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[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.
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Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

se due memorie coincidono su tutte le variabili
che appaiono in un'espressione, allora
valutando l'espressione nelle due memorie
dà lo stesso risultato

Definire usando la  ricorsione ben fondata  una funzione  vars tale che data un’ 
espressione aritmetica  a ritorna l’insieme degli identificatori che appaiono 
nell’espressione aritmetica a.  Poi provare per induzione sulle regole che

implica
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[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.
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Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

se una variabile non appare in un'assegnamento
allora il suo valore iniziale viene conservato nello 
store finale

Definire usando la  ricorsione ben fondata  una funzione  vars tale che 
 data una comando  a ritorna l’insieme degli identificatori che appaiono  
a sinistra degli assegnamenti.  
 Poi provare per induzione sulle regole che

implica



Funzioni monotone e continue
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[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.
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Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.
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Consideriamo l’ OPC? Proviamo che per ogni set

la funzione

la funzione
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e’ continua

e’ continua
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[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.
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Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

Provare che ogni funzione che preserva il limite e’ monotona.



OPC
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[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.
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Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

Sia e tale che

per ogni ddefiniamo dse

per ogni definiamo

d duE’ un OPC



Punti fissi
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[Ex. 6] Definiamo due funzioni fi : Di ! Di su due OPC Di per i 2 {1, 2}
(non necessariamente con bottom) tali che:

1. f1 è continua, ha punti fissi ma non minimo punto fisso;

2. f2 è continua e non ha punti fissi.


