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Object
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We give a matrix-based representation of Petri 
nets and their computations 

Free Choice Nets (book, optional reading) 
https://www7.in.tum.de/~esparza/bookfc.html 

https://www7.in.tum.de/~esparza/bookfc.html


Digression

3

Are you familiar with the following concepts? 

Vector notation

<latexit sha1_base64="Sti5YoPjGGjje7ey2lQHTYJdPGQ="></latexit>
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Are you familiar with the following concepts? 

Vector notation
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Digression
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Are you familiar with the following concepts? 

Linear algebra

<latexit sha1_base64="LUsdHz/i5aMSCivg0k+Jv4gxRXQ="></latexit>8
<

:

3x1 + 2x2 � 2x3 = 0
6x1 � 4x2 = 0
9x1 � 3x3 = 0
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Are you familiar with the following concepts? 

Linear algebra

<latexit sha1_base64="VHWnK6Lnz2fWS5RhE998qC9m1Zw="></latexit>

[x1 x2 x3 ] ·

2

4
3 6 9
2 �4 0

�2 0 �3

3

5 = [ 0 0 0 ]

<latexit sha1_base64="LUsdHz/i5aMSCivg0k+Jv4gxRXQ="></latexit>8
<

:

3x1 + 2x2 � 2x3 = 0
6x1 � 4x2 = 0
9x1 � 3x3 = 0



Vectors: notation
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Let E = {e1, e2, ..., en} be a finite set of elements.

Any mapping v : E � Q (or to N, Z,...) can be regarded as a vector:

v = [ v(e1), v(e2), ..., v(en) ]

We do not use di�erent symbols for row and columns vectors:

v =

�

⇧⇧⇧⇤

v(e1)
v(e2)
...

v(en)

⇥

⌃⌃⌃⌅



Marking as a vector
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Any marking M : P � N corresponds to a vector:

M = [ M(p1) M(p2) ... M(pn) ]

M0 = [ 4  0  1  0  0 ]



Vectors: notation
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Let v,w be two vectors over E

We write v � w if v(e) � w(e) for any e ⇥ E

We write v < w if v � w and v(e) < w(e) for some e ⇥ E

We let 0 denote any vector of any length whose entries are all 0

We write v � w if v(e) < w(e) for any e ⇥ E



Question time
3a+ 2b

?
✓ 2a+ 3b+ c

3a+ 2b
?
◆ 2a+ 3b+ c

a+ 2b
?
⇢ 2a+ 3b

(a+ 2b) + (2a+ c) = ?

(2a+ 3b)� (2a+ b) = ?

(2a+ 2b)� (a+ c) = ?

<latexit sha1_base64="5pLYOC0r0Dl9SU+FmMJrsvfDkIo="></latexit>

[ 3 2 0 ]
?
 [ 2 3 1 ]

<latexit sha1_base64="YoJxCl2NF5fOaNZ0aqTQEvMJAeI="></latexit>

[ 3 2 0 ]
?
� [ 2 3 1 ]

<latexit sha1_base64="keGGOs2cVCdPRYfDg3RaY/nlM7A=">AAACMHicbVDLSsNAFJ3Ud31FXboZLIILKUlVdFFQdONSwarQhHIzvdahk4czN0IJ/Rk/wa9wqytdiLj1K0xqFr7uZg7nnMuZe4JESUOO82JVxsYnJqemZ6qzc/MLi/bS8rmJUy2wJWIV68sADCoZYYskKbxMNEIYKLwI+keFfnGL2sg4OqNBgn4IvUheSQGUUx272fY2Xe8mhS5vfD2Ot+lXPUMg+hpVtj/MmsNq7irlrW+ujl1z6s5o+F/glqDGyjnp2K9eNxZpiBEJBca0XSchPwNNUigcVr3UYJIHQw/bOYwgRONnoyuHfD01QDFPUHOp+IjE7xsZhMYMwiB3hkDX5rdWkP9p7ZSu9vxMRklKGIkiiKTCUZARWub1Ie9KjURQ/By5jLgADUSoJQchcjLN+yz6cH9f/xecN+ruTt053a4dHJbNTLNVtsY2mMt22QE7ZiesxQS7Yw/skT1Z99az9Wa9f1krVrmzwn6M9fEJq7+nHg==</latexit>

[ 1 2 0 ]
?
< [ 2 3 0 ]

<latexit sha1_base64="CJw32vH+tzEsxzQWHv+zhQTPlks=">AAACNHicbVDLSgNBEJz1bXxFPXoZDIIHCbui6M2gF48RTCJkl9A7aXVw9uFMryBLfsdP8Cu8Kgh6Eq9+g7MxiEnsyxTV1V3TFaZKGnLdV2dicmp6ZnZuvrSwuLS8Ul5da5ok0wIbIlGJvgjBoJIxNkiSwotUI0ShwlZ4c1L0W3eojUzic7pPMYjgKpaXUgBZqlOutf0d17/NoMt/n52g5BsCcaNR5Ue93LcbRa9klbtDSq9QdsoVt+r2i48DbwAqbFD1Tvnd7yYiizAmocCYtuemFOSgSQqFvZKfGUytOVxh28IYIjRB3r+0x7cyA5TwFDWXivdJ/DuRQ2TMfRRaZQR0bUZ7Bflfr53R5WGQyzjNCGNRGJFU2DcyQksbIfKu1EgExc+Ry5gL0ECEWnIQwpKZzbTIwxu9fhw0d6veftU926vUjgfJzLENtsm2mccOWI2dsjprMMEe2BN7Zi/Oo/PmfDifP9IJZzCzzobK+foGYsCpCw==</latexit>

[ 0 0 0 ]
?
� [ 2 0 1 ]

<latexit sha1_base64="sfuDAUFu+HRmhZ+z2QzbR+Kdn7s="></latexit>

[ 0 0 0 ]
?
� [ 2 3 1 ]



Question time
3a+ 2b

?
✓ 2a+ 3b+ c

3a+ 2b
?
◆ 2a+ 3b+ c

a+ 2b
?
⇢ 2a+ 3b

(a+ 2b) + (2a+ c) = ?

(2a+ 3b)� (2a+ b) = ?

(2a+ 2b)� (a+ c) = ?
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<latexit sha1_base64="CJw32vH+tzEsxzQWHv+zhQTPlks=">AAACNHicbVDLSgNBEJz1bXxFPXoZDIIHCbui6M2gF48RTCJkl9A7aXVw9uFMryBLfsdP8Cu8Kgh6Eq9+g7MxiEnsyxTV1V3TFaZKGnLdV2dicmp6ZnZuvrSwuLS8Ul5da5ok0wIbIlGJvgjBoJIxNkiSwotUI0ShwlZ4c1L0W3eojUzic7pPMYjgKpaXUgBZqlOutf0d17/NoMt/n52g5BsCcaNR5Ue93LcbRa9klbtDSq9QdsoVt+r2i48DbwAqbFD1Tvnd7yYiizAmocCYtuemFOSgSQqFvZKfGUytOVxh28IYIjRB3r+0x7cyA5TwFDWXivdJ/DuRQ2TMfRRaZQR0bUZ7Bflfr53R5WGQyzjNCGNRGJFU2DcyQksbIfKu1EgExc+Ry5gL0ECEWnIQwpKZzbTIwxu9fhw0d6veftU926vUjgfJzLENtsm2mccOWI2dsjprMMEe2BN7Zi/Oo/PmfDifP9IJZzCzzobK+foGYsCpCw==</latexit>
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Computation as a vector 
transformation
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Linear transformations of vectors (spaces) 
can be expressed by matrix multiplication 

Can we express Petri net computations  
by matrix multiplication?



Key point
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The change of the numbers of tokens on a place p 
caused by the firing of the transition t does not 

depend on the current marking 

It is entirely determined by the net 
(i.e., by the flow relation) 

Let us have a look at the relative changes for 
every place and transition...



Possible connections 
between p and t
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(p, t) 62 F and (t, p) 62 F

Place p and transition t are completely unrelated:

• p has no influence on the enabling of t

• firing t does not change the number of tokens in p

p

t



15

(p, t) 2 F and (t, p) 62 F

• one token in p is needed to enable t

• firing t reduces by one the number of tokens in p

p

t

Possible connections 
between p and t



16

(p, t) 62 F and (t, p) 2 F

• firing t increases by one the number of tokens in p

p

t

Possible connections 
between p and t



17

(p, t) 2 F and (t, p) 2 F

• one token in p is needed to enable t

• firing t does not change the number of tokens in p

p

t

Possible connections 
between p and t



Incidence matrix
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Let N = (P, T, F ) be a net.

Its incidence matrix N : (P ⇥ T ) ! {�1, 0, 1} is defined as:

N(p, t) =

8
>><

>>:

�1 if (p, t) 2 F ^ (t, p) 62 F
+1 if (p, t) 62 F ^ (t, p) 2 F
0 otherwise

( (p, t) 62 F ^ (t, p) 62 F or (p, t) 2 F ^ (t, p) 2 F )



Matrix view
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...

+1 -1 -1

-1 +1

+1

+1

... ... +1

+1

-1

+1

-1 +1 -1

n rows, 
one for 

each place

m columns, one for each transition

t1
p1
p2
p3

pn

t2 t3 tm



Column vector tj
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...

+1 -1 -1

-1 +1

+1

+1

... ... +1

+1

-1

+1

-1 +1 -1

tj : P ! {�1, 0, 1} such that tj(p) = N(p, tj)

t1
p1
p2
p3

pn

t2 t3 tm



Row vector pi
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...

+1 -1 -1

-1 +1

+1

+1

... ... +1

+1

-1

+1

-1 +1 -1

pi : T ! {�1, 0, 1}
such that

pi(t) = N(pi, t)

t1
p1
p2
p3

pn

t2 t3 tm



Example: vending 
machine

25



Example: vending 
machine
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refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 

request for refill 

ready for coin 

holding 

ready to dispense 

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine

31

refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1 -1

request for refill -1 1

ready for coin 1 -1 1

holding 1 -1 -1

ready to dispense -1 1

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine

32

refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1 -1 0 0 0

request for refill -1 1 0 0 0

ready for coin 0 1 -1 0 1

holding 0 0 1 -1 -1

ready to dispense 0 -1 0 1 0

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Firing, in vector notation
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M0
t3�⇥ M1 = 4p1 + p4

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅



Firing, in vector notation
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M0
t3�⇥ M1

t4�⇥ M2
t2�⇥ M3

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅
+

t4�

⇧⇧⇧⇧⇤

0
0
0

�1
1

⇥

⌃⌃⌃⌃⌅
=

M2�

⇧⇧⇧⇧⇤

4
0
0
0
1

⇥

⌃⌃⌃⌃⌅
+

t2�

⇧⇧⇧⇧⇤

�1
1
1
0

�1

⇥

⌃⌃⌃⌃⌅
=

M3�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅



Firing, in vector notation
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M0
t3�⇥ M1

t4�⇥ M2
t2�⇥ M3

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅
+

t4�

⇧⇧⇧⇧⇤

0
0
0

�1
1

⇥

⌃⌃⌃⌃⌅
=

M2�

⇧⇧⇧⇧⇤

4
0
0
0
1

⇥

⌃⌃⌃⌃⌅
+

t2�

⇧⇧⇧⇧⇤

�1
1
1
0

�1

⇥

⌃⌃⌃⌃⌅
=

M3�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅



Firing, in vector notation
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M0
t3�⇥ M1

t4�⇥ M2
t2�⇥ M3

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅
+

t4�

⇧⇧⇧⇧⇤

0
0
0

�1
1

⇥

⌃⌃⌃⌃⌅
=

M2�

⇧⇧⇧⇧⇤

4
0
0
0
1

⇥

⌃⌃⌃⌃⌅
+

t2�

⇧⇧⇧⇧⇤

�1
1
1
0

�1

⇥

⌃⌃⌃⌃⌅
=

M3�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅



Products
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Let x,y be two vectors of equal length n (written |x| = |y| = n)

We define their scalar product by

x · y =
n⌥

i=1

xiyi

[x1 x2 ... xn ] ·

�

⇧⇧⇧⇤

y1
y2
...
yn

⇥

⌃⌃⌃⌅
= x1y1 + x2y2 + ...+ xnyn



Products: example
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[ 0 1 �1 0 1 ]·

2

66664

1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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[ 0 1 �1 0 1 ]·

2

66664

1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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1
1
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0
1
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77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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[ 0 1 �1 0 1 ]·

2

66664

1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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[ 0 1 �1 0 1 ]·

2

66664

1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example

45

[ 0 1 �1 0 1 ]·

2

66664

1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products
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Let x1,x2, ...,xk,y be all vectors of equal length

Let X be a (k � n)-matrix whose i-th row is xi

We define the product X · y as the (column) vector where

(X · y)i = xi · y

�

⇧⇧⇧⇤

x1

x2
...
xk

⇥

⌃⌃⌃⌅
·

�

⇧⇧⇧⇤

y1
y2
...
yn

⇥

⌃⌃⌃⌅
=

�

⇧⇧⇧⇤

x1 · y
x2 · y

...
xk · y

⇥

⌃⌃⌃⌅

2

664

3

775 ·

2

66664

3

77775

<latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit><latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit><latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit><latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit>

<latexit sha1_base64="pSZdPjbtXWg4xn0ugfTkr5aeeJ4=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRXYkBGUEDWWQyEMkVrS+bMIp57N1twZFVvgKWqjoEC3/QsG/4AQXkDDVaGZXOztBrKQl1/10lpZXVtfWCxvFza3tnd3S3n7TRokR2BCRikw7AItKamyQJIXt2CCEgcJWMLqc+q17NFZG+obGMfohDLUcSAGUSbdp1w64iR7spFcquxV3Br5IvJyUWY56r/TV7UciCVGTUGBtx3Nj8lMwJIXCSbGbWIxBjGCInYxqCNH66SzxhB8nFijiMRouFZ+J+HsjhdDacRhkkyHQnZ33puJ/XiehwbmfSh0nhFpMD5FUODtkhZFZFcj70iARTJMjl5oLMECERnIQIhOTrJti1oc3//0iaVYr3mnFva6Waxd5MwV2yI7YCfPYGauxK1ZnDSaYZk/smb04j86r8+a8/4wuOfnOAfsD5+MbjIWVfQ==</latexit> ro
ws

2

664

3

775 ·

2

66664

3

77775

<latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit><latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit><latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit><latexit sha1_base64="VwBoOqfcdQlAxvUv4M4hzEoPUJM="></latexit>



Products: example
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�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

1
1
2
0
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

1� 1
�1 + 1
1� 2 + 1
2� 1
�1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

0
0
0
1

�1

⇥

⌃⌃⌃⌃⌅



Products: example
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�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

1
1
2
0
1
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Let x,y1,y2, ...,yk be all vectors of equal length

Let Y be a (n� k)-matrix whose i-th column is yi

We define the product x · Y as the (row) vector where

(x · Y )i = x · yi

[x1 x2 ... xn ] · [y1 y2 ... yk ] = [ x · y1 x · y2 ... x · yk ]

⇥ ⇤
·

2

664

3

775
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Vector perspective
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Let P = { p1, ..., pn } and T = { t1, ..., tm } 

The net (P,T,F) can be seen as a matrix (n x m) 

A marking is a vector of length n 

But we miss an ingredient: 

can any firing sequence be seen as a vector?



Parikh vectors of 
transition sequences
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Let N = (P, T, F ) be a net and � 2 T ⇤ a finite sequence of transitions.

The Parikh vector

~� : T ! N

of � maps every t 2 T to the number of its occurrences in �.



Parikh vector of a firing
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As a special case, for a sequence � = t (one single transition):

⇥t = [ 0 ... 0 1 0 ... 0 ]
t1 t tm



Recursive definition of 
Parikh vector
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As a special case, for a sequence � = t (one single transition):

⇥t = [ 0 ... 0 1 0 ... 0 ]
t1 t tm

<latexit sha1_base64="uqUf4WZxvyEBrc3bQMrh0ZHjWqI=">AAACEnicbVDLSsNAFJ34rPFVdSnIYBFclUQU3QhFNy4r2Ac0oUymt3XoZBJmbgoldOcn+BVudeVO3PoDLvwXk9iFtp7V4Zx7ueeeIJbCoON8WguLS8srq6U1e31jc2u7vLPbNFGiOTR4JCPdDpgBKRQ0UKCEdqyBhYGEVjC8zv3WCLQRkbrDcQx+yAZK9AVnmEnd8oE3Ap56EBshIzWhl9T2Qob3QT91JtTulitO1SlA54k7JRUyRb1b/vJ6EU9CUMglM6bjOjH6KdMouISJ7SUGYsaHbACdjCoWgvHT4o8JPUoMw4jGoKmQtBDh90bKQmPGYZBN5hnNrJeL/3mdBPsXfipUnCAonh9CIaE4ZLgWWUFAe0IDIsuTAxWKcqYZImhBGeeZmGSN5X24s9/Pk+ZJ1T2rOrenldrVtJkS2SeH5Ji45JzUyA2pkwbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf35VAnO8=</latexit>
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M0 = 4p1 + p3

M0
�=t3t5t3t4t2���������⇥ 3p1 + p2 + p3 ⇥� = [ 0 1 2 1 1 ]

M0
��=t3t4t2t3t4t2t3t5t3��������������⇥2p1 + 2p2 + p4 ⇥�� = [ 0 2 4 2 1 ]
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0
0
1
0
0

N · �tj = tj

�tjt1
p1

pn

t1

tm

tm

tj

tj



Second fact
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N · �tj = tj

If M
t�⇥ M � then M � = M + t

If M
t�⇥ M � then M � = M +N · �t



Consequence
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N · �tj = tj

If M
t�⇥ M � then M � = M + t

If M
t�⇥ M � then M � = M +N · �t



Marking equation lemma
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Lemma: If M
��⇥ M � then M � = M +N · ⇥�



Marking equation lemma
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Lemma: If M
��⇥ M � then M � = M +N · ⇥�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

(inductive hyp. M 00 = M +N · ~�0)



Marking equation: 
example
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]
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Marking equation 
lemma: consequences
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The marking reached by any occurrence 
sequence only depends on the number of 

occurrences of each transition 

It does not depend on the order in which 
transitions occur 

Every fireable permutation of the same 
transitions leads to the same marking 



Monotonicity lemma (1)
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Lemma: If M
��⇥ M � then M + L

��⇥ M � + L for any L



Monotonicity lemma (1)
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The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M
��
�⇥ M �� t�⇥ M �.

By the marking equation lemma: M � = M �� +N · ⇤t

By the induction hypothesis M + L
��
�⇥ M �� + L

Moreover, M �� + L
t�⇥ because M �� t�⇥.

By the marking equation lemma: M �� + L
t�⇥ M �� + L+N · ⇤t = M � + L

Lemma: If M
��⇥ M � then M + L

��⇥ M � + L for any L
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Reminder:  
infinite sequence
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Let � = t1t2... 2 T! be an infinite sequence of transitions.

We write M
�! if:

there is an infinite sequence of markings M1,M2, ...

with M = M1 and Mi
ti�! Mi+1 for 1  i

(i.e. M = M1
t1�! M2

t2�! ...)



Reminder: enabledness
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Proposition: M
��! i↵ M

�0
�! for every prefix �0 of �



Monotonicity lemma (2)
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Lemma: If M
��⇥ then M + L

��⇥ for any L



Monotonicity lemma (2)
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Lemma: If M
��⇥ then M + L

��⇥ for any L

If � is finite then the thesis follows from monotonicity lemma 1

If � is infinite, then it su�ces to prove that:

M + L
��
�⇥ for any finite prefix �� of �

Take any such prefix ��. Then, M
��
�⇥ (because M

��⇥)

By the marking equation lemma, M
��
�⇥ M +N · ⇥��.

By monotonicity lemma 1, M + L
��
�⇥ M +N · ⇥�� + L

Hence M + L
��
�⇥



Monotonicity lemma, 
intuitively
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If some activities can be done with less (resources),  
then the same activities can be done with more (resources) 

If we perform activities with more resources than needed, 
then the additional resources are preserved



Corollary
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Corollary: If M
��! M 0 with M ✓ M 0 then M

��···���!



Corollary
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Corollary: If M
��! M 0 with M ✓ M 0 then M

��···���!

We need to show that every prefix of �� · · · is enabled at M .
Any such prefix take the form �00 = � · · ·�| {z }

n

�0 with �0 a prefix of �.

We prove that M
�00
��! by induction on n:

base: �00 = �0 is a prefix of � and M
�0
�! by Enabledness Prop.

induction: We assume that M
�00
��! and prove that M

��00
��!.

Let L = M 0 �M . By Monotonicity Lemma M + L
�00
��!.

Thus M
��! M + L

�00
��! and M

��00
��!.



Boundedness Lemma
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Lemma: If a system is bounded and M 2 [M0i with M ◆ M0,
then M = M0.
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Lemma: If a system is bounded and M 2 [M0i with M ◆ M0,
then M = M0.

Let M0
��! M .

By M ◆ M0, there exists a marking L with M = M0 + L.

Let Mk = M0 + k · L for every k 2 N.

By the Monotonicity Lemma, we have:
M0

��! M1
��! M2 · · ·

i.e., Mk 2 [M0i for any k 2 N.

Since the system is bounded, it must be L = ;.



Boundedness lemma: 
consequences
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If we show that a marking M is reachable with 

then the system is not bounded 

M � M0



Repetition Lemma
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Lemma: If M
��! M 0 and M

��···���!, then M ✓ M 0.



Repetition Lemma

74

Lemma: If M
��! M 0 and M

��···���!, then M ✓ M 0.

We proceed by contradiction.
Suppose M 6✓ M 0, i.e., there exist k > 0, p 2 P such that M 0(p) = M(p)� k.

By the Marking Equation Lemma we have M 0 = M +N · ~�.
Therefore (N · ~�)(p) = �k.

Let n = M(p) + 1 and �0 = � · · ·�| {z }
n

.

By hypothesis we have M
�0
�! M 00,

and by the Marking Equation Lemma M 00(p) = M(p)� nk < 0, which is absurd.



Repetition Lemma: 
consequences
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If � can be fired any number of times
it means that � produces more resources than it consumes

(or as many as it consumes)
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t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

• Compute the Parikh vector of � = t3t4t2t3t5t3t4t1t2t1t3t5t2

• Show that � is not enabled at M0 = 4p1 + p3
(Hint: Exploit the Marking Equation Lemma)

• Let �0 = t3t4t2t1. Prove that M0
�0�0···����!

(Hint: Exploit the Corollary of Monotonicity Lemma)

Exercises


