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Object
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We study some “good” properties of 
free-choice nets

Free Choice Nets (book, optional reading)

https://www7.in.tum.de/~esparza/bookfc.html 

https://www7.in.tum.de/~esparza/bookfc.html


Free-choice net
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Definition: We recall that a net N is free-choice if 
whenever there is an arc (p,t), then there is an arc 


from any input place of t 

to any output transition of p

t

p
implies

t

p



Free-choice net: 
alternative definitions
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Proposition: All the following definitions of free-choice net are equivalent.

1) A net (P, T, F ) is free-choice if:
8p 2 P, 8t 2 T , (p, t) 2 F implies •t⇥ p• ✓ F .

2) A net (P, T, F ) is free-choice if:
8p, q 2 P, 8t, u 2 T , {(p, t), (q, t), (p, u)} ✓ F implies (q, u) 2 F .

3) A net (P, T, F ) is free-choice if:
8p, q 2 P , either p• = q• or p • \q• = ;.

4) A net (P, T, F ) is free-choice if:
8t, u 2 T , either •t = •u or •t \ •u = ;.



Free-choice net: 

my favourite definition
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Proposition: All the following definition of free-choice net are equivalent.

1) A net (P, T, F ) is free-choice if:
⌅p ⇤ P, ⌅t ⇤ T , (p, t) ⇤ F implies •t� p• ⇤ F .

2) A net (P, T, F ) is free-choice if:
⌅p, q ⇤ P, ⌅t, u ⇤ T , {(p, t), (q, t), (p, u)} ⇥ F implies (q, u) ⇤ F .

3) A net (P, T, F ) is free-choice if:
⌅p, q ⇤ P , either p• = q• or p • ⌃q• = ⇧.

4) A net (P, T, F ) is free-choice if:
⌅t, u ⇤ T , either •t = •u or •t ⌃ •u = ⇧.



Free-choice system
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Definition: A system (N,M0) is free-choice 
if N is free-choice



Example
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non free-choice free-choice

•t1 = { p1, p3 }
•t2 = { p3 }
•t1 6= •t2

•t1 \ •t2 = { p3 } 6= ;

•t1 = •t2
•t1 \ •t3 = ;
•t2 \ •t3 = ;



Fundamental property 
of free-choice nets
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Proposition: Let (P, T, F,M0) be free-choice.

If M
t�⇥ and t ⇤ p•, then M

t��⇥ for every t� ⇤ p•.

The proof is trivial, by definition of free-choice net
<latexit sha1_base64="E5ZZU60kJXyVGj0rJzwONX6HRqA="></latexit>

(t, t0 2 p• implies •t = •t0)



Free-choice N*
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Proposition: A workflow net N is free-choice 

iff N* is free-choice

N and N* differ only for the reset transition,

whose pre-set (o) is disjoint 


from the pre-set of any other transition



Rank Theorem �
(main result, proof omitted)
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Theorem:

A free-choice system (P,T,F,M0) is live and bounded


iff

1. it has at least one place and one transition

2. it is connected

3. M0 marks every proper siphon

4. it has a positive S-invariant

5. it has a positive T-invariant

6. rank(N) = |CN| - 1


(where CN is the set of clusters)



Clusters
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Cluster
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Let x be the node of a net N = (P, T, F )
(not necessarily free-choice)

Definition:
The cluster of x, written [x], is the least set s.t.

1. x 2 [x]

2. if p 2 [x] \ P then p• ✓ [x]

3. if t 2 [x] \ T then •t ✓ [x]



Cluster

13

Let x be the node of a net N = (P, T, F )
(not necessarily free-choice)

Definition:
The cluster of x, written [x], is the least set s.t.

1. x 2 [x]

2. if p 2 [x] \ P then p• ✓ [x]

3. if t 2 [x] \ T then •t ✓ [x]

(if a place p is in the cluster,

then all transitions in the 


post-set of p are in the cluster)



Cluster
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Let x be the node of a net N = (P, T, F )
(not necessarily free-choice)

Definition:
The cluster of x, written [x], is the least set s.t.

1. x 2 [x]

2. if p 2 [x] \ P then p• ✓ [x]

3. if t 2 [x] \ T then •t ✓ [x]

(if a place p is in the cluster,

then all transitions in the 


post-set of p are in the cluster)

(if a transition t is in the cluster,

then all places in the 


pre-set of t are in the cluster)



Cluster: intuition
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[ p2 ] = ?



Cluster: intuition
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[ p2 ] = { p2 ,… }



Cluster: intuition
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[ p2 ] = { p2 ,… } (if a place p is in the cluster,

then all transitions in the 


post-set of p are in the cluster)



Cluster: intuition
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[ p2 ] = { p2 , t2, t4, t3,… } (if a place p is in the cluster,

then all transitions in the 


post-set of p are in the cluster)



Cluster: intuition
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[ p2 ] = { p2 , t2, t4, t3,… } (if a transition t is in the cluster,

then all places in the 


pre-set of t are in the cluster)



Cluster: intuition
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[ p2 ] = { p2 , t2, t4, t3, p1, p3, p4,… } (if a transition t is in the cluster,

then all places in the 


pre-set of t are in the cluster)



Cluster: intuition
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[ p2 ] = { p2 , t2, t4, t3, p1, p3, p4,… } (if a place p is in the cluster,

then all transitions in the 


post-set of p are in the cluster)



Cluster: intuition

22

[ p2 ] = { p2 , t2, t4, t3, p1, p3, p4, t1 } (if a place p is in the cluster,

then all transitions in the 


post-set of p are in the cluster)



Clusters: example
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Exercise
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Draw all clusters in the free-choice net below



Clusters and Rank 
Theorem
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Theorem:

A free-choice system (P,T,F,M0) is live and bounded


iff

1. it has at least one place and one transition

2. it is connected

3. M0 marks every proper siphon

4. it has a positive S-invariant

5. it has a positive T-invariant

6. rank(N) = |CN| - 1


(where CN is the set of clusters)



Stable markings
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Stable set of markings
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Definition: A set of markings M is called stable if

M ⇥ M implies [M ⇤ � M

(starting from any marking in the stable set M,

no marking outside M is reachable)

[M0⟩ is the least stable set that includes the marking M0

Definition: A set of markings M is called stable if

M ⇥ M implies [M ⇤ � M



Stable set of markings
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(starting from any marking M in the stable set M,

no marking M’ outside M is reachable)

M
M M’X

M’’



Stability check
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M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example
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Which of the following is a stable set of markings?


{ 2p1+p2 }

{ 2p1+p2 , p1+2p3 }


{ p1 ,  p2 }

{ p1+p2 ,  p3 }

M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example
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Which of the following is a stable set of markings?


{ 2p1+p2 }

{ 2p1+p2 , p1+2p3 }


{ p1 ,  p2 }

{ p1+p2 ,  p3 }

M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example
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Which of the following is a stable set of markings?


{ 2p1+p2 }

{ 2p1+p2 , p1+2p3 }


{ p1 ,  p2 }

{ p1+p2 ,  p3 }

M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example
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Which of the following is a stable set of markings?


{ 2p1+p2 }

{ 2p1+p2 , p1+2p3 }


{ p1 ,  p2 }

{ p1+p2 ,  p3 }

M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example
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Which of the following is a stable set of markings?


{ 2p1+p2 }

{ 2p1+p2 , p1+2p3 }


{ p1 ,  p2 }

{ p1+p2 ,  p3 }

M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example
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Given a net system:


Is the singleton set { 0 } a stable set?


Is the set of all markings a stable set?


Is the set of live markings a stable set?


Is the set of deadlock markings a stable set?

M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example
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Given a net system:


Is the singleton set { 0 } a stable set?

YES: no firing is possible


Is the set of all markings a stable set?


Is the set of live markings a stable set?


Is the set of deadlock markings a stable set?


M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)

empty marking



Example
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Given a net system:


Is the singleton set { 0 } a stable set?

YES


Is the set of all markings a stable set?

YES: it is not possible to leave the set of all markings 


Is the set of live markings a stable set?


Is the set of deadlock markings a stable set?


M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example

38

Given a net system:


Is the singleton set { 0 } a stable set?

YES


Is the set of all markings a stable set?

YES


Is the set of live markings a stable set?

YES: liveness is an invariant


Is the set of deadlock markings a stable set?


M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Example

39

Given a net system:


Is the singleton set { 0 } a stable set?

YES


Is the set of all markings a stable set?

YES


Is the set of live markings a stable set?

YES


Is the set of deadlock markings a stable set?

YES: no firing is possible

M is stable i�
⌅M, t,M �. (M ⇤ M ⇧ M

t�⇥ M � implies M � ⇤ M)



Exercises
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Given a net (P,T,F):


Show that the set { M | M(P)=1 } is not necessarily stable.


Show that the set { M | M(P)<k } is not necessarily stable.



Exercises
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Let I be an S-invariant for (P,T,F,M0)


Is the set { M | I⋅M = I⋅M0 } a stable set?


Is the set { M | I⋅M ≠ I⋅M0 } a stable set?


Is the set { M | I⋅M = 1 } a stable set?


Is the set { M | I⋅M = 0 } a stable set?



Siphons

42



Proper siphon
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Definition:

A set of places R is a siphon if •R � R•

It is a proper siphon if R ⇥= ⇤



Siphons, intuitively
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A set of places R is a siphon if


all transitions that can produce tokens in the places of R


require some place in R to be marked


Therefore:

if no token is present in R, 


then no token will ever be produced in R

•R ✓ R•



Siphon check: example
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Is R = { prod1busy, prod1free, itembuffer} a siphon?

•R ✓ R•



Siphon check: example
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Is R = { prod1busy, prod1free, itembuffer} a siphon?

•R ✓ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R



Siphon check: example

47

Is R = { prod1busy, prod1free, itembuffer} a siphon?

•R ✓ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R
<latexit sha1_base64="dxq6hHsVmQqndv80WcjEFcCMaBk=">AAAB+nicdVC7TsNAEDyHVwivACXNiQiJyrKNSUIXQUMZEAmREis6XzbhlPNDd2ukyOQnaKGiQ7T8DAX/gh2CBAimGs3samfHj6XQaFlvRmFhcWl5pbhaWlvf2Nwqb++0dZQoDi0eyUh1fKZBihBaKFBCJ1bAAl/CtT8+y/3rW1BaROEVTmLwAjYKxVBwhpnUuez5iZSA/XLFMk/qVcetUsu0rJrt2Dlxau6RS+1MyVEhczT75ffeIOJJACFyybTu2laMXsoUCi5hWuolGmLGx2wE3YyGLADtpbO8U3qQaIYRjUFRIelMhO8bKQu0ngR+NhkwvNG/vVz8y+smOKx7qQjjBCHk+SEUEmaHNFciKwLoQChAZHlyoCKknCmGCEpQxnkmJlkzpayPr6fp/6TtmPaxaV24lcbpvJki2SP75JDYpEYa5Jw0SYtwIsk9eSCPxp3xZDwbL5+jBWO+s0t+wHj9AD6UlMs=</latexit>

R•<latexit sha1_base64="IA+YmAN6OUwq/WJ/XWVi0gIQJLc=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkQdKrOh82YRT7mxzt4cUWfkKWqjoEC0fQ8G/YBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tIqs5tHgkI90NmAEpQmihQAndWANTgYROMLnK/M4jaCOi8BanMfiKjUMxEpxhKt31jQ0MIDwMqjW37uagi8QrSI0UaA6qX/1hxK2CELlkxvQ8N0Y/YRoFlzCr9K2BmPEJG0MvpSFTYPwkDzyjR9YwjGgMmgpJcxF+byRMGTNVQTqpGN6beS8T//N6FkcXfiLC2CKEPDuEQkJ+yHAt0iaADoUGRJYlBypCyplmiKAFZZynok2rqaR9ePPfL5L2Sd07q7s3p7XGZdFMmRyQQ3JMPHJOGuSaNEmLcKLIE3kmL87MeXXenPef0ZJT7OyTP3A+vgHoipUl</latexit>✓



Siphon check: example
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Is R = { prod1busy, itembuffer} a siphon?

•R ✓ R•



Siphon check: example
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Is R = { prod1busy, itembuffer} a siphon?

•R ✓ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R



Siphon check: example
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Is R = { prod1busy, itembuffer} a siphon?

•R ✓ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R
<latexit sha1_base64="dxq6hHsVmQqndv80WcjEFcCMaBk=">AAAB+nicdVC7TsNAEDyHVwivACXNiQiJyrKNSUIXQUMZEAmREis6XzbhlPNDd2ukyOQnaKGiQ7T8DAX/gh2CBAimGs3samfHj6XQaFlvRmFhcWl5pbhaWlvf2Nwqb++0dZQoDi0eyUh1fKZBihBaKFBCJ1bAAl/CtT8+y/3rW1BaROEVTmLwAjYKxVBwhpnUuez5iZSA/XLFMk/qVcetUsu0rJrt2Dlxau6RS+1MyVEhczT75ffeIOJJACFyybTu2laMXsoUCi5hWuolGmLGx2wE3YyGLADtpbO8U3qQaIYRjUFRIelMhO8bKQu0ngR+NhkwvNG/vVz8y+smOKx7qQjjBCHk+SEUEmaHNFciKwLoQChAZHlyoCKknCmGCEpQxnkmJlkzpayPr6fp/6TtmPaxaV24lcbpvJki2SP75JDYpEYa5Jw0SYtwIsk9eSCPxp3xZDwbL5+jBWO+s0t+wHj9AD6UlMs=</latexit>

R•
<latexit sha1_base64="FZCVa4vmTEEnF4fn7mSB+FoGALA=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQxkk8pASKzpfNuGU89m520OKrBR8BS1UdIiWT6HgX7CNC0iYajSzq52dIJbCoOt+OkvLK6tr66WN8ubW9s5uZW+/ZSKrOTR5JCPdCZgBKRQ0UaCETqyBhYGEdjC+zvz2A2gjInWH0xj8kI2UGArOMJX8noqwZ2xgAGHSr1TdmpuDLhKvIFVSoNGvfPUGEbchKOSSGdP13Bj9hGkUXMKs3LMGYsbHbATdlCoWgvGTPPSMHlvDMKIxaCokzUX4vZGw0JhpGKSTIcN7M+9l4n9e1+Lw0k+Eii2C4tkhFBLyQ4ZrkbYBdCA0ILIsOVChKGeaIYIWlHGeijatp5z24c1/v0hapzXvvObenlXrV0UzJXJIjsgJ8cgFqZMb0iBNwsmEPJFn8uI8Oq/Om/P+M7rkFDsH5A+cj28q5Zb6</latexit>

6✓



Fundamental property 
of siphons

51

Proposition: Unmarked siphons remain unmarked


Take a siphon R.

We just need to prove that the set of markings 


M = { M | M(R)=0 }

is stable, which is immediate by definition of siphon

Corollary: 

If a siphon R is marked at some reachable marking M, 

then it was initially marked at M0



Siphons and liveness
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Prop.: If a system is live any proper siphon R is marked

Take p ⇤ R and let t ⇤ •p ⌅ p•

Since the system is live, then there are M,M � ⇤ [M0 ⇧ such that

M
t�⇥ M �

Therefore p is marked at either M or M �

Therefore R is marked at either M or M �

Therefore R was initially marked (at M0)



Siphons and liveness
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Corollary: If a system has an unmarked proper siphon 

then it is not live



Siphons and liveness
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Corollary: If a system has an unmarked proper siphon 

then it is not live

Theorem:

A free-choice system (P,T,F,M0) is live and bounded


iff

1. it has at least one place and one transition

2. it is connected

3. M0 marks every proper siphon

4. it has a positive S-invariant

5. it has a positive T-invariant

6. rank(N) = |CN| - 1


(where CN is the set of clusters)



Traps
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Proper trap
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Definition:

A set of places R is a trap if •R � R•

It is a proper trap if R ⇥= ⇤



Traps, intuitively
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A set of places R is a trap if


all transitions that can consume tokens from R


produce some token in some place of R


Therefore:

if some token is present in R, 


then it is never possible for R to become empty



Trap check: example
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Is R = { itembuffer, cons1busy, cons1free} a trap?

•R ◆ R•



Trap check: example
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Is R = { itembuffer, cons1busy, cons1free} a trap?

•R ◆ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R



Trap check: example

60

Is R = { itembuffer, cons1busy, cons1free} a trap?

•R ◆ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R
<latexit sha1_base64="dxq6hHsVmQqndv80WcjEFcCMaBk=">AAAB+nicdVC7TsNAEDyHVwivACXNiQiJyrKNSUIXQUMZEAmREis6XzbhlPNDd2ukyOQnaKGiQ7T8DAX/gh2CBAimGs3samfHj6XQaFlvRmFhcWl5pbhaWlvf2Nwqb++0dZQoDi0eyUh1fKZBihBaKFBCJ1bAAl/CtT8+y/3rW1BaROEVTmLwAjYKxVBwhpnUuez5iZSA/XLFMk/qVcetUsu0rJrt2Dlxau6RS+1MyVEhczT75ffeIOJJACFyybTu2laMXsoUCi5hWuolGmLGx2wE3YyGLADtpbO8U3qQaIYRjUFRIelMhO8bKQu0ngR+NhkwvNG/vVz8y+smOKx7qQjjBCHk+SEUEmaHNFciKwLoQChAZHlyoCKknCmGCEpQxnkmJlkzpayPr6fp/6TtmPaxaV24lcbpvJki2SP75JDYpEYa5Jw0SYtwIsk9eSCPxp3xZDwbL5+jBWO+s0t+wHj9AD6UlMs=</latexit>

R•<latexit sha1_base64="nbCaHbK5Y2coyluPIluhcgOuq5E=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkQdKrOh82YRT7s7mbo0UWfkKWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10SkvLK6tr5fXKxubW9k51d69tw9hwaPFQhqYbMAtSaGihQAndyABTgYROMLnK/M4jGCtCfYvTCHzFxlqMBGeYSnd9G0cWEB4G1Zpbd3PQReIVpEYKNAfVr/4w5LECjVwya3ueG6GfMIOCS5hV+rGFiPEJG0MvpZopsH6SB57Ro9gyDGkEhgpJcxF+byRMWTtVQTqpGN7beS8T//N6MY4u/EToKEbQPDuEQkJ+yHIj0iaADoUBRJYlByo05cwwRDCCMs5TMU6rqaR9ePPfL5L2Sd07q7s3p7XGZdFMmRyQQ3JMPHJOGuSaNEmLcKLIE3kmL87MeXXenPef0ZJT7OyTP3A+vgH+opUz</latexit>◆



Trap check: example
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Is R = { itembuffer, cons1busy} a trap?

•R ◆ R•



Trap check: example
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Is R = { itembuffer, cons1busy} a trap?

•R ◆ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R



Trap check: example
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Is R = { itembuffer, cons1busy} a trap?

•R ◆ R•

<latexit sha1_base64="0lXuElMLuEtpEdZksa1eql4gJpA=">AAAB+3icdVC7TkJBFNyLL8QXammzkZhYkV2iAh3RxhKNgAYI2bsccMPeR3bPNSGEr7DVys7Y+jEW/ot7ERM1OtVk5pycOePHWllk7M3LLCwuLa9kV3Nr6xubW/ntnaaNEiOhISMdmWtfWNAqhAYq1HAdGxCBr6Hlj85Sv3UHxqoovMJxDN1ADEM1UFKgk246fqI1IL3s5QusyBjjnNOU8PIJc6RarZR4hfLUciiQOeq9/HunH8kkgBClFta2OYuxOxEGldQwzXUSC7GQIzGEtqOhCMB2J7PAU3qQWIERjcFQpelMhO8bExFYOw58NxkIvLW/vVT8y2snOKh0JyqME4RQpodQaZgdstIo1wTQvjKAKNLkQFVIpTACEYyiQkonJq6anOvj62n6P2mWivy4yC6OCrXTeTNZskf2ySHhpExq5JzUSYNIEpB78kAevan35D17L5+jGW++s0t+wHv9AIV+lOk=</latexit>

•R
<latexit sha1_base64="dxq6hHsVmQqndv80WcjEFcCMaBk=">AAAB+nicdVC7TsNAEDyHVwivACXNiQiJyrKNSUIXQUMZEAmREis6XzbhlPNDd2ukyOQnaKGiQ7T8DAX/gh2CBAimGs3samfHj6XQaFlvRmFhcWl5pbhaWlvf2Nwqb++0dZQoDi0eyUh1fKZBihBaKFBCJ1bAAl/CtT8+y/3rW1BaROEVTmLwAjYKxVBwhpnUuez5iZSA/XLFMk/qVcetUsu0rJrt2Dlxau6RS+1MyVEhczT75ffeIOJJACFyybTu2laMXsoUCi5hWuolGmLGx2wE3YyGLADtpbO8U3qQaIYRjUFRIelMhO8bKQu0ngR+NhkwvNG/vVz8y+smOKx7qQjjBCHk+SEUEmaHNFciKwLoQChAZHlyoCKknCmGCEpQxnkmJlkzpayPr6fp/6TtmPaxaV24lcbpvJki2SP75JDYpEYa5Jw0SYtwIsk9eSCPxp3xZDwbL5+jBWO+s0t+wHj9AD6UlMs=</latexit>

R•<latexit sha1_base64="QnPRk1GCFjGadlC9Ev2yGwK2HAU=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQxkk8pASKzpfNuGU89m520OKrBR8BS1UdIiWT6HgX7CNC0iYajSzq52dIJbCoOt+OkvLK6tr66WN8ubW9s5uZW+/ZSKrOTR5JCPdCZgBKRQ0UaCETqyBhYGEdjC+zvz2A2gjInWH0xj8kI2UGArOMJX8noqwZ2xsAGHSr1TdmpuDLhKvIFVSoNGvfPUGEbchKOSSGdP13Bj9hGkUXMKs3LMGYsbHbATdlCoWgvGTPPSMHlvDMKIxaCokzUX4vZGw0JhpGKSTIcN7M+9l4n9e1+Lw0k+Eii2C4tkhFBLyQ4ZrkbYBdCA0ILIsOVChKGeaIYIWlHGeijatp5z24c1/v0hapzXvvObenlXrV0UzJXJIjsgJ8cgFqZMb0iBNwsmEPJFn8uI8Oq/Om/P+M7rkFDsH5A+cj29A/ZcI</latexit>

6◆



Fundamental property 
of traps

64

Proposition: Marked traps remain marked


Take a trap R.

We just need to prove that the set of markings 


M = { M | M(R)>0 }

is stable, which is immediate by definition of trap

Corollary: 

If a trap R is unmarked at some reachable marking M, 

then it was initially unmarked at M0



Traps are 

closed under union

65

Lemma. The union of traps is a trap
Analogous to previous proof.

Let X1, X2 be traps.
From X1• ✓ •X1 and X2• ✓ •X2 we have:

(X1 [X2)• = X1 • [X2• ✓ •X1 [ •X2 = •(X1 [X2)



Liveness in free-choice 
systems

66



Liveness = Place liveness

(in Free Choice systems)

67

In any system:

liveness implies place-liveness


p dead implies any transition t in its pre/post-set is dead


It can be shown that

If a free-choice system is place-live, then it is live


Corollary:

A free-choice system is live iff it is place-live



FC Place-live implies FC Live

(intuition)

68

From a reachable marking M we would like to enable t




FC Place-live implies FC Live

(intuition)

69

From a reachable marking M we would like to enable t


from M we can reach M1 that 
marks p1 (because place-live)



FC Place-live implies FC Live

(intuition)

70

From a reachable marking M we would like to enable t


Note: the token remains in p1

(fundamental property of FC: 

if t’ can remove a token from p1, 
then t’ has the same preset as t)

from M we can reach M1 that 
marks p1 (because place-live)
from M1 we can reach M2 that 
marks p2 (because place-live)



FC Place-live implies FC Live

(intuition)
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From a reachable marking M we would like to enable t


from M we can reach M1 that 
marks p1 (because place-live)
from M1 we can reach M2 that 
marks p2 (because place-live)
…

from Mn-1 we can reach Mn that 
marks pn (because place-live)



FC Place-live implies FC Live

(intuition)

72

From a reachable marking M we would like to enable t


from M we can reach M1 that 
marks p1 (because place-live)
from M1 we can reach M2 that 
marks p2 (because place-live)
…

from Mn-1 we can reach Mn that 
marks pn (because place-live)
from M we reach Mn that 
enables t !



Commoner’s theorem
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Theorem:

A free-choice system is live


iff

every proper siphon includes an initially marked trap


(we omit the proof)



Note
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It is easy to observe that every siphon includes a 
(possibly empty) unique maximal trap 


with respect to set inclusion

(the union of traps is a trap)


Moreover, a siphon includes a marked trap

iff


its maximal trap is marked



Exercise
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The system below is free-choice and non-live:

find a proper siphon that does not include a marked trap

•R ✓ R•
siphon

<latexit sha1_base64="S93wKsgCrHDtaUdhnvVpqCiKmEA=">AAACEHicbVC7TsNAEDzzDOFloITiRIREFdkIBGUEDWUikYeUWNH5sgmnnB/c7SFFVho+ga+ghYoO0fIHFPwLtnEBCVONZna1O+PHUmh0nE9rYXFpeWW1tFZe39jc2rZ3dls6MopDk0cyUh2faZAihCYKlNCJFbDAl9D2x1eZ374HpUUU3uAkBi9go1AMBWeYSn37oOcbKQFpg/a0iTUg3NFGIfbtilN1ctB54hakQgrU+/ZXbxBxE0CIXDKtu64To5cwhYJLmJZ7RkPM+JiNoJvSkAWgvSRPMaVHRjOMaAyKCklzEX5vJCzQehL46WTA8FbPepn4n9c1OLzwEhHGBiHk2SEUEvJDmiuR1gN0IBQgsuxzoCKknCmGCEpQxnkqmrSvctqHO5t+nrROqu5Z1WmcVmqXRTMlsk8OyTFxyTmpkWtSJ03CyQN5Is/kxXq0Xq036/1ndMEqdvbIH1gf3007nOw=</latexit>

•Q ◆ Q•
trap

Hint: take 
R={p1,p2,p3,p4,p5,p8}


and show that:

it is a siphon and 

it contains no trap

empty siphons 
remain empty

marked traps 
remain marked



Exercise
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The system below is free-choice and live:

show that every proper siphon includes a marked trap

•R ✓ R•
siphon

<latexit sha1_base64="S93wKsgCrHDtaUdhnvVpqCiKmEA=">AAACEHicbVC7TsNAEDzzDOFloITiRIREFdkIBGUEDWUikYeUWNH5sgmnnB/c7SFFVho+ga+ghYoO0fIHFPwLtnEBCVONZna1O+PHUmh0nE9rYXFpeWW1tFZe39jc2rZ3dls6MopDk0cyUh2faZAihCYKlNCJFbDAl9D2x1eZ374HpUUU3uAkBi9go1AMBWeYSn37oOcbKQFpg/a0iTUg3NFGIfbtilN1ctB54hakQgrU+/ZXbxBxE0CIXDKtu64To5cwhYJLmJZ7RkPM+JiNoJvSkAWgvSRPMaVHRjOMaAyKCklzEX5vJCzQehL46WTA8FbPepn4n9c1OLzwEhHGBiHk2SEUEvJDmiuR1gN0IBQgsuxzoCKknCmGCEpQxnkqmrSvctqHO5t+nrROqu5Z1WmcVmqXRTMlsk8OyTFxyTmpkWtSJ03CyQN5Is/kxXq0Xq036/1ndMEqdvbIH1gf3007nOw=</latexit>

•Q ◆ Q•
trap

Hint: the only proper 
siphons are 

R1={p1,p2,p3,p4,p5,p7,p8} 

and 


R2={p1,p2,p3,p4,p5,p6,p8}

empty siphons 
remain empty

marked traps 
remain marked



Non-liveness for f.c. nets 
is NP-complete
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It can be shown that

the non-liveness problem for free-choice systems 


is NP-complete


No deterministic polynomial (time) algorithm to 
decide liveness of a free-choice system is available 


(unless P=NP)



Live and bounded �
free-choice nets

78
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Theorem:

A free-choice system (P,T,F,M0) is live and bounded


iff

1. it has at least one place and one transition

2. it is connected

3. M0 marks every proper siphon

4. it has a positive S-invariant

5. it has a positive T-invariant

6. rank(N) = |CN| - 1


(where CN is the set of clusters)

Rank Theorem �
(main result, proof omitted)

polynomial
polynomial
polynomial

polynomial
polynomial



A polynomial algorithm for 
maximal unmarked siphon

80

3. M0 marks every proper siphon

Input: A net N = (P, T, F,M0), R = { p | M0(p) = 0 }
Output: Q � R maximal unmarked siphon

Q := R
while (⌅p ⇥ Q, ⌅t ⇥ •p, t ⇤⇥ Q•)

Q := Q \ {p}
return Q If Q is empty then M0 marks every proper siphon

polynomial

<latexit sha1_base64="qkIc5VMctYcC5mTAl8gDVtwhB2g=">AAACKHicbVDLTgJBEJzFF+IL9WhiJhITvJBdo9Ej0YtHSERIWEJ6hwYnzD6c6TUhhJtfw1U/xJvh6i/4A+7iHhSsU6WqO5UqL1LSkG3PrNzK6tr6Rn6zsLW9s7tX3D94MGGsBTZEqELd8sCgkgE2SJLCVqQRfE9h0xvepn7zGbWRYXBPowg7PgwC2ZcCKJG6xeOy68VKIfE6d03sGSR84vVMPOsWS3bFnoMvEycjJZah1i1+ub1QxD4GJBQY03bsiDpj0CSFwknBjQ1GIIYwwHZCA/DRdMbzHhN+GhugkEeouVR8LuLvjzH4xox8L7n0gR7NopeK/3qGfNAj3VvIp/51ZyyDKCYMRBpPUuE83ggtk9mQ96RGIkj7IJcBF6CBCLXkIEQixsmOhWQlZ3GTZfJwXnEuK3b9olS9yfbKsyN2wsrMYVesyu5YjTWYYC9syl7ZmzW13q0Pa/ZzmrOyn0P2B9bnNyNDprQ=</latexit>

(•Q ✓ Q•)



Main consequence
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The problem to decide 

if a free-choice system is live and bounded 


can be solved in polynomial time

(using the Rank Theorem)



Recap: free-choice nets 
and liveness
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f.c. net: place liveness <=> liveness


f.c. net: non-live => exists a proper siphon R and M∈[M0⟩ 

                                such that M(R)=0


f.c. net: every siphon contains a marked trap <=> live


f.c. net: bounded and live <=> 6 conditions in Rank Theorem



Compositionality
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Compositionality of 

sound free-choice nets

84

Lemma:

If a free-choice workflow net N is sound


then it is safe


(because N* is S-coverable and M0=i has just one token)


Proposition: 

If N and N’ are sound free-choice workflow nets

then N[N’/t] is a sound free-choice workflow net


(N, N’ are safe; we just need to show that N[N’/t] is free-choice)


