTzwbTE7gas7tGni78iek=">AAACW3icbZDPbtNAEMY3LtCSFgggTr2MmiBxiuwKicKpoheOpSVtpTiyxptxusr6D7uzlSLjR+QBOPQpegWJtZsDtJ3Tp++b0cz80kory2H4qxdsPHr8ZHPraX9759nzF4OXr85s6YykiSx1aS5StKRVQRNWrOmiMoR5quk8XR61+fkVGavK4huvKprluChUpiSyt5LBoo5tBoxLAr4ksMRQZkDfnbpCTYUkkBqtJQuqmDtJc0 hXMIq7hqSOc+TLNKtPmmb0CUanSf3jgagZNZAMhuE47Arui2gthmJdx8ngOp6X0uVUcHfBNAorntVoWElNTT92liqUS1zQ1MsCc7KzugPSwFtnkUuoyIDS0Jn070SNubWrPPWd7Zn2btaaD2VTx9nBrFZF5djDaRex0tQtstIoT5pgrgwxY3s5eWog0SAzGQUopTedR9/3PKK7398XZ/vj6P3449f94eHnNZktsSv2xDsRiQ/iUHwRx2IipPgpbsRv8ad3HWwE/WDntjXorWdei/8qePMXpHW36Q==</latexit>

if p
µ�! p0 for some µ, p0

<latexit sha1_base64="so98MMbZv1fSZdzSM9UoPIQTLW8=">AAACJnicbZC/bhNBEMb3EiDGIcSBkmaFHUERWXdWpJDOgobSSPiP5LOsufWcvcru7Wp3LsE6+T14BJ4iLVR0UUSBxKOwNi4gYapPv29GM/NlVklPcfwj2tl98PDRXu1xff/JwdPDxtGzgTelE9gXRhk3ysCjkgX2SZLCkXUIOlM4zC7erf3hJTovTfGRlhYnGuaFzKUACmja6FSpz7nMecumn5ycLwicM1dVqsuVfdXiuXHcG4 28FchJICs+bTTjdrwpfl8kW9Fk2+pNGz/TmRGlxoKEAu/HSWxpUoEjKRSu6mnp0YK4gDmOgyxAo59Um99W/Lj0QIZbdFwqvoH490QF2vulzkKnBlr4u94a/s8bl5S/mVSysCVhIdaLSCrcLPLCyRAa8pl0SATry5HLggtwQIROchAiwDKkWA95JHe/vy8GnXZy2j7/0Gl2326TqbEX7CV7zRJ2xrrsPeuxPhPsM7tmX9m36Ev0PbqJbv+07kTbmefsn4p+/Qap9aTQ</latexit>

then q
µ�! q0 for some q0 with p0 ⌘R q0

<latexit sha1_base64="q7F0xfxqqgmLfb1FjnS6FFVbvDs="></latexit>

(and vice versa)

<latexit sha1_base64="9LtH4493WCQhyNNSjyhzbX2FTW0=">AAACC3icbVA9TwJBEN3zE/ELtbCw2UhMsCF3xETtiDaWmIiQACFzy4Ab9vYuu3Mk5MJP8FfYamVnbP0RFv4X75BCwVe9vPcmM2/8SElLrvvpLC2vrK6t5zbym1vbO7uFvf17G8ZGYF2EKjRNHywqqbFOkhQ2I4MQ+Aob/vA68xsjNFaG+o7GEXYCGGjZlwIolbqFw6Rt+7wEusdHUiDPsnA64d1C0S27U/BF4s1Ikc1Q6xa+2r 1QxAFqEgqsbXluRJ0EDEmhcJJvxxYjEEMYYCulGgK0nWRaYMJPYgsU8ggNl4pPRfw9kUBg7Tjw02QA9GDnvUz8z2vF1L/oJFJHMaEW2SKSCqeLrDAybYu8Jw0SQXY5cqm5AANEaCQHIVIxTl+VT//hzbdfJPeVsndWvrytFKtXs8/k2BE7ZiXmsXNWZTesxupMsAl7Ys/sxXl0Xp035/0nuuTMZg7YHzgf3z5Wmhk=</latexit>

now consider the function � : }(S ⇥ S) ! }(S ⇥ S)

<latexit sha1_base64="Q0soBMOsAYWbT1fAGpNmfwlRrNE=">AAACO3icbVC7TiNBEJzlcQeGOwyEJCMMEpdYuwiJOyIEAYRGYEDyWtbsuI1bnp1ZzfQeQit/Ep/AVxAhQUSGSMmZNQ54dVSqqlZ1V5IpdBSGd8HE5NT0j58zs5W5+V+/F6qLS6fO5FZCUxpl7HkiHCjU0CQkBeeZBZEmCs6SwX6pn/0H69DoE7rKoJ2KC409lII81akeFLHrcW0uuTTaYRcspz7wXq5laeBrcaOPO/FltnEcE6 bg+PGfmMxHYm3IO9VaWA9Hw7+CaAxqbDyNTvUh7hqZp6BJKuFcKwozahfCEkoFw0qcO8iEHIgLaHmohY9qF6OHh3w9d4IMz/y1qPiIhPcbhUidu0oT70wF9d1nrSS/01o59f62C9RZTqBlGUSoYBTkpEXfJPAuWiAS5eXAUXMprCACi1xI6cncV1vxfUSfv/8KTjfr0Vb939FmbXdv3MwMW2GrbINFbJvtskPWYE0m2TW7ZffsIbgJHoOn4PnNOhGMd5bZhwleXgFJ5a0t</latexit>

p �(R) q , 8I 2 S|⌘R
. �(p, I) = �(q, I)

<latexit sha1_base64="J8uhW1ESoj+0uJnhzEPt2f4vvFg="></latexit>

by the above argument, a bisimulation is such if R ✓ �(R)

<latexit sha1_base64="64s8iv6BWh6kHU+jHtp4uY9/83w="></latexit>

' ,
[

R✓�(R)

R

<latexit sha1_base64="xblbf1GNhlKo60Ni3PGPt+/vbYc=">AAACQHicbVA9bxNBEN0zIR8GEgMlzQorkmmsO2Qp0EXQUFAYFCeRfJY1txlfRt7bO+/ORopO/lP8hPyKUFAkFR2ipcqdYynEyavevDejmXlJoclxGP4MGk/Wnq5vbG41nz1/sb3Tevnq0OXeKhyoXOf2OAGHmgwOmFjjcWERskTjUTL9XPtHZ2gd5eaAzwscZZAampACrqRx62vsKMNZLGO2BCbVOJNxQqnyxbiMM+DTZFJ+n8 fOJw65Nvun1Lkz3s3lXTFutcNuuIB8SKIlaYsl+uPWr/gkVz5Dw0qDc8MoLHhUgmVSGufN2DssQE0hxWFFDWToRuXi67nc9Q44lwVaSVouRPx/ooTMufMsqTrrC92qV4uPeUPPkw+jkkzhGY2qFzFpXCxyylIVJ8oTssgM9eUoyUgFFpjRkgSlKtFX+TarPKLV7x+Sw/fdqNf9+K3X3v+0TGZTvBFvRUdEYk/siy+iLwZCiR/iUlyJ6+Ai+B38Cf7etjaC5cxrcQ/BvxuUILG5</latexit>

is the largest bisimulation

<latexit sha1_base64="aiuns+TIJV2PnvNgJN/0xAdNd1s=">AAACFXicbVC7SgNREL3r2/iKWtpcDYJV2BVB7UQbSwWjQhLC7HUSB+8+uDMrhCW1n+BX2GplJ7bWFv6LmzWFr1MdzjnDzJwwtcTi++/e2PjE5NT0zGxlbn5hcam6vHLOSeYMNkxiE3cZAqOlGBtCYvEydQhRaPEivDka+he36JiS+Ez6KbYj6MXUJQNSSJ3qet7iribWco3agushiw6JKcpsGRl0qjW/7pfQf0kwIjU1wkmn+tG6SkwWYSzGAnMz8FNp5+CEjMVBpZUxpmBuoIfNgsYQIbfz8pWB3swYJNEpOk1WlyJ+n8ghYu5HYZGMQK75tzcU//OamXT32jnFaSYYm+EiIYvlIjaOio5QX5FDERhejppibcCBCDrSYEwhZkUjlaKP4Pf3f8n5dj3Yqe+fbtcODkfNzKg1taG2VKB21YE6VieqoYy6Uw/qUT15996z9+K9fkXHvNHMqvoB7+0To8OfUA==</latexit>

take J 2 S|⌘R
and p, q 2 J (i.e., p ⌘R q)

<latexit sha1_base64="vD6VjYk69P4C9mR/yfkt/va/t9w=">AAACT3icbZC9T9xAEMXXR0jgyMcFSppVzpFAQpaNIiXpEDQRFSQ5QDqfrPHeHFndeu3bHSMhx38cfwJlCmpaqOgQ65OL8DHV03tvNbO/tFDSUhj+8zoLrxZfv1la7q68fff+Q+/j6pHNSyNwIHKVm5MULCqpcUCSFJ4UBiFLFR6n070mPz5DY2Wuf9N5gaMMTrWcSAHkrKQ3rGI74QRT5P5+LDX/lVR/Y5yV8iyp4gzoTzqpft Z17XPQY+4XW7Omte/zDRlgsOWcF9p85m/WPOn1wyCcD38uolb0WTsHSe8qHueizFCTUGDtMAoLGlVgSAqFdTcuLRYgpnCKQyc1ZGhH1RxCzT+XFijnBRouFZ+b+P+LCjJrz7PUNZtD7dOsMV/KhiVNvo0qqYuSUItmEUmF80VWGOnoIh9Lg0TQXI7c8RFggAiN5CCEM0uHu+t4RE9//1wcbQfRl+D74XZ/Z7cls8TW2Se2wSL2le2wH+yADZhgF+ya3bBb79K78+47bbXjtWKNPZrO8gNzarKG</latexit>

(i.e. 9I 2 S|⌘R
. p0, q0 2 I)

<latexit sha1_base64="UzQsWWifoiqiPrUldsQPkweBrIc="></latexit>

Bisimulation revisited
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↵ p q = {µ | p µ�! q}

<latexit sha1_base64="6+xGQMOQiaElYE0LFWlrU2CrIDc=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0JqAch6MWjgkmEbAi9Y5sMzu5OZnp9sCb/4Cf4FV715E28evBf3I05+KpTUdVNd1WglbTkuu/O2PjE5NT0zGxhbn5hcam4vFK3cWIE1kSsYnMWgEUlI6yRJIVn2iCEgcJGcHmY+40rNFbG0SndamyF0InkhRRAmdQubvmgdBcGetDj+9xP/TAZ3A20f2Nkp0tgTHyda33e8/vtYsktu0Pwv8QbkRIb4bhd/PDPY5GEGJFQYG3TczW1UjAkhcJ+wU8sahCX0MFmRiMI0bbSYag+30gsUMw1Gi4VH4r4fSOF0NrbMMgmQ6Cu/e3l4n9eM6GL3VYqI50QRiI/RFLh8JAVRmZtIT+XBokg/xy5jLgAA0RoJAchMjHJ6itkfXi/0/8l9e2yVynvnVRK1YNRMzNsja2zTeaxHVZlR+yY1Zhg9+yRPbFn58F5cV6dt6/RMWe0s8p+wHn/BAOppGA=</latexit>

�(p, I) =
[

q2I

↵ p q

<latexit sha1_base64="2OdYPaOZJ+L9erObozBMTrpuhSY=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEIECbsiqAch6EVvCiYRsiH0jm0cnNkdZ3qFsMRP8BP8Cq968iZeBQ/+i5uYg686FVXddFdFRklHvv/ujYyOjU9MTk0XZmbn5heKi0t1l6RWYE0kKrFnEThUMsYaSVJ4ZiyCjhQ2oquDvt+4QetkEp9S12BLQyeWF1IA5VK7WA47oDWUzcbROt/jYSQ7IjXt7DqUMT/qhaDMJdya2+t2seRX/AH4XxIMSYkNcdwufoTniUg1xiQUONcMfEOtDCxJobBXCFOHBsQVdLCZ0xg0ulY2SNTja6kDSrhBy6XiAxG/b2SgnevqKJ/UQJfut9cX//OaKV3stDIZm5QwFv1DJBUODjlhZV4V8nNpkQj6nyPPaxBggQit5CBELqZ5d4W8j+B3+r+kvlkJtiq7J1ul6v6wmSm2wlZZmQVsm1XZITtmNSbYHXtgj+zJu/eevRfv9Wt0xBvuLLMf8N4+Aae1oVc=</latexit>

p �(R) q , 8I 2 S|⌘R
. �(p, I) = �(q, I)

<latexit sha1_base64="J8uhW1ESoj+0uJnhzEPt2f4vvFg="></latexit>

' ,
[

R✓�(R)

R

<latexit sha1_base64="xblbf1GNhlKo60Ni3PGPt+/vbYc="></latexit>

↵ : S ! S ! }(L)

<latexit sha1_base64="DcsrySbk/Tu88xOLxrLZN5mM58A=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAI2oRdCfiogjYWFhFNFLIh3B1vkiGzu8PMXSWE+Al+ha1WdmLrP1j4L24eha9TDIdz7uXMPYFW0pLrfjiZqemZ2bnsfG5hcWl5Jb+6VrNxYgRWRaxicx2ARSUjrJIkhdfaIISBwqugezL0r27RWBlHl9TT2AihHcmWFECp1Mxv+KB0B474hU/x+PHv9M7ZbjNfcIvuCPwv8SakwCaoNPOf/k0skhAjEgqsrXuupkYfDEmhcJDzE4saRBfaWE9pBCHaRn90wYBvJxbSaI2GS8VHIn7f6ENobS8M0skQqGN/e0PxP6+eUOug0ZeRTggjMQwiqXAUZIWRaTXIb6RBIhj+HLmMuAADRGgkByFSMUm7yqV9eL+v/0tqe0WvVDw8LxXKx5NmsmyTbbEd5rF9VmanrMKqTLB79sie2LPz4Lw4r87beDTjTHbW2Q847192U5os</latexit>

� : S ⇥ }(S) ! }(L)

<latexit sha1_base64="kNYMZWXylmJqVvdz4+GB8SoFZ3c=">AAACFHicbVC7TsNAEDzzDOEVoKQ5ESFBE9koEo8qgoaCAgQBpDiK1pdNOHFnW3drUBSl5RP4Clqo6BAtPQX/wsWk4DXVaGZXsztRqqQl33/3xsYnJqemCzPF2bn5hcXS0vK5TTIjsC4SlZjLCCwqGWOdJCm8TA2CjhReRNcHQ//iBo2VSXxGvRSbGrqx7EgB5KRWiYdd0Br2+GlIUqPl4W26cboZUpKzo81WqexX/Bz8LwlGpMxGOG6VPsJ2IjKNMQkF1jYCP6VmHwxJoXBQDDOLKYhr6GLD0RhcarOffzLg65kFF52i4VLxXMTvG33Q1vZ05CY10JX97Q3F/7xGRp2dZl/GaUYYi2EQSYV5kBVGuoqQt6VBIhhejlzGXIABIjSSgxBOzFxnRddH8Pv7v+R8qxJUK7sn1XJtf9RMga2yNbbBArbNauyQHbM6E+yOPbBH9uTde8/ei/f6NTrmjXZW2A94b59RbJ1M</latexit>

� : }(S ⇥ S) ! }(S ⇥ S)

<latexit sha1_base64="tbp0eBB4noLlqIHiO7/Tkwi9gkw=">AAACGHicbVC7TgJBFJ3FF+ILtbSZiCbYkF1D4qMi2lhikEfCbsjscIEJs4/M3NUQwg/4CX6FrVZ2xtbOwn9xd6UQ8FQn59ybc+9xQyk0muaXkVlaXlldy67nNja3tnfyu3sNHUSKQ50HMlAtl2mQwoc6CpTQChUwz5XQdIfXid+8B6VF4N/hKATHY31f9ARnGEud/JFdHYhL+yEs1mwUHmhaO7ExmBU6+YJZMlPQRWJNSYFMUe3kv+1uwCMPfOSSad22zBCdMVMouIRJzo40hIwPWR/aMfVZnOOM028m9DjSDAMagqJC0lSEvxtj5mk98tx40mM40PNeIv7ntSPsnTtj4YcRgs+TIBQS0iDNlYhrAtoVChBZcjlQ4VPOFEMEJSjjPBajuLdc3Ic1//0iaZyWrHLp4rZcqFxNm8mSA3JIisQiZ6RCbkiV1Aknj+SZvJBX48l4M96Nj9/RjDHd2SczMD5/APWOn0o=</latexit>

bisimilarity

<latexit sha1_base64="G+dkb6FSd6Bu/EE/TBvb3sODq0E=">AAACBnicbVC7TgJREL2LL8QXamlzIzGxIrvERO2MNpaYyCMBQmYvA064+8i9s0ayofcrbLWyM7b+hoX/4oIUCp7q5JyZzJnjx5osu+6nk1taXlldy68XNja3tneKu3t1GyVGYU1FOjJNHyxqCrHGxBqbsUEIfI0Nf3g18Rv3aCxF4S2PYuwEMAipTwo4k7rFvbRt+9InSwFpMMSjcbdYcsvuFHKReDNSEjNUu8Wvdi9SSYAhKw3Wtjw35k4KhklpHBfaicUY1BAG2MpoCAHaTjrNPpZHiQWOZIxGkpZTEX9vpBBYOwr8bDIAvrPz3kT8z2sl3D/rpBTGCWOoJoeYNE4PWWUoKwVljwwywyQ5SgqlAgPMaEiCUpmYZC0Vsj68+e8XSb1S9k7K5zeV0sXlrJm8OBCH4lh44lRciGtRFTWhxIN4Es/ixXl0Xp035/1nNOfMdvbFHzgf33c4mU0=</latexit>

R ✓ �(R)

<latexit sha1_base64="/X8KsvhLyj0aM/03Y1C9oVupawc=">AAACGHicbVC7TsNAEDyHVwivACXNiYAUmshGkYAugoYyIPKQYis6XzbJKecHd2ukyMoP8Al8BS1UdIiWjoJ/wTaRgISpRjO72tlxQyk0muaHkVtYXFpeya8W1tY3NreK2ztNHUSKQ4MHMlBtl2mQwocGCpTQDhUwz5XQckcXqd+6A6VF4N/gOATHYwNf9AVnmEjd4oHtMRy6/fh6YuvI1YBwS+36UJR/jKNusWRWzAx0nlhTUiJT1LvFT7sX8MgDH7lkWncsM0QnZgoFlzAp2JGGkPERG0AnoT7zQDtx9s2EHkaaYUBDUFRImonweyNmntZjz00m04h61kvF/7xOhP1TJxZ+GCH4PD2EQkJ2SHMlkpqA9oQCRJYmByp8ypliiKAEZZwnYpT0Vkj6sGa/nyfN44pVrZxdVUu182kzebJH9kmZWOSE1MglqZMG4eSePJIn8mw8GC/Gq/H2PZozpju75A+M9y8A9qCK</latexit>

bisimulation

<latexit sha1_base64="wv9uVyM8NMHcO0ewl3kJWYZXZaA=">AAACBnicbVC7TsNAEDyHVwgvE0qaExESVWRHSEAXQUMZJPKQEis6XzbhlPNDd3uIyErPV9BCRYdo+Q0K/gXbuICEqUYzu9rZ8WMpNDrOp1VaWV1b3yhvVra2d3b37P1qR0dGcWjzSEaq5zMNUoTQRoESerECFvgSuv70KvO796C0iMJbnMXgBWwSirHgDFNpaFeTgR5TX2gRGJlr86Fdc+pODrpM3ILUSIHW0P4ajCJuAgiRS6Z133Vi9BKmUHAJ88rAaIgZn7IJ9FMasgC0l+TZ5/TYaIYRjUFRIWkuwu+NhAVazwI/nQwY3ulFLxP/8/oGx+deIsLYIIQ8O4RCQn5IcyXSUoCOhAJEliUHKkLKmWKIoARlnKeiSRuppH24i98vk06j7p7WL24ateZl0UyZHJIjckJcckaa5Jq0SJtw8kCeyDN5sR6tV+vNev8ZLVnFzgH5A+vjG3RhmUs=</latexit>

Bisimulation revisited
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↵C : S ! S ! R

<latexit sha1_base64="n6AF6+p3XE60okrxA2MwJeJRywo=">AAACEnicbVDJSgNBEO2JW4xb1KMgjUHwFGYk4HIK5uIxLomBTAg1bSVp0rPQXSOEITc/wa/wqidv4tUf8OC/OJPk4FaH4vFeFa/qeZGShmz7w8rNzS8sLuWXCyura+sbxc2tpgljLbAhQhXqlgcGlQywQZIUtiKN4HsKb7xhLdNv7lAbGQbXNIqw40M/kD0pgFKqW9x1QUUD6NZO+ZVL4bS5PtDA85LLcbdYssv2pPhf4MxAic2q3i1+urehiH0MSCgwpu3YEXUS0CSFwnHBjQ1GIIbQx3YKA/DRdJLJH2O+HxtI7SPUXCo+IfH7RgK+MSPfSyezC81vLSP/09ox9Y47iQyimDAQmRFJhRMjI7RMA0J+KzUSQXY5chlwARqIUEsOQqRknCZWSPNwfn//FzQPy06lfHJRKVXPZsnk2Q7bYwfMYUesys5ZnTWYYPfskT2xZ+vBerFerbfpaM6a7WyzH2W9fwH5qp0+</latexit>

↵C i j = �i,j

<latexit sha1_base64="RJJUOEmUkZ0hTTzZl8ZKkcBK6a0=">AAACEHicbVC7SgNBFJ31GeMraqnFYBAsJOxKQC0EMY2lgjGBbFjuTm7i6OyDmbtCWGLhJ/gVtlrZia1/YOG/uIlbaOKpDufcw733+LGShmz705qanpmdmy8sFBeXlldWS2vrVyZKtMC6iFSkmz4YVDLEOklS2Iw1QuArbPi3taHfuENtZBReUj/GdgC9UHalAMokr7Tlgoqvwavdy/sbfsxdlWU74KVy72bglcp2xR6BTxInJ2WW49wrfbmdSCQBhiQUGNNy7JjaKWiSQuGg6CYGYxC30MNWRkMI0LTT0RcDvpMYoIjHqLlUfCTi70QKgTH9wM8mA6BrM+4Nxf+8VkLdw3YqwzghDMVwEUmFo0VGaJnVg7wjNRLB8HLkMuQCNBChlhyEyMQk66uY9eGMfz9JrvYrTrVydFEtn5zmzRTYJttmu8xhB+yEnbFzVmeCPbAn9sxerEfr1Xqz3n9Gp6w8s8H+wPr4Bu+ynLc=</latexit>

�C : S ⇥ }(S) ! R

<latexit sha1_base64="6S5maFr47zt9vrB6ZpGMhRTJ7Lw=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYGgiWyExKOKoKHkFUCKo2h9LOGUO9u6W4OQlT/gE/gKWqjoEC0NBf/COaTgNdVoZlezO1GqpCXff/eGhkdGx8ZLE+XJqemZ2crc/KlNMiOwIRKVmPMILCoZY4MkKTxPDYKOFJ5F3b3CP7tGY2USn9Btii0NnVheSgHkpHZlJeyA1tDe2+HHIUmNloc36erxWkgJDzXQVRTlR712perX/D74XxIMSJUNcNCufIQXicg0xiQUWNsM/JRaORiSQmGvHGYWUxBd6GDT0Rhccivv/9Pjy5kFF5+i4VLxvojfN3LQ1t7qyE0WF9rfXiH+5zUzutxq5TJOM8JYFEEkFfaDrDDSFYX8QhokguJy5DLmAgwQoZEchHBi5poruz6C39//JafrtWCjtn24Ua3vDpopsUW2xFZZwDZZne2zA9Zggt2xB/bInrx779l78V6/Roe8wc4C+wHv7RPlbaBe</latexit>

�C(i, I) =
X

j2I

↵C i j =
X

j2I

�i,j

<latexit sha1_base64="eQcgiIMhE4PLQ6Ml28RgSLoe40o="></latexit>

�C : }(S ⇥ S) ! }(S ⇥ S)

<latexit sha1_base64="6Nmzcu3NWFU3hT8PuZ207bQDcaM=">AAACGnicbVC7TgJBFJ31ifhatbSZSDTYkF1D4qMi0lhikEfCEjI7XGDC7CMzdzWE8Ad+gl9hq5WdsbWx8F/cxS0EPNXJOffm3HvcUAqNlvVlLC2vrK6tZzaym1vbO7vm3n5dB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03GE58Rv3oLQI/DschdD2WN8XPcEZxlLHPHEqA9EpXzkPYb7qoPBA0+qpg8Gs0DFzVsGagi4SOyU5kqLSMb+dbsAjD3zkkmndsq0Q22OmUHAJk6wTaQgZH7I+tGLqszinPZ7+M6HHkWYY0BAUFZJORfi7MWae1iPPjSc9hgM97yXif14rwt5Feyz8MELweRKEQsI0SHMl4qKAdoUCRJZcDlT4lDPFEEEJyjiPxShuLhv3Yc9/v0jqZwW7WLi8LeZK12kzGXJIjkie2OSclMgNqZAa4eSRPJMX8mo8GW/Gu/HxO7pkpDsHZAbG5w9UbaAA</latexit>

i �C(R) j , 8I 2 S|⌘R
. �C(i, I) = �C(j, I)

<latexit sha1_base64="+lwfqXSbABrfNjHDSHp5ozEeluQ="></latexit>

R ✓ �C(R)

<latexit sha1_base64="ZfhVr0VG6Bol0Ht+pf9KQYArJ9w=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYFCE9koEtBFpKEMiDyk2IrOl01yyvnB3RopsvIHfAJfQQsVHaKloeBfsE0kIGGq0cyudnbcUAqNpvlhLCwuLa+s5tby6xubW9uFnd2mDiLFocEDGai2yzRI4UMDBUpohwqY50pouaNa6rfuQGkR+Dc4DsHx2MAXfcEZJlK3cGR7DIduP76e2DpyNSDcUrs+FN1a6cc67haKZtnMQOeJNSVFMkW9W/i0ewGPPPCRS6Z1xzJDdGKmUHAJk7wdaQgZH7EBdBLqMw+0E2f/TOhhpBkGNARFhaSZCL83YuZpPfbcZDKNqGe9VPzP60TYP3Ni4YcRgs/TQygkZIc0VyIpCmhPKEBkaXKgwqecKYYISlDGeSJGSXP5pA9r9vt50jwpW5Xy+VWlWL2YNpMj++SAlIhFTkmVXJI6aRBO7skjeSLPxoPxYrwab9+jC8Z0Z4/8gfH+BWMeoUA=</latexit>

'C ,
[

R✓�C(R)

R

<latexit sha1_base64="y8Bb8rVfazEQxsujqOMhH/oyeuM="></latexit>

CTMC bisimulation

<latexit sha1_base64="mT9WZRkTvMFKfOanSfQ/sv5dyc8=">AAACC3icbVC7TsNAEDyHVwgvAwUFzYkIiSqyIySgi0hDgxSkvKTEis6XTTjl/NDdGimy/Al8BS1UdIiWj6DgX7CNC0iYajSzq90ZN5RCo2V9GqWV1bX1jfJmZWt7Z3fP3D/o6iBSHDo8kIHqu0yDFD50UKCEfqiAea6EnjtrZn7vAZQWgd/GeQiOx6a+mAjOMJVG5lE81BPabN82qSu08CKZG8nIrFo1KwddJnZBqqRAa2R+DccBjzzwkUum9cC2QnRiplBwCUllGGkIGZ+xKQxS6jMPtBPnARJ6GmmGAQ1BUSFpLsLvjZh5Ws89N530GN7rRS8T//MGEU4unVj4YYTg8+wQCgn5Ic2VSJsBOhYKEFn2OVDhU84UQwQlKOM8FaO0kUrah72Yfpl06zX7vHZ1V682rotmyuSYnJAzYpML0iA3pEU6hJOEPJFn8mI8Gq/Gm/H+M1oyip1D8gfGxzdIy5rE</latexit>

CTMC bisimilarity

<latexit sha1_base64="wfCCQYnvBkmJp2eDz3tBOjRLlyE=">AAACC3icbVC7SgNREL3rM8ZX1MLC5mIQrMKuCGoXTGMjREhUSJYwezOJg3cf3DsrhGU/wa+w1cpObP0IC//FTUzh61SHc2aYOSdINFl23XdnZnZufmGxtFReXlldW69sbF7aODUK2yrWsbkOwKKmCNtMrPE6MQhhoPEquG2M/as7NJbiqMWjBP0QhhENSAEXUq+ynXXtQDZa5w0ZkKWQNBjiUd6rVN2aO4H8S7wpqYopmr3KR7cfqzTEiJUGazuem7CfgWFSGvNyN7WYgLqFIXYKGkGI1s8mAXK5l1rgWCZoJGk5EfH7RgahtaMwKCZD4Bv72xuL/3mdlAfHfkZRkjJGanyISePkkFWGimZQ9skgM4w/R0mRVGCAGQ1JUKoQ06KqctGH9zv9X3J5UPMOaycXB9X66bSZktgRu2JfeOJI1MWZaIq2UCIXD+JRPDn3zrPz4rx+jc44050t8QPO2ydLoprG</latexit>

Bisimulation for CTMC
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I

<latexit sha1_base64="Nty3RtoZEbBYW4UYuTFj0KZH1qM=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoIEukQiJlFjR+bIJp5zP1t0eUmTlC2ihokO0fBAF/4JtXEDCVKOZXe3sBLEUBl330ymtrK6tb5Q3K1vbO7t71f2DexNZzaHDIxnpXsAMSKGggwIl9GINLAwkdIPpdeZ3H0EbEak7nMXgh2yixFhwhqnUvh1Wa27dzUGXiVeQGinQGla/BqOI2xAUcsmM6XtujH7CNAouYV4ZWAMx41M2gX5KFQvB+EkedE5PrGEY0Rg0FZLmIvzeSFhozCwM0smQ4YNZ9DLxP69vcXzhJ0LFFkHx7BAKCfkhw7VIGwA6EhoQWZYcqFCUM80QQQvKOE9Fm1ZSSfvwFr9fJvdnda9Rv2w3as2ropkyOSLH5JR45Jw0yQ1pkQ7hBMgTeSYvjnVenTfn/We05BQ7h+QPnI9vQSiRXg==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

↵C : S ! S ! R

<latexit sha1_base64="n6AF6+p3XE60okrxA2MwJeJRywo=">AAACEnicbVDJSgNBEO2JW4xb1KMgjUHwFGYk4HIK5uIxLomBTAg1bSVp0rPQXSOEITc/wa/wqidv4tUf8OC/OJPk4FaH4vFeFa/qeZGShmz7w8rNzS8sLuWXCyura+sbxc2tpgljLbAhQhXqlgcGlQywQZIUtiKN4HsKb7xhLdNv7lAbGQbXNIqw40M/kD0pgFKqW9x1QUUD6NZO+ZVL4bS5PtDA85LLcbdYssv2pPhf4MxAic2q3i1+urehiH0MSCgwpu3YEXUS0CSFwnHBjQ1GIIbQx3YKA/DRdJLJH2O+HxtI7SPUXCo+IfH7RgK+MSPfSyezC81vLSP/09ox9Y47iQyimDAQmRFJhRMjI7RMA0J+KzUSQXY5chlwARqIUEsOQqRknCZWSPNwfn//FzQPy06lfHJRKVXPZsnk2Q7bYwfMYUesys5ZnTWYYPfskT2xZ+vBerFerbfpaM6a7WyzH2W9fwH5qp0+</latexit>

↵C i j = �i,j

<latexit sha1_base64="RJJUOEmUkZ0hTTzZl8ZKkcBK6a0=">AAACEHicbVC7SgNBFJ31GeMraqnFYBAsJOxKQC0EMY2lgjGBbFjuTm7i6OyDmbtCWGLhJ/gVtlrZia1/YOG/uIlbaOKpDufcw733+LGShmz705qanpmdmy8sFBeXlldWS2vrVyZKtMC6iFSkmz4YVDLEOklS2Iw1QuArbPi3taHfuENtZBReUj/GdgC9UHalAMokr7Tlgoqvwavdy/sbfsxdlWU74KVy72bglcp2xR6BTxInJ2WW49wrfbmdSCQBhiQUGNNy7JjaKWiSQuGg6CYGYxC30MNWRkMI0LTT0RcDvpMYoIjHqLlUfCTi70QKgTH9wM8mA6BrM+4Nxf+8VkLdw3YqwzghDMVwEUmFo0VGaJnVg7wjNRLB8HLkMuQCNBChlhyEyMQk66uY9eGMfz9JrvYrTrVydFEtn5zmzRTYJttmu8xhB+yEnbFzVmeCPbAn9sxerEfr1Xqz3n9Gp6w8s8H+wPr4Bu+ynLc=</latexit>

�C : S ⇥ }(S) ! R

<latexit sha1_base64="6S5maFr47zt9vrB6ZpGMhRTJ7Lw=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYGgiWyExKOKoKHkFUCKo2h9LOGUO9u6W4OQlT/gE/gKWqjoEC0NBf/COaTgNdVoZlezO1GqpCXff/eGhkdGx8ZLE+XJqemZ2crc/KlNMiOwIRKVmPMILCoZY4MkKTxPDYKOFJ5F3b3CP7tGY2USn9Btii0NnVheSgHkpHZlJeyA1tDe2+HHIUmNloc36erxWkgJDzXQVRTlR712perX/D74XxIMSJUNcNCufIQXicg0xiQUWNsM/JRaORiSQmGvHGYWUxBd6GDT0Rhccivv/9Pjy5kFF5+i4VLxvojfN3LQ1t7qyE0WF9rfXiH+5zUzutxq5TJOM8JYFEEkFfaDrDDSFYX8QhokguJy5DLmAgwQoZEchHBi5poruz6C39//JafrtWCjtn24Ua3vDpopsUW2xFZZwDZZne2zA9Zggt2xB/bInrx779l78V6/Roe8wc4C+wHv7RPlbaBe</latexit>

�C(i, I) =
X

j2I

↵C i j =
X

j2I

�i,j

<latexit sha1_base64="eQcgiIMhE4PLQ6Ml28RgSLoe40o="></latexit>

i •

<latexit sha1_base64="Bt99Hdc74am8brju6kTFlo2+c2I=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGiTxQYkXnyyaccmdbd3tIkRV+ghYqOkTLx1DwL9jGBSRMNZrZ1c5OEEth0HU/ndLS8srqWnm9srG5tb1T3d1rm8hqDi0eyUh3A2ZAihBaKFBCN9bAVCChE0yuMr/zANqIKLzFaQy+YuNQjARnmEp34rEfWCkBB9WaW3dz0EXiFaRGCjQH1a/+MOJWQYhcMmN6nhujnzCNgkuYVfrWQMz4hI2hl9KQKTB+kgee0SNrGEY0Bk2FpLkIvzcSpoyZqiCdVAzvzbyXif95PYujcz8RYWwRQp4dQiEhP2S4FmkTQIdCAyLLkgMVIeVMM0TQgjLOU9Gm1VTSPrz57xdJ+6TundYvbk5rjcuimTI5IIfkmHjkjDTINWmSFuFEkSfyTF6cmfPqvDnvP6Mlp9jZJ3/gfHwD7/GVMA==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

•

<latexit sha1_base64="i7qBIXPVFj7WjGHHctveniiLre0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJKCLoKEMEnlISRStL5twyvls3a2RIisfQQsVHaLlayj4F2zjAgJTjWZ2tbPjR0pact0Pp7Syura+Ud6sbG3v7O5V9w86NoyNwLYIVWh6PlhUUmObJCnsRQYh8BV2/dl15ncf0FgZ6juaRzgMYKrlRAqgVOoO/FgppFG15tbdHPwv8QpSYwVao+rnYByKOEBNQoG1fc+NaJiAISkULiqD2GIEYgZT7KdUQ4B2mORxF/wktkAhj9BwqXgu4s+NBAJr54GfTgZA93bZy8T/vH5Mk4thInUUE2qRHSKpMD9khZFpD8jH0iARZMmRS80FGCBCIzkIkYpxWkwl7cNb/v4v6ZzVvUb98rZRa14VzZTZETtmp8xj56zJbliLtZlgM/bIntizkzgvzqvz9j1acoqdQ/YLzvsXNyeUNQ==</latexit>

�i,j1

����
����

��!

<latexit sha1_base64="YEy2e8NFqfPEx3e713Rjoihy5Lk=">AAACHnicbVC7SgNBFJ2NrxhfUUubwSCISNgVQe1EG8sIRgPZsNyd3CRjZh/O3PXBkn/wE/wKW63sxFYL/8XNo9DEUx3Ouc/jx0oasu0vKzc1PTM7l58vLCwuLa8UV9cuTZRogVURqUjXfDCoZIhVkqSwFmuEwFd45XdP+/7VLWojo/CCHmJsBNAOZUsKoEzyijvuvZbtDoHW0V3q3twk0OSuygY0wUvl7rXn9IZqzyuW7LI9AJ8kzoiU2AgVr/jtNiORBBiSUGBM3bFjaqSgSQqFvYKbGIxBdKGN9YyGEKBppIOfenwrMUARj1FzqfhAxN8dKQTGPAR+VhkAdcy41xf/8+oJtQ4bqQzjhDAU/UUkFQ4WGaFlFhbyptRIBP3LkcuQC9BAhFpyECITkyy9QpaHM/79JLncKzv75aPz/dLxySiZPNtgm2ybOeyAHbMzVmFVJtgje2Yv7NV6st6sd+tjWJqzRj3r7A+szx/DUKOo</latexit>

�
i,j

k

����������!

<latexit sha1_base64="8oTtKhxxwxmycNwWQ1WN2XKPmLs=">AAACHnicbVC7SgNBFJ31GeMramkzGAQRCbsSUDvRxjKCiUI2LHcnN3HM7MOZu2pY9h/8BL/CVis7sdXCf3ETU2j0VIdz7vP4sZKGbPvDmpicmp6ZLcwV5xcWl5ZLK6sNEyVaYF1EKtIXPhhUMsQ6SVJ4EWuEwFd47veOB/75DWojo/CM+jG2AuiGsiMFUC55pW33TsvuJYHW0W3qXl8n0Oauyge0wUvlzpXXy77VzCuV7Yo9BP9LnBEpsxFqXunTbUciCTAkocCYpmPH1EpBkxQKs6KbGIxB9KCLzZyGEKBppcOfMr6ZGKCIx6i5VHwo4s+OFAJj+oGfVwZAl2bcG4j/ec2EOvutVIZxQhiKwSKSCoeLjNAyDwt5W2okgsHlyGXIBWggQi05CJGLSZ5eMc/DGf/+L2nsVpxq5eC0Wj48GiVTYOtsg20xh+2xQ3bCaqzOBLtnj+yJPVsP1ov1ar19l05Yo5419gvW+xcflaPi</latexit>

�C(i, I)

<latexit sha1_base64="JltiZBfZxdtVL2BU8RWzCNqFGus=">AAAB/3icdVA9SwNBEN3z2/gVtbRZDIKChNsgmnSijXYKRoXkCHPrGBd3787dOUGChb/CVis7sfWnWPhf3IsRVPRVj/dmmDcvzrRyFIZvwdDwyOjY+MRkaWp6ZnauPL9w7NLcSmzKVKf2NAaHWiXYJEUaTzOLYGKNJ/HlbuGfXKN1Kk2O6CbDyEA3UedKAnkpanfBGOjsrqr1/bVOuRJWwzAUQvCCiK3N0JNGo14TdS4Ky6PCBjjolN/bZ6nMDSYkNTjXEmFGUQ8sKanxttTOHWYgL6GLLU8TMOiiXj/0LV/JHVDKM7Rcad4X8ftGD4xzNyb2kwbowv32CvEvr5XTeT3qqSTLCRNZHCKlsX/ISat8G8jPlEUiKJIjVwmXYIEIreIgpRdzX0/J9/H1NP+fHNeqYqPaONyobO8MmplgS2yZrTLBttg222MHrMkku2L37IE9BnfBU/AcvHyODgWDnUX2A8HrB34ZlfM=</latexit>

i
P

j2I �i,j

������! I

<latexit sha1_base64="EcBD8Mh6doqLHhqs7rW8eh7JaCo="></latexit>

Bisimulation for CTMC
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Fig. 14.6: CTMC bisimilarity

a function gC : S ⇥√(S) ! R simply by extending the transition function to sets of
states as follows:

gC(s, I) = Â
s02I

aC(s,s0)

As we have done above for LTSs, we define the function FC :√(S⇥S) !√(S⇥S)
by

8s1,s2 2 S. s1 FC(R) s2
def
= 8I 2 S/⌘R . gC(s1, I) = gC(s2, I)

meaning that the total rate of reaching any equivalence class of R from s1 is the same
as that from s2.

Definition 14.24 (CTMC bisimilarity 'C). A CTMC bisimulation is a relation R
such that R ✓ FC(R) and the CTMC bisimilarity 'C is the relation

'C
def
=

[

R✓FC(R)

R

Let us show how this construction works with an example. Abusing the notation,
in the following we write aC(s, I) instead of gC(s, I).

Example 14.8. Let us consider the two CTMCs in Figure 14.6. We argue that the
following equivalence relation R identifies bisimilar states:

R = { {a1,a2},{b1,b2,b3},{c1,c2},{d1,d2} }

Let us show that R is a CTMC bisimulation: whenever two states are related, we
must check that the sum of the rates from them to the states on any equivalence class
coincide. For a1 and a2, we have

aC(a1,{a1,a2}) = aC(a2,{a1,a2}) = 0
aC(a1,{b1,b2,b3}) = aC(a2,{b1,b2,b3}) = 0.4

aC(a1,{c1,c2}) = aC(a2,{c1,c2}) = 0
aC(a1,{d1,d2}) = aC(a2,{d1,d2}) = 0

For b1,b2,b3 we have

I1

<latexit sha1_base64="oZHQQ3E6Dx9iKKAN3MDdWQUKjZU=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRJKCLoIEuCPKQEis6XzbhlPNDd2tQFOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOxw0qGWCTJCnsRBq57ylse+PL1G8/oDYyDO5oEqHr81Egh1JwSqTb677TL1fsqp2BLRInJxXI0eiXv3qDUMQ+BiQUN6br2BG5U65JCoWzUi82GHEx5iPsJjTgPhp3mkWdsaPYcApZhJpJxTIRf29MuW/MxPeSSZ/TvZn3UvE/rxvT8MydyiCKCQORHiKpMDtkhJZJB8gGUiMRT5MjkwETXHMi1JJxIRIxTkopJX04898vktZJ1alVz29qlfpF3kwRDuAQjsGBU6jDFTSgCQJG8ATP8GI9Wq/Wm/X+M1qw8p19+APr4xtseJIC</latexit>

I2

<latexit sha1_base64="ia4ijpuae2ueMdbKfbrSEz6c20c=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUCegiaKALgjykxIrOl0045fzQ3RoURfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWCxvFza3tnd3S3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFl6rcfUBsZBnc0idD1+SiQQyk4JdLtdb/aL5Xtip2BLRInJ2XI0eiXvnqDUMQ+BiQUN6br2BG5U65JCoWzYi82GHEx5iPsJjTgPhp3mkWdsePYcApZhJpJxTIRf29MuW/MxPeSSZ/TvZn3UvE/rxvT8MydyiCKCQORHiKpMDtkhJZJB8gGUiMRT5MjkwETXHMi1JJxIRIxTkopJn04898vkla14tQq5ze1cv0ib6YAh3AEJ+DAKdThChrQBAEjeIJneLEerVfrzXr/GV2y8p0D+APr4xtuB5ID</latexit>

I3

<latexit sha1_base64="0i2+RqJI+8RXD8/ymD1/ER2WWhE=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTZEAroIGuiCIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2CYFJEw1mtnVzo4XKWnItj+thcWl5ZXVwlpxfWNza7u0s9s0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwR2NI3R9PgzkQApOqXR73Tvplcp2xc7B5okzJWWYot4rfXX7oYh9DEgobkzHsSNyE65JCoWTYjc2GHEx4kPspDTgPho3yaNO2GFsOIUsQs2kYrmIvzcS7hsz9r100ud0b2a9TPzP68Q0OHMTGUQxYSCyQyQV5oeM0DLtAFlfaiTiWXJkMmCCa06EWjIuRCrGaSnFtA9n9vt50jyuONXK+U21XLuYNlOAfTiAI3DgFGpwBXVogIAhPMEzvFiP1qv1Zr3/jC5Y0509+APr4xtvlpIE</latexit>

I4

<latexit sha1_base64="09AZpTNiQMTmC1D4N+Ch2HyApzk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRJKCLoIEuCPKQkig6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCSItsCkCFeiOyw0q6WOTJCnshBq55ypsu5PL1G8/oDYy8O9oGmLf42NfjqTglEi314PaoFyxq3YGtkicnFQgR2NQ/uoNAxF56JNQ3JiuY4fUj7kmKRTOSr3IYMjFhI+xm1Cfe2j6cRZ1xo4iwylgIWomFctE/L0Rc8+Yqecmkx6nezPvpeJ/Xjei0Vk/ln4YEfoiPURSYXbICC2TDpANpUYiniZHJn0muOZEqCXjQiRilJRSSvpw5r9fJK2TqlOrnt/UKvWLvJkiHMAhHIMDp1CHK2hAEwSM4Qme4cV6tF6tN+v9Z7Rg5Tv78AfWxzdxJZIF</latexit>

⌘R = { {a1, a2} , {b1, b2, b3} , {c1, c2} , {d1, d2} }

<latexit sha1_base64="nbETBVfwFrQwBmQ/xUsdJgBPkiQ="></latexit>

�C(a1, Ii)
?
= �C(a2, Ii)

<latexit sha1_base64="S03P/pYe6Yuf8TFi2cF4zCzshLU=">AAACKHicbVDLSgNBEJyN7/iKevQyGIQIEnZDQD2Iohe9RTAaSMLSO+nEITO7y0yvIEt+xE/wK7zqyZvk4MUvcRNz0GidiqpquruCWElLrjt0cjOzc/MLi0v55ZXVtfXCxuaNjRIjsC4iFZlGABaVDLFOkhQ2YoOgA4W3Qf985N/eo7EyCq/pIca2hl4ou1IAZZJfqLZ6oDX45yXwvf1LX+7xliUQfYMqPRmkxwP+I1H5TviFolt2x+B/iTchRTZBzS98tDqRSDSGJBRY2/TcmNopGJJC4SDfSizG2VLoYTOjIWi07XT83YDvJhYo4jEaLhUfi/hzIgVt7YMOsqQGurPT3kj8z2sm1D1spzKME8JQjBaRVDheZIWRWW3IO9IgEYwuRy5DLsAAERrJQYhMTLIe81kf3vT3f8lNpexVy0dX1eLp2aSZRbbNdliJeeyAnbILVmN1Jtgje2Yv7NV5ct6cd2f4Hc05k5kt9gvO5xfJr6TG</latexit>

�C(b1, Ii)
?
= �C(b2, Ii)

?
= �C(b3, Ii)

<latexit sha1_base64="pLP5zRIcEyTZwpD7K2S6M8aTs2k="></latexit>

�C(c1, Ii)
?
= �C(c2, Ii)

<latexit sha1_base64="uZJgYyHp/FCunc4WUKRpmkZgEDg=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIKChN0YUA9iMBe9RTAqJGHpHds4ZGZ3mekVZMmH+Al+hVc9eRM9ePBP3Kw5xEediqpquruCWElLrvvujI1PTE5Nz8wW5uYXFpeKyyvnNkqMwKaIVGQuA7CoZIhNkqTwMjYIOlB4EfTqA//iFo2VUXhGdzF2NHRDeS0FUCb5xZ12F7QGv74pfG/7xJdbvG0JRM+gSg/76UGfjyQqecIvltyym4P/Jd6QlNgQDb/40b6KRKIxJKHA2pbnxtRJwZAUCvuFdmIxznZCF1sZDUGj7aT5c32+kVigiMdouFQ8F3F0IgVt7Z0OsqQGurG/vYH4n9dK6Hqvk8owTghDMVhEUmG+yAojs9aQX0mDRDC4HLkMuQADRGgkByEyMclqLGR9eL+//0vOK2WvWt4/rZZqR8NmZtgaW2ebzGO7rMaOWYM1mWD37JE9sWfnwXlxXp237+iYM5xZZT/gfH4BZ5ekoA==</latexit>

�C(d1, Ii)
?
= �C(d2, Ii)

<latexit sha1_base64="KUZXUH2F3iX3Le5fQVqd+MlDt7c=">AAACJ3icbVDLSgNBEJz1GeMr6tHLYBAUJOyqoB7EoBe9KZhESMLSO2nj4MzuMtMryJIP8RP8Cq968iZ68OCfuFlziNE6FVXVdHcFsZKWXPfDGRufmJyaLswUZ+fmFxZLS8t1GyVGYE1EKjJXAVhUMsQaSVJ4FRsEHShsBLcnfb9xh8bKKLyk+xjbGrqhvJYCKJP80k6rC1qDf7LR8b2tM19u8pYlELcGVXrUSw97fCixnSf8UtmtuDn4X+INSJkNcO6XPludSCQaQxIKrG16bkztFAxJobBXbCUW42wndLGZ0RA02naaP9fj64kFiniMhkvFcxGHJ1LQ1t7rIEtqoBs76vXF/7xmQtf77VSGcUIYiv4ikgrzRVYYmbWGvCMNEkH/cuQy5AIMEKGRHITIxCSrsZj14Y1+/5fUtyvebuXgYrdcPR40U2CrbI1tMI/tsSo7ZeesxgR7YE/smb04j86r8+a8/0THnMHMCvsF5+sbauWkog==</latexit>

8i.

<latexit sha1_base64="6+jTD0H9P9xPqa3e8moihLOFeDk=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJyrIREtBF0FAGiTxEYkXryyaccj5bd2ukKApfQQsVHaLlXyj4FxyTAhKmGs3samcnTJS05HmfTmFpeWV1rbhe2tjc2t4p7+41bJwagXURq9i0QrCopMY6SVLYSgxCFCpshsOrqd98QGNlrG9plGAQwUDLvhRAmXTX6ccGlOLS7ZYrnuvl4IvEn5EKm6HWLX91erFII9QkFFjb9r2Egj EYkkLhpNRJLSYghjDAdkY1RGiDcZ54wo9SCxTzBA2Xiuci/t4YQ2TtKAqzyQjo3s57U/E/r51S/zwYS52khFpMD5FUmB+ywsisCuQ9aZAIpsmRS80FGCBCIzkIkYlp1k0p68Of/36RNE5c/9S9uDmtVC9nzRTZATtkx8xnZ6zKrlmN1Zlgmj2xZ/biPDqvzpvz/jNacGY7++wPnI9vwCqVAg==</latexit>

Bisimulation for CTMC
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↵D : S ! D(S) [ {?}

<latexit sha1_base64="AB+iIapfMa9Ywg/ea3QmlgDXLsQ=">AAACHXicbVC7TsNAEDzzDOEVoKQ5ESGFJrIREo8qAgpKUEhAykXR+ljgxNk+3a2RkJVv4BP4Clqo6BAtouBfsEMKCEw1mtnVzk5otHLk+x/e2PjE5NR0aaY8Oze/sFhZWm67JLUSWzLRiT0PwaFWMbZIkcZzYxGiUONZeHNQ+Ge3aJ1K4lO6M9iN4CpWl0oC5VKvsiFAm2voHe7xpqCEiwjoOgyzw36tuSFkakQmHIEV/V6l6tf9AfhfEgxJlQ1x3Kt8iotEphHGJDU41wl8Q90MLCmpsV8WqUMD8gausJPTGCJ03WzwUp+vpw7yOAYtV5oPRPy5kUHk3F0U5pNFYjfqFeJ/Xiely51upmKTEsayOERK4+CQk1blXSG/UBaJoEiOXMVcggUitIqDlLmY5uWV8z6C0e//kvZmPdiq755sVRv7w2ZKbJWtsRoL2DZrsCN2zFpMsnv2yJ7Ys/fgvXiv3tv36Jg33Flhv+C9fwHYMaH7</latexit>

↵D i = d

<latexit sha1_base64="zAYkCLD50FVESASYNS+bc09nv00=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBYhV0R1EIIamEZwTwgWcPdyU0yZPbBzF0hhFj4FbZa2Ymtf2Lhv7i7ptDEUx3OuZd77vEiJQ3Z9qeVW1hcWl7JrxbW1jc2t4rbO3UTxlpgTYQq1E0PDCoZYI0kKWxGGsH3FDa84WXqN+5RGxkGtzSK0PWhH8ieFECJdNcGFQ2gc/Ug+Tnvdoolu2xn4PPEmZISm6LaKX61u6GIfQxIKDCm5dgRuWPQJIXCSaEdG4xADKGPrYQG4KNxx1nqCT+IDVDII9RcKp6J+HtjDL4xI99LJn2ggZn1UvE/rxVT79QdyyCKCQORHiKpMDtkhJZJHci7UiMRpMmRy4AL0ECEWnIQIhHjpJ9C0ocz+/08qR+VnePy2c1xqXIxbSbP9tg+O2QOO2EVds2qrMYE0+yJPbMX69F6td6s95/RnDXd2WV/YH18A05blmQ=</latexit>

↵D i = ?

<latexit sha1_base64="po+XiOmTpLgTKZt+SJa32KiAZtI=">AAACBnicbVC7TgJBFJ3FF+ILsbSZSEysyK4hUQsTohaWmMgjAbK5O1xgwuwjM3eNZIO1X2GrlZ2x9Tcs/BcXpFDwVCfn3Jt77vEiJQ3Z9qeVWVpeWV3Lruc2Nre2d/K7hboJYy2wJkIV6qYHBpUMsEaSFDYjjeB7Chve8HLiN+5QGxkGtzSKsONDP5A9KYBSyc0X2qCiAbhXD5Kf87Yh0G6+aJfsKfgicWakyGaouvmvdjcUsY8BCQXGtBw7ok4CmqRQOM61Y4MRiCH0sZXSAHw0nWSafcwPYwMU8gg1l4pPRfy9kYBvzMj30kkfaGDmvYn4n9eKqXfaSWQQxYSBmBwiqXB6yAgt01KQd6VGIpgkRy4DLkADEWrJQYhUjNOWcmkfzvz3i6R+XHLKpbObcrFyMWsmy/bZATtiDjthFXbNqqzGBLtnT+yZvViP1qv1Zr3/jGas2c4e+wPr4xsWUphv</latexit>

�D : S ⇥ }(S) ! [0, 1] [ {?}

<latexit sha1_base64="9ej/LGW9PdjFkbih2Rk9mwMPGVE="></latexit>

�D(i, I) =
X

j2I

↵D i j =
X

j2I

ai,j

<latexit sha1_base64="bx1IZxFz2tpUtwTxOxsEKylNXdA=">AAACNHicbVBNSxtRFH1jq8bUj7Qu3TwaCgoSZkRoXRRC66LuLDQqZMJw53mNN3lvZnjvTkGG5Of4E/wV3SoUdFW67W/oS5pFjZ7V4Zx7ufectNDkOAx/BgsvXi4uLddW6q9W19Y3Gq/fnLi8tAo7Kte5PUvBoaYMO0ys8aywCCbVeJoOP0/80+9oHeXZN74qsGegn9EFKWAvJY123AdjIDncpt2jHflRxq40STWIKZNHoxh0ce nNMY0H8x4kFe0ORkmjGbbCKeRTEs1IU8xwnDQe4vNclQYzVhqc60Zhwb0KLJPSOKrHpcMC1BD62PU0A4OuV02TjuS70gHnskArScupiP9vVGCcuzKpnzTAl27em4jPed2SLz70KsqKkjFTk0NMGqeHnLLkK0R5ThaZYfI5St+BAgvMaEmCUl4sfad130c0n/4pOdlrRfutg6/7zfanWTM1sSXeim0RifeiLb6IY9ERSlyLH+JW3AU3wX3wK/j9b3QhmO1sikcI/vwFwZmqjg==</latexit>

�D(i, I) = ?

<latexit sha1_base64="ZL2mpIeY7GRjeufcn5MqDmH+PNE=">AAACCXicbVDLSgNBEJz1bXxFxZOXwSAoSNgVQT0IQT3oTcE8IAmhd9KJQ2Z2l5leQZZ8gV/hVU/exKtf4cF/cXfNQY11Kqq66eryIyUtue6HMzE5NT0zOzdfWFhcWl4prq7VbBgbgVURqtA0fLCoZIBVkqSwERkE7Sus+4OzzK/fobEyDG7oPsK2hn4ge1IApVKnuNHqg9bQOd+Re5e7/IS3LIHpFEtu2c3Bx4k3IiU2wlWn+NnqhiLWGJBQYG3TcyNqJ2BICoXDQiu2GIEYQB+bKQ1Ao20nefwh344tUMgjNFwqnov4cyMBbe299tNJDXRr/3qZ+J/XjKl31E5kEMWEgcgOkVSYH7LCyLQX5F1pkAiy5MhlwAUYIEIjOQiRinFaVCHtw/v7/Tip7Ze9g/Lx9UGpcjpqZo5tsi22wzx2yCrsgl2xKhMsYY/siT07D86L8+q8fY9OOKOddfYLzvsX/omY0g==</latexit>

�D : }(S ⇥ S) ! }(S ⇥ S)

<latexit sha1_base64="uBGYT79rbbvAxQPH/ZUXTg60KlA=">AAACGnicbVC7TgJBFJ31ifhatbSZSDTYkF1D4qMiamGJQR4Ju9nMDheYMPvIzF0NIfyBn+BX2GplZ2xtLPwXF6QQ8FQn59ybc+/xYyk0WtaXsbC4tLyymlnLrm9sbm2bO7s1HSWKQ5VHMlINn2mQIoQqCpTQiBWwwJdQ93tXI79+D0qLKLzDfgxuwDqhaAvOMJU888gpd4V3feE8xPmKgyIATSvHDkbTgmfmrII1Bp0n9oTkyARlz/x2WhFPAgiRS6Z107ZidAdMoeAShlkn0RAz3mMdaKY0ZGmOOxj/M6SHiWYY0RgUFZKORfi7MWCB1v3ATycDhl09643E/7xmgu0zdyDCOEEI+SgIhYRxkOZKpEUBbQkFiGx0OVARUs4UQwQlKOM8FZO0uWzahz37/TypnRTsYuH8tpgrXU6ayZB9ckDyxCanpERuSJlUCSeP5Jm8kFfjyXgz3o2P39EFY7KzR6ZgfP4AVhygAQ==</latexit>

i �D(R) j , 8I 2 S|⌘R
. �D(i, I) = �D(j, I)

<latexit sha1_base64="FeJy9cIpyrhT078m41tOxlxAVDk="></latexit>

DTMC bisimulation

<latexit sha1_base64="0KAAf0LGWuj7IfXd+adgvnnzTgs=">AAACC3icbVC7TsNAEDyHVwgvAwUFzYkIiSqyERLQRYSCBilIeUmJFZ0vm3DK+aG7NVJk+RP4Clqo6BAtH0HBv2AbF5Aw1WhmV7szbiiFRsv6NEpLyyura+X1ysbm1vaOubvX0UGkOLR5IAPVc5kGKXxoo0AJvVAB81wJXXfayPzuAygtAr+FsxAcj018MRacYSoNzYN4oMf0unXboK7QwotkbiRDs2rVrBx0kdgFqZICzaH5NRgFPPLARy6Z1n3bCtGJmULBJSSVQaQhZHzKJtBPqc880E6cB0jocaQZBjQERYWkuQi/N2LmaT3z3HTSY3iv571M/M/rRzi+cGLhhxGCz7NDKCTkhzRXIm0G6EgoQGTZ50CFTzlTDBGUoIzzVIzSRippH/Z8+kXSOa3ZZ7XLu9Nq/apopkwOyRE5ITY5J3VyQ5qkTThJyBN5Ji/Go/FqvBnvP6Mlo9jZJ39gfHwDSmuaxQ==</latexit>

R ✓ �D(R)

<latexit sha1_base64="pjSjf/6PzB9+5Pl73IMEeKGbX0Y=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYFCE9koEtBFQEEZEHlIsWWdL5vklPODuzVSZOUP+AS+ghYqOkRLQ8G/YIdIQMJUo5ld7ex4kRQaTfPDmJtfWFxazq3kV9fWNzYLW9sNHcaKQ52HMlQtj2mQIoA6CpTQihQw35PQ9Abnmd+8A6VFGNzgMALHZ71AdAVnmEpu4cD2Gfa9bnI9snXsaUC4pXatL9yL0o916BaKZtkcg84Sa0KKZIKaW/i0OyGPfQiQS6Z12zIjdBKmUHAJo7wda4gYH7AetFMaMB+0k4z/GdH9WDMMaQSKCknHIvzeSJiv9dD30sksop72MvE/rx1j98RJRBDFCAHPDqGQMD6kuRJpUUA7QgEiy5IDFQHlTDFEUIIyzlMxTpvLp31Y09/PksZR2aqUT68qxerZpJkc2SV7pEQsckyq5JLUSJ1wck8eyRN5Nh6MF+PVePsenTMmOzvkD4z3L2S5oUE=</latexit>

DTMC bisimilarity

<latexit sha1_base64="ECiWFFbKU6AS0TELl8FN9lkzDDs=">AAACC3icbVC7SgNREL0b3/EVtbCwuRgEq7ArgtoFY2EjKBgNJCHMXidxyN0H984KYdlP8CtstbITWz/Cwn9xE7fwdarDOTPMnOPHmiy77rtTmpqemZ2bXygvLi2vrFbW1q9slBiFTRXpyLR8sKgpxCYTa2zFBiHwNV77w8bYv75DYykKL3kUYzeAQUh9UsC51Ktsph3blyeXZw3pk6WANBjiUdarVN2aO4H8S7yCVEWB817lo3MTqSTAkJUGa9ueG3M3BcOkNGblTmIxBjWEAbZzGkKAtptOAmRyJ7HAkYzRSNJyIuL3jRQCa0eBn08GwLf2tzcW//PaCfcPuymFccIYqvEhJo2TQ1YZyptBeUMGmWH8OUoKpQIDzGhIglK5mORVlfM+vN/p/5KrvZq3Xzu62KvWj4tm5sWW2Ba7whMHoi5OxbloCiUy8SAexZNz7zw7L87r12jJKXY2xA84b59NQprH</latexit>

'D ,
[

R✓�D(R)

R

<latexit sha1_base64="JMI0GvmABvYIGx1jAgICaFHTOek="></latexit>

Bisimulation for DTMC
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if there are no deadlock states, then 'D = S ⇥ S

<latexit sha1_base64="PeWrntKeMt2TmxD1dmcL2HUpiU8="></latexit>

any two deadlock states i, j are DTMC bisimilar

<latexit sha1_base64="Q+FO2L6aITfKtFZPJ0SvCIVndoc=">AAACKnicbVA9TxtREHxHSCDOlwllmhUmUorIukNRQjoUUqSJRCQMSLZl7T2vyeJ3705v94Ksk/9JfgK/gjZU6VBExw/J2bggkKlGM7vanUkLx6JxfBktPVh++Ghl9XHjydNnz180114eSF4GSx2buzwcpSjk2FNHWR0dFYEwSx0dpuPdmX/4g4Jw7vd1UlA/w2PPI7aotTRovq96MgL0E9DTHIaEQ5fbMYiiksAmvz3ZBAwEn/ e/7kLKwhk7DNNBsxW34zngPkkWpGUW2Bs0r3rD3JYZebUORbpJXGi/wqBsHU0bvVKoQDvGY+rW1GNG0q/m+abwuhTUHAoKwA7mIt3eqDATmWRpPZmhfpe73kz8n9ctdbTdr9gXpZK3s0PKjuaHxAauiyMYciBVnH1OwB4sBlSlwIDW1mJZN9mo+0jupr9PDrbaybv2x29brZ1Pi2ZWzSuzYd6YxHwwO+aL2TMdY81Pc25+mYvoLPodXUZ/bkaXosXOuvkH0fVfkqimUw==</latexit>

any deadlock state i is separated from any non-deadlock state k

<latexit sha1_base64="9sZWknz0jRA5SmONjBxQJnhYNJc=">AAACPXicbVCxTuNAFFwDd0AOjgAlzYrkJJqLbIQEdAga6IJEAlISRc/rF1hlvWvtPiNFVr6JT+ArKCiAig7R0mKbFBB41ezMPM2+CRMlHfn+vTczO/fr9/zCYuXP0vLflerqWtuZ1ApsCaOMvQjBoZIaWyRJ4UViEeJQ4Xk4PCr082u0Thp9RqMEezFcajmQAiin+tWTrOsGHPSIRwiRMmLIHQEhr8s6l447TMDm74gPrIlLoz b6/7R5WB/3qzW/4ZfDv4NgAmpsMs1+9aEbGZHGqEkocK4T+An1MrAkhcJxpZsW4WIIl9jJoYYYXS8rTx7zf6kDMjxBy6XiJYmfNzKInRvFYe6Mga7ctFaQP2mdlAZ7vUzqJCXUoggiqbAMcsLKvEvkkbRIBMXPkUvNRVERoZUchMjJNC+3kvcRTF//HbS3G8FOY/90u3ZwOGlmgW2wTbbFArbLDtgxa7IWE+yG3bFH9uTdes/ei/f6YZ3xJjvr7Mt4b+/mc64G</latexit>

8I. �D(i, I) = ? = �D(j, I)

<latexit sha1_base64="b1chPQ0E5zJO3dMMUQwzOhmeTOw="></latexit>

9I. �D(i, I) = ? 6= �D(k, I) 2 [0, 1]

<latexit sha1_base64="Q92Bz2oVUZ6/CF9OT3HHx9+6hfs="></latexit>

Bisimulation for DTMC
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15
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DTMC with actions
also called Markov decision processes

Reactive probabilistic transition systems

↵R : S ! L ! D(S) [ {?}

<latexit sha1_base64="8Ef94ANovxmenb27YGm0auKrT/g="></latexit>

reaction
label (stimulus)

source state

334 15 Discrete Time Markov Chains with Actions and Nondeterminism
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Fig. 15.1: A reactive PTS representing a coffee maker

where we recall that S is the set of states, 1 = {⇤} is a singleton
used to represent the deadlock states, and D(S) is the set of discrete
probability distributions over S.

Generative: In the second case the actions represent the outcomes of the system;
this means that whenever the system changes its state it shows an
action, whence the terminology “generative”. Formally we have that a
generative probabilistic transition system is determined by a transition
function of the form2

ag : S ! (D(L⇥S)[1)

Remark 15.1. We have that in a reactive system, for any s 2 S and for any ` 2 L

Â
s02S

ar(s)(`)(s0) = 1.

Instead, in a generative system, for any s 2 S

Â
(`,s0)2L⇥S

ag(s)(`,s0) = 1

This means that in reactive systems, given a non-deadlock source state and an action,
the next state probabilities must sum to 1, while in a generative system, given a
non-deadlock source state, the distribution of all transitions must sum to 1 (i.e., given
an action ` the sum of probabilities to reach any state is less than or equal to 1).

15.2 Reactive DTMC

Let us illustrate how a reactive probabilistic system works by using a simple example.

2 The subscript g stands for “generative”.
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Â
s02S

ar(s)(`)(s0) = 1.

Instead, in a generative system, for any s 2 S

Â
(`,s0)2L⇥S

ag(s)(`,s0) = 1

This means that in reactive systems, given a non-deadlock source state and an action,
the next state probabilities must sum to 1, while in a generative system, given a
non-deadlock source state, the distribution of all transitions must sum to 1 (i.e., given
an action ` the sum of probabilities to reach any state is less than or equal to 1).

15.2 Reactive DTMC

Let us illustrate how a reactive probabilistic system works by using a simple example.

2 The subscript g stands for “generative”.
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Reactive bisimulation
↵R : S ! L ! D(S) [ {?}

<latexit sha1_base64="8Ef94ANovxmenb27YGm0auKrT/g="></latexit>

↵R s ` = d

<latexit sha1_base64="+V9V+HZeLc/BLMrLC/ioZjDL/Ow=">AAACB3icbVC7TgJBFJ3FF+ILpbSZSEysyK4hUQsToo0lGnkkLCF3hwtMmH1k5q4JIdD7FbZa2RlbP8PCf3EXKRQ81ck59+aee7xISUO2/WllVlbX1jeym7mt7Z3dvfz+Qd2EsRZYE6EKddMDg0oGWCNJCpuRRvA9hQ1veJ36jQfURobBPY0ibPvQD2RPCqBE6uQLLqhoAJ27qZm6qBS/5N1OvmiX7Bn4MnHmpMjmqHbyX243FLGPAQkFxrQcO6L2GDRJoXCSc2ODEYgh9LGV0AB8NO3xLPyEH8cGKOQRai4Vn4n4e2MMvjEj30smfaCBWfRS8T+vFVPvvD2WQRQTBiI9RFLh7JARWiatIO9KjUSQJkcuAy5AAxFqyUGIRIyTmnJJH87i98ukflpyyqWL23KxcjVvJssO2RE7YQ47YxV2w6qsxgQbsSf2zF6sR+vVerPef0Yz1nynwP7A+vgGCdyY9g==</latexit>

↵R s ` = ?

<latexit sha1_base64="gAevfxA5HirQNC152iFnaan1fck=">AAACC3icbVC7TgJBFJ3FF+Jr1cLCZiIxsSK7hkQtTIg2lmjkkbCE3B0uMGH2kZm7JoTAH/gVtlrZGVs/wsJ/cUEKBU91cs69ufccP1bSkON8Wpml5ZXVtex6bmNza3vH3t2rmijRAisiUpGu+2BQyRArJElhPdYIga+w5vevJ37tAbWRUXhPgxibAXRD2ZECKJVa9oEHKu5B625sxh4qxS+5Zwh0y847BWcKvkjcGcmzGcot+8trRyIJMCShwJiG68TUHIImKRSOcl5iMAbRhy42UhpCgKY5nAYY8ePEAEU8Rs2l4lMRf28MITBmEPjpZADUM/PeRPzPayTUOW8OZRgnhKGYHCKpcHrICC3TZpC3pUYimHyOXIZcgAYi1JKDEKmYpFXl0j7c+fSLpHpacIuFi9tivnQ1aybLDtkRO2EuO2MldsPKrMIEG7En9sxerEfr1Xqz3n9GM9ZsZ5/9gfXxDWG9mtA=</latexit>

�R : S ⇥ L⇥ }(S) ! [0, 1]

<latexit sha1_base64="T1K/5KrS2EpplYl8sMTzBBq3sZo=">AAACHXicbVC7SgNBFJ31bXxFLW0Gg6AgYVcEH5VoY2HhKypkl3B3vMYhM7vLzF0lhHyDn+BX2GplJ7Zi4b84iVv4Os0czrmXM/fEmZKWfP/dGxgcGh4ZHRsvTUxOTc+UZ+fObJobgTWRqtRcxGBRyQRrJEnhRWYQdKzwPG7t9fzzGzRWpskptTOMNDQTeSUFkJMa5ZWwCVpD43ibn4QkNVp+ULzhbbZ8shJSyuv+ahA1yhW/6vfB/5KgIBVW4LBR/ggvU5FrTEgosLYe+BlFHTAkhcJuKcwtZiBa0MS6owm40KjTP6nLl3ILLjlDw6XifRG/b3RAW9vWsZvUQNf2t9cT//PqOV1tRh2ZZDlhInpBJBX2g6ww0nWF/FIaJILez5HLhAswQIRGchDCibkrr+T6CH5f/5ecrVWD9erW0XplZ7doZowtsEW2zAK2wXbYPjtkNSbYHXtgj+zJu/eevRfv9Wt0wCt25tkPeG+fwlegpg==</latexit>

�R(s, `, I) =
X

u2I

↵R s ` u

<latexit sha1_base64="6k2SGrilWYU+zSWTo4E1mgjdFCs=">AAACJ3icbVBNSxxBEO3xI1k3mmz06KVxCSjIMmOEmIOw6EVvGlwVdpahpi3Xxu6ZobtakGH3f/gT/BVe9eRN9ODBf2LPZg9G806P915RVS8tlLQUhk/BxOTU9KfPtZn6l9m5r98a3+cPbe6MwI7IVW6OU7CoZIYdkqTwuDAIOlV4lJ5vV/7RBRor8+yALgvsaehn8lQKIC8ljZ9xH7SG5M+yXY1RqdXdFb7JY+t0UrpYZnx3EI MqznxiaIdVYuiSRjNshSPwjyQakyYbYy9pPMcnuXAaMxIKrO1GYUG9EgxJoXBQj53FAsQ59LHraQYaba8cPTfgP5wFynmBhkvFRyK+nShBW3upU5/UQGf2vVeJ//O6jk43eqXMCkeYiWoRSYWjRVYY6VtDfiINEkF1OXLfhgADRGgkByG86HyNdd9H9P77j+RwrRWtt37vrzfbW+NmamyRLbFlFrFfrM122B7rMMGu2A27ZXfBdXAfPASPf6MTwXhmgf2D4OUVbm2l7A==</latexit>

�R(s, `, I) = 0

<latexit sha1_base64="No/CnwQHKxubjDewyP82vpkzllg=">AAACCnicbVBNSwJRFH1jX2ZfVtCmzSMJDERmQqgWgdSmdhZpgYrceV7t4Xszw3t3AjH/Qb+iba3aRdv+RIv+S6O5KOusDufcyz33+JGSllz3w0nNzM7NL6QXM0vLK6tr2fWNmg1jI7AqQhWaGx8sKhlglSQpvIkMgvYVXvu905F/fYfGyjC4on6ETQ3dQHakAEqkVnar0QWtoXWZt4UGKlU43+PH3G1lc27RHYP/Jd6E5NgElVb2s9EORawxIKHA2rrnRtQcgCEpFA4zjdhiBKIHXawnNACNtjkY5x/y3dgChTxCw6XiYxF/bgxAW9vXfjKpgW7ttDcS//PqMXUOmwMZRDFhIEaHSCocH7LCyKQY5G1pkAhGyZHLgAswQIRGchAiEeOkqUzShzf9/V9S2y96peLRRSlXPpk0k2bbbIflmccOWJmdsQqrMsHu2SN7Ys/Og/PivDpv36MpZ7KzyX7Bef8CIXWY0w==</latexit>

�R : }(S ⇥ S) ! }(S ⇥ S)

<latexit sha1_base64="k9938vmJfl2iyHPF9AWNnoeNrPs=">AAACGnicbVC7TgJBFJ31ifhCLW0mEg02ZNeQ+KiINpYo8kjYzWZ2uMCE2Udm7moI4Q/8BL/CVis7Y2tj4b+4ixQCnurknHtz7j1eJIVG0/wyFhaXlldWM2vZ9Y3Nre3czm5dh7HiUOOhDFXTYxqkCKCGAiU0IwXM9yQ0vP5V6jfuQWkRBnc4iMDxWTcQHcEZJpKbO7IrPeHeXtgPUaFqo/BB0+qxjeG04ObyZtEcg84Ta0LyZIKKm/u22yGPfQiQS6Z1yzIjdIZMoeASRlk71hAx3mddaCU0YEmOMxz/M6KHsWYY0ggUFZKORfi7MWS+1gPfSyZ9hj0966Xif14rxs6ZMxRBFCMEPA1CIWEcpLkSSVFA20IBIksvByoCypliiKAEZZwnYpw0l036sGa/nyf1k6JVKp7flPLly0kzGbJPDkiBWOSUlMk1qZAa4eSRPJMX8mo8GW/Gu/HxO7pgTHb2yBSMzx9trqAP</latexit>

s �R(R) u , 8` 2 L. 8I 2 S|⌘R
. �R(s, `, I) = �R(u, `, I)

<latexit sha1_base64="pFNLCgYHWYJhSnpqDPy1yB00b9M="></latexit>

reactive bisimulation

<latexit sha1_base64="7hM6vHs3NoJWOZiZ/OquXriYKdU=">AAACD3icbVC7TsNAEDzzDOFloExzIkKiiuwICegiaCiDRB5SYkXnyyaccn7obh0pslLwCXwFLVR0iJZPoOBfOBsXkDDVaGZHu7N+LIVGx/m0VlbX1jc2S1vl7Z3dvX374LCto0RxaPFIRqrrMw1ShNBCgRK6sQIW+BI6/uQ68ztTUFpE4R3OYvACNg7FSHCGRhrYlbSvR9QkOIopUF9oESQyN+cDu+rUnBx0mbgFqZICzYH91R9GPAkgRC6Z1j3XidFLmULBJczL/URDzPiEjaFnaMgC0F6al5jTk0QzjGgMigpJcxF+J1IWaD0LfDMZMLzXi14m/uf1EhxdeKkI4wQh5NkiFBLyRZor01oBHQoFiCy7HKgIKWeKIYISlHFuxMR8pGz+4S62Xybtes09q13e1quNq+IzJVIhx+SUuOScNMgNaZIW4eSBPJFn8mI9Wq/Wm/X+M7piFZkj8gfWxzdwCp0Y</latexit>

reactive bisimilarity

<latexit sha1_base64="adGuhYioE9ZH2KQnuTmbMGXVYuM=">AAACD3icbVC7SgNREL3r2/hatbS5GASrsCuC2gVtLBWMCSQhzF4nOnj3wb2zgbCk8BP8Clut7MTWT7DwX9yNW2jiqQ7nzGHmTJBosux5n87M7Nz8wuLScmVldW19w93curZxahQ2VKxj0wrAoqYIG0yssZUYhDDQ2Azuzwq/OUBjKY6ueJhgN4TbiPqkgHOp5+5kHduXeUIxDVAGZCkkDYZ4OOq5Va/mjSGniV+Sqihx0XO/OjexSkOMWGmwtu17CXczMExK46jSSS0moO7hFts5jSBE283GJUZyL7XAsUzQSNJyLOLvRAahtcMwyCdD4Ds76RXif1475f5xN6MoSRkjVSxi0jheZJXJWxuUN2SQGYrLUVIkFRhgRkMSlMrFNH9XJf+HP9l+mlwf1PzD2snlQbV+Wn5mSeyIXbEvfHEk6uJcXIiGUOJBPIln8eI8Oq/Om/P+MzrjlJlt8QfOxzdy4Z0a</latexit>

R ✓ �R(R)

<latexit sha1_base64="SeIkr0iOYzoATC32TC8YBtQ0C1k=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYFCE9koEtBF0FCGiDyk2IrOl01yyvnB3RopsvIHfAJfQQsVHaKloeBfsIMlIGGq0cyudnbcUAqNpvlhLCwuLa+s5tby6xubW9uFnd2mDiLFocEDGai2yzRI4UMDBUpohwqY50pouaPL1G/dgdIi8G9wHILjsYEv+oIzTKRu4cj2GA7dflyf2DpyNSDcUrs2FN166cc67haKZtmcgs4TKyNFkqHWLXzavYBHHvjIJdO6Y5khOjFTKLiESd6ONISMj9gAOgn1mQfaiaf/TOhhpBkGNARFhaRTEX5vxMzTeuy5yWQaUc96qfif14mwf+bEwg8jBJ+nh1BImB7SXImkKKA9oQCRpcmBCp9yphgiKEEZ54kYJc3lkz6s2e/nSfOkbFXK59eVYvUiayZH9skBKRGLnJIquSI10iCc3JNH8kSejQfjxXg13r5HF4xsZ4/8gfH+BXszoU8=</latexit>

'R ,
[

R✓�R(R)

R

<latexit sha1_base64="TQHngJybmc0b5qNOVBd3QxCBXf8="></latexit>
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Larsen-Skou logic: syntax

' ::= tt

| '1 ^ '2

| ¬'
| h`iq'

<latexit sha1_base64="t2TV7sExZAfxNEmpAAnLOAYUTIA="></latexit>

true
conjunction

diamond operator
negation

probability
label
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Larsen-Skou: semantics
defined inductively on the structure of the formula

s |= '

<latexit sha1_base64="Tb0CdoCPdtcM9uuOA76CHZwtHAA=">AAACIXicbVDLSgNBEJyNrxhfqx69DAbBU9gVQb0FvXiMYB6QLKF30kmGzD6Y6Q2GkD/xJvov3sSb+Cee3MRFTGKdiqpuqig/VtKQ43xYuZXVtfWN/GZha3tnd8/eP6iZKNECqyJSkW74YFDJEKskSWEj1giBr7DuD26mfn2I2sgovKdRjF4AvVB2pQBKpbZtm1YQdVAZ3hqCjvuybRedkjMDXyZuRoosQ6Vtf7U6kUgCDEkoMKbpOjF5Y9AkhcJJoZUYjEEMoIfNlIYQoPHGs+YTfpIYoIjHqLlUfCbi348xBMaMAj+9DID6ZtGbiv95zYS6l95YhnFCGIppEEmFsyAjtEwnQd6RGolg2hy5DLkADUSoJQchUjFJN5oLVED4kNb5TUzHchenWSa1s5J7Xrq6Oy+Wr7PZ8uyIHbNT5rILVma3rMKqTLAhe2TP7MV6sl6tN+v95zRnZT+HbA7W5zdA8KQz</latexit>

s |= tt

<latexit sha1_base64="CGaQYkPaSLJ1p3XhSmESdXvs4L4=">AAACJXicbVDJSgNBFOyJW4xbXG5eGoPgKcxIQL0FvXiMYBZIQnjTeYlNeha634hxyL94E/0XbyJ48j88ORMHMdE6FVXvUUW5oZKGbPvdyi0sLi2v5FcLa+sbm1vF7Z2GCSItsC4CFeiWCwaV9LFOkhS2Qo3guQqb7ugi9Zu3qI0M/Gsah9j1YOjLgRRAidQr7pmOF/RRGd7xgG7cQUw06RVLdtmegv8lTkZKLEOtV/zs9AMReeiTUGBM27FD6sagSQqFk0InMhiCGMEQ2wn1wUPTjaftJ/wwMkABD1FzqfhUxN8fMXjGjD03uUwrmnkvFf/z2hENTrux9MOI0BdpEEmF0yAjtExmQd6XGokgbY5c+lyABiLUkoMQiRglO80EKiC8S+r8JCZjOfPT/CWN47JTKZ9dVUrV82y2PNtnB+yIOeyEVdklq7E6E+yePbAn9mw9Wi/Wq/X2fZqzsp9dNgPr4wvsQaYj</latexit>

s |= '1 ^ '2 i↵ s |= '1 and s |= '2

<latexit sha1_base64="lAZkTbWOgGPMsuxPzUVxjGggADs="></latexit>

s |= h`iq' i↵ �R(s, `, J'K) � q

<latexit sha1_base64="uzAkz4eIKXi0+X2ZDVpq74vWcks=">AAACnXicbVFNaxRBFOyZRI3rRzZ68ODBxkWIEJYZCai3oAgeRKK42cD2MrzpfTtp0t0z2/0mZBn2X3rxr3iyZxzEfLxTddUr6lGdV1p5SpJfUby1fefuvZ37gwcPHz3eHe49OfFl7SROZKlLd5qDR60sTkiRxtPKIZhc4zQ//9jq0wt0XpX2B60rnBsorFoqCRSobGi9MOUCtedCgy00coFaC9fhbCUuwFVnaiBWNSyEycvLRi 2Xm+45EAUYA9n3fX/Qmg6E1rkDeY7Ee59wrmdeiwJXfJUNR8k46YbfBGkPRqyf42wveiYWpawNWpIavJ+lSUXzBhwpqXEzELXHKkRAgbMALRj086YrZsNf1R6o5BU6rjTvSPzf0YDxfm3ysGmAzvx1rSVv02Y1Ld/NG2WrmtDKNohU6K4N8tKp0DjyhXJIBO3lyJXlEhwQoVMcpAxkHb7gSqAGwstwzq3XeDLg1m7xTwxVpteLuwlO3ozTw/H7b4ejow99qTvsOXvJ9lnK3rIj9pkdswmT7Cf7HW1F2/GL+FP8Jf76dzWOes9TdmXi6R+Pjc+Z</latexit>

where J'K , {u 2 S | u |= '}

<latexit sha1_base64="uBmyIxQPuijjFY3XCT20HH2G3W8="></latexit>

any state satisfies true

<latexit sha1_base64="f0nnVAbrqqibwibEPoxEWx/Li2Q=">AAACTXicbVDLSgNBEJyN73fUgwdBBoPgKewGQb2JXjwqGBWSEHonHR2cnV2me8Ww5ObXeNX/8OyHeBNxEoP46lNR1U1VV5wZTRyGL0FpbHxicmp6ZnZufmFxqby8ck5p7hTWVWpSdxkDodEW66zZ4GXmEJLY4EV8czTQL27RkU7tGfcybCVwZXVXK2BPtcsbRZO6EmxPEgOjJM9TVyNJdjn22+VKWA2HI/+CaAQqYjQn7eVgrdlJVZ6gZWWAqBGFGbcKcKyVwf5sMyfMQN3AFTY8tJAgtYrhI325lXv/VGbopDZySOL3iwISol4S+80E+Jp+awPyP62Rc3evVWib5YxWDYxYGxwakXLaN4Syox0ywyA5Sm2lAgfM6LQEpTyZ+2p+GBpf2J2P828a4gRcz3W+RF9l9Lu4v+C8Vo12qvuntcrB4ajUabEuNsW2iMSuOBDH4kTUhRL34kE8iqfgOXgN3oL3z9VSMLpZFT+mNPUB2be0Cg==</latexit>

s does not satisfy '

<latexit sha1_base64="2UyOzL7fMe2SZKQHER181Z2WXU8="></latexit>

s satisfies both '1 and '2

<latexit sha1_base64="OSiESIPzsQNQyrD4DN35PsK2FSY="></latexit>

the sum of all probabilities

<latexit sha1_base64="c4S68qaTrBvRIm/jxoh7Bdee8Qw="></latexit>

that satisfies '

<latexit sha1_base64="fEemGuPLB3X31MDLgTt5uhWzUdY="></latexit>

is greater than or equal to q

<latexit sha1_base64="fRWJGy2gO7knFlNwP5h3VTYxmsM="></latexit>

s |= ¬' i↵ s 6|= '

<latexit sha1_base64="hOad/sTvFU+JzO42HrUFQjw6qvY="></latexit>

to reach a state u

<latexit sha1_base64="4iayxyxwVlHZWxCC6pTDufF0gxo=">AAACSXicbVDLSgNBEJyNr/hO9CDoZTAKnsJuENSb6MVjBGMCSQi9k04yOPtgplcMS8Cv8ar/4Rf4Gd7Ek5M1iMbUqajqpqvLj5U05LpvTm5ufmFxKb+8srq2vrFZKG7dmijRAmsiUpFu+GBQyRBrJElhI9YIga+w7t9djv36PWojo/CGhjG2A+iHsicFkJU6hd20ZXqcIm6XxIADNwSE/CA5GHUKJbfsZuD/iTchJTZBtVN0dlrdSCQBhiQUGNP03JjaKWiSQuFopZUYjEHcQR+bloYQoGmn2RMjfpgYsDli1Fwqnon4eyOFwJhh4NvJAGhgpr2xOMtrJtQ7bacyjBPCUIwPkVSYHTJCS9sO8q7USATj5MhlyAVoIEItOQhhxcTW9eegsi092Dgz0xgKQA9198e0VXrTxf0nt5Wyd1w+u66Uzi8mpebZHttnR8xjJ+ycXbEqqzHBHtkTe2Yvzqvz7nw4n9+jOWeys83+IDf3BUV4sTM=</latexit>

3`' is just h`i1'

<latexit sha1_base64="aZVYG2FhzsOiZwRVPgD3hl2APeU=">AAACcnicbVFNb9NAEN2YAqV8NIUDUntZSJF6qCK7QircKsqBY5FIWymOrPFmkm67u7Z2xlUjKz+IX8OV/g9+AGvLoH7N6em9Gc2bN3lpNHEcX/eiRyuPnzxdfbb2/MXLV+v9jdfHVFRe4UgVpvCnORAa7XDEmg2elh7B5gZP8ovDRj+5RE+6cD94UeLEwtzpmVbAgcr6h3VKM7mdftVgCzfNUjQmvQRfnultqUmeV8RBNuDmBm Wr+hZnyb+2ZdYfxMO4LXkfJB0YiK6Oso3e23RaqMqiY2WAaJzEJU9q8KyVweVaWhGWoC5gjuMAHVikSd1eu5QfKgIuZIleaiNbEm9O1GCJFjYPnRb4jO5qDfmQNq549mlSa1dWjE41i1iHo5tFpLwOMaKcao/M0DhHqZ1U4IEZvZagVCCrkOuthQYYr4KdB90QW/ALP/0vhiiTu8HdB8d7w+Tj8PP3vcHBly7UVbEl3osdkYh9cSC+iSMxEkr8FL/Eb3Hd+xNtRu+i7gNRr5t5I25VtPsXs7C/hg==</latexit>



2020

Example334 15 Discrete Time Markov Chains with Actions and Nondeterminism
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Fig. 15.1: A reactive PTS representing a coffee maker

where we recall that S is the set of states, 1 = {⇤} is a singleton
used to represent the deadlock states, and D(S) is the set of discrete
probability distributions over S.

Generative: In the second case the actions represent the outcomes of the system;
this means that whenever the system changes its state it shows an
action, whence the terminology “generative”. Formally we have that a
generative probabilistic transition system is determined by a transition
function of the form2

ag : S ! (D(L⇥S)[1)

Remark 15.1. We have that in a reactive system, for any s 2 S and for any ` 2 L

Â
s02S

ar(s)(`)(s0) = 1.

Instead, in a generative system, for any s 2 S

Â
(`,s0)2L⇥S

ag(s)(`,s0) = 1

This means that in reactive systems, given a non-deadlock source state and an action,
the next state probabilities must sum to 1, while in a generative system, given a
non-deadlock source state, the distribution of all transitions must sum to 1 (i.e., given
an action ` the sum of probabilities to reach any state is less than or equal to 1).

15.2 Reactive DTMC

Let us illustrate how a reactive probabilistic system works by using a simple example.

2 The subscript g stands for “generative”.

s1
?

|= h1§i 1
2
hco↵eei1tt

<latexit sha1_base64="93v/ZEQkSq7yFqryUcTdRaEDWqY="></latexit>

�R(s1, 1§, Jhco↵eei1ttK)
?
� 1

2

<latexit sha1_base64="gOR4ROuuh1MyLuoCS12zmWKz3LE="></latexit>

Jhco↵eei1ttK = {u | u |= hco↵eei1tt}

<latexit sha1_base64="rJHZT/ST2nJLWkvLBlAYy/slTIc="></latexit>

= {u | �R(u, co↵ee, JttK) � 1}

<latexit sha1_base64="DirjAXOth6qhqFUCywOge+M+YFk="></latexit>

= {u | �R(u, co↵ee, S) � 1}

<latexit sha1_base64="g22AEWKXavvJIxw0F51o+1nCxMs="></latexit>

= {s2}

<latexit sha1_base64="vKUOXzlIbyKqapZtq7b4Al6DIwU=">AAACU3icbVA9TwJBFNw7vxBFRUubjcTEitwRErUwIdpYYiKoAULeLU/csHt32X1nJBd+ha3+LAt/i40LUqAy1WTmTd5kolRJS0Hw6fkrq2vrG4XN4tZ2aWd3r7zftklmBLZEohJzH4FFJWNskSSF96lB0JHCu2h0NfXvntFYmcS3NE6xp2EYy0cpgJz0cFHs5rZf6076e5WgGszA/5NwTipsjma/7NW7g0RkGmMSCqzthEFKvRwMSaFwUuxmFlMQIxhix9EYNNpePms84ceZBUp4ioZLxWciLiZy0NaOdeQuNdCT/etNxWVeJ6PHs14u4zQjjMX0EUmFs0dWGOmmQD6QBolg2hy5jLkAA0RoJAchnJi5bX49VED44uosbWNJgxmbwVLTWc/JYtLtHP5d9T9p16phvXp+U680LueLF9ghO2InLGSnrMGuWZO1mGCavbI39u59eF++76/+nPrePHPAfsEvfQPHcLRq</latexit>

�R(s1, 1§, {s2}) =
2

3
� 1

2

<latexit sha1_base64="mgDAT9IOvxnmzqxfttfnNOLpP2E="></latexit>
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Reactive bis as logic

Logical characterisation of reactive bisimilarity

TH. s1 'R s2 i↵ 8'. s1 |= ' , s2 |= '

<latexit sha1_base64="cCO7UrIT50btCTkatYRZIh7GeZ4="></latexit>

it is even sufficient to consider
formulas without negation!

consequences:
to show that two reactive PTS are reactive bisimilar:
exhibit a reactive bisimulation that relates them

to show that two reactive PTS are not reactive bisimilar:
exhibit a LS formula that distinguishes between them


